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ABSTRACT: In this paper, we study the conformal transformation of recent
defined non-Riemannian curvature in Finsler Geometry, namely =-curvature. In-
deed, we obtain the necessary and sufficient condition under which the conformal
transformation preserves the =-curvature.
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1. Introduction

The theory of conformal transformations plays an important role in Riemannian geometry for its applications in
Cartography, Image Processing, Geometrical Optics, General Relativity and Quantum Mechanics. The theory of
conformal transformation of the class of Finsler metrics has been studied by many Finsler geometers [1, 3, 4, 5,
7,9, 11]. The well-known Weyl theorem reported that the projective and conformal properties of a Finsler metric
characterize the metric properties uniquely. Thus, studying the conformal properties of a Finsler metric needs extra
consideration. In [4], M. Hashiguchi formulated the properties of conformal change of Finsler metrics and gave a
meaningful geometrical criterion for the fundamental tensors of F and F. Indeed, the fundamental tensors gi; and
Gij related to F' and F, respectively, are conformal on a manifold M if satisfy gij = €"§i;, where k = r(z,y) is
a scalar function on tangent bundle TM. In [6], Knebelman proved that this criterion implies that k = k(z) is a
function of position only. Let F' = F(z,y) and F = F(z,y) be two Finsler metrics on a manifold M. Then F is

conformal to F if and only if there exists a scalar function x = (z) on M such that
F(z,y) = " F(z,y),

where the scalar function x = x(x) is called the conformal factor.
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In conformal geometry, it is one important problem how to characterize the conformally change of Riemannian
and non-Riemannian curvatures for Finsler metrics. In [2], Bdcs6-Cheng characterized the conformal transfor-
mations which preserve Riemann curvature, Ricci curvature, Landsberg curvature and S-curvature respectively.
In particular, they proved that, if the conformal transformation (1) preserves the geodesics, then it must be a
homothety.

There is another non-Riemannian quantity that obtained from the S-curvature. Indeed, the E-curvature E =
Z;dx? on the tangent bundle TM is defined by

Ei= S.i|mym - S|i7
where “.” and “|” denote the vertical and horizontal covariant derivative with respect to the Berwald connection of
F, respectively [8]. Here, we give the necessary and sufficient condition under which the conformal transformation
preserves the Z-curvature. More precisely, we prove the following.

Theorem 1.1. Let F and F be two Finsler metrics on a manifold M. If F(x,y) = e’ F(z,vy), then the conformal
transformation preserves the Z-curvature if and only if the conformal factor o = o(x) satisfies following equation:

Q™S.im —SmQi" + 2y

(Voo + 0™ (P8l — QL — 4Q7C" Iy + 0" [Jr + PIL + L, Q7 + 21,«‘QO]]

+ F?

(Voo™ = 0?(4Q7C",; = P8y = Py + Q)| Ini + 0" [ Jpi = Lyi + PiL, + 2P,
+LiPe 4 2L QP + L@ 4 1,:QY) = 2| V0" — 0" (AQICH, — PST + Q)| €71,
— 20" |:Lrpi + PCTpi + QQSCrpi.s + R‘)‘C’Spiyr - Q:OSpi + OTSiQZS) + CrpsQf] L"

—207C",, [Jr 4 PI, +21,.0° + JSQ:} _F?

[aqi +o™(2PCT,, —2Q0CT,
L PO+ Ppdl — ;m)} I+ [Im — Pl — PIi + L Q™ + I, mw —0.

In particular, if o(x) = constant, then = = E.

2. Preliminaries

Let M be a n-dimensional C* manifold and TM = (J ., T-M the tangent bundle. Let (M, F') be a Finsler
manifold. The following quadratic form g, on T, M is called fundamental tensor

2
&,(1v) = 555

Let z € M and F, := F|r,p. To measure the non-Euclidean feature of Fy, define C, : T,M @ T,M @ T, M — R
by

{FQ(ZU + su+ tv)} ls=t=0, u,v € T, M.

1d 1 o3
2dt [gy+tw(“’“)L=o ~ 10rosot
where u,v,w € T, M. By definition, C, is a symmetric trilinear form on T, M. The family C := {Cy} e, is
called the Cartan torsion. It is well known that C = 0 if and only if F' is Riemannian.

For y € T, My, define I,, : T,M — R by L,(u) = Y7, ¢ (y)Cy(u, 8;,0;), where {8;} is a basis for T, M at
z € M. The family I:= {I,} e, is called the mean Cartan torsion. Thus, I, (u) := I;(y)u’, where I; := g/*Cj.

Given a Finsler manifold (M, F'), then a global vector field G is induced by F on T'My, which in a standard
coordinate (x%, ") for T My is given by

Cy(u,v,w) := [Fz(y—l-ru—&—sv—l—tw)}

9
r=s=t=0

9 ;0
Ox? oy’
where G* = G*(z,y) are local functions on T'Mj satisfying G*(z, \y) = A2G*(z,y), A > 0, and given by

G:yi

.1 02°F2 , OF?
G =19 ke ¥ ~ (’“)xl]
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The vector field G is called the associated spray to (M, F'). The projection of an integral curve of the spray G is
called a geodesic in M.

Define By : ToM @ Ty M @ T, M — T M by By (u, v,w) := B, (y)ul vk w! 32 |, where
: G
Bl =
Jkl aygayk@yl

B, (u,v,w) is symmetric in u, v and w. B is called the Berwald curvature.
For y € T, M, define the Landsberg curvature Ly, : T, M x T, M x T, M — R by

1
Ly(u,v,w) := —3

gy (By(U> 1}, U.)), y)
In local coordinates, Ly (u, v, w) := L (y)u'viw®, where
1
Lijr = _ilelijk'

The quantity L is called the Landsberg curvature and F is called a Landsberg metric if L = 0.
For y € T, M, define J,, : T, M — R by J,(u) := J;(y)u’, where

Ji = g"* Lijp..

The quantity J is called the mean Landsberg curvature. A Finsler metric F is called a weakly Landsberg metric if
J=0.

For a Finsler metric F' on an n-dimensional manifold M, the Busemann-Hausdorff volume form dVg = op (J;)dxl <o dz™
is defined by
Vol(B™(1))

- Vol[(yi) € Rn F<y6%|x) < 1]

Let G* denote the geodesic coefficients of F' in the same local coordinate system. The S-curvature is defined by

op(x):

S(y) := Zj;(x, y) —y' 8?:1‘ [ln aF(x)} ,

where y = yi% s €T, M.
The non-Riemannian quantity Z-curvature 2 = Z;dz* on the tangent bundle T'M is defined by

5= S.i\mym - S\i7 (2)

W

where “.” and
F', respectively.

“” denote the vertical and horizontal covariant derivative with respect to the Berwald connection of
3. Proof of Theorem 1.1

Let I and F be two Finsler metrics on a manifold M. By using the Rapcsak’s identity, the following relationship
between G* and G? holds

_. . F ym . F . c_ _
G =Gt —imJd i 7%[{1_7_ k—F}, 3
+ oF + 29 ik, 1Y il (3)
where “;” and “,” denote the horizontal and vertical derivations with respect to the Berwald connection of F.

Suppose that F is conformally related to a F', namely, F' = e F, where o = o(x) is a scalar function on M. Since
F., =0, then the following hold

Enz = UmeJFa Ei = eUF,iv Em,l = UmeaF,lv gij = ezagija gij = 672092']" (4)
where oy, := 0o /02™. By putting (4) in (3), we get
. . 1 ,
G'=G + ooy’ — §F2J’, (5)

where
- % i, im
00 ‘= 04y, 0 =g Om-
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(5) can be written as follows
where
k i Lo
P =0y, Q Z:§FO'.

Let us define

Gt o= oG [ 3G§ [ oG N ‘9@3
= Grm g G g G g
Qi — @ D % i %
Jj 8yj’ Jjk ayk’ Jkl - oyl ’
o or . op
i =g TR g
Taking vertical derivations of (6) imply that
Gi =G+ Py’ + Ps; — Q5 (6)
Glp= Gy + Pixy' + Pj6j. + Pl — Q.. (7)
The following hold
P;=o0;, Pjj=PFjr=0. (8)
By (7) and (8), we get
B;’kl = B;’kl - Qé‘kl'
The following holds
(g"); ==2C"",  (0"); = —20,C"" = =26"C", .. (9)

Definition 3.1. Let F and F be two conformal Finsler metrics on a manifold M, namely F(x,y) = e’ F(z,vy).
Fory € T,My, define Z,, : T, M — T, M by Z,(u) := Z;(y)uj%u, where

Z J o @.
Then, we get the following.

Proposition 3.2. Let F and F be two non-homothty conformal Finsler metrics on a manifold M. Then the
quantity Z is vanishing if and only if F' reduces to a Riemannian metric.
Proof. By (9), we have . . 4

(0%),; = —20,C7" = =20™C",,;.
A conformal transformation is called C-conformal if the conformal factor o satisfies that UmC”i”Lj = 0. On the other
hand, Theorem 1 in [10] says that such a transformation must be a homothety unless the manifold is Riemannian.
This completes the proof. O

Lemma 3.3. Let F' and F be two Finsler metrics on a manifold M. If F(x,y) = e’ F(x,y), then the conformal
transformation preserves the Z-curvature if and only if the conformal factor o = o(x) satisfies following equation:

Q"S.iim — S Q" + 2FFy (0" L) jmy™ + F* (0" 1) syjmy™ — F*(0"1.) )i = 0, (10)

where

4(| ‘ 2

denotes the horizontal derivation with respect to the Berwald connection of F.
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Proof. The relation between S-curvatures of two conformal Finsler metrics F and F is given by

S=S+F%"I,. (11)
By (2) and (11), we get
= . Q m Q _ 2 r m 2 _r
S = Samy™ — S = [S+ F20' I, " S+ F I,,}Hi, (12)
By (12) and considering Fjj; = 0, we get
i =S.my™ = Syji + 2FF; (0" L) jmy™ + F* (0" L) syymy™ — F* (0" L) s, (13)
where F; := F,i. By (6), we have
oS -, 08 oS ; , , A0S
1= B b oyl ox? ( Y Ql) Oy7
= S; =SSP, —S,P+8S,Q]. (14)
By (6), (7) and (13), we get
0S; ~; 0S; i
S.ilm = S G —— — S .G
.t||m ™ m ayj JMim
oS ; , . ) -\ 0S . . ) . )
— N e J i _ (I i _g (I oy 53 i _ ol
o (G2 + Puy + P8, — Ql,) 5y S (Gl + Ponts + Pid)y + Puad] = Q)
= Siijm — PS.im + QS.ij — PimS — PiS.n — PuS. +8,Q,. (15)
Contracting (15) with y™ implies that
Sifmy™ = S.ijmy™ +2Q"S im — PSS — PSS +8S.,,Q;". (16)
By (13), (14) and (16), we obtain
Ei =E; + Qms.i.m - S]Qz + 2FFi(0—TIr)H'rnym + F2(UTIT).i||mym - F2(UTIT)||i' (17)
By (17), we get the proof. O

Proof of Theorem 1.1: In order to simplifying (10), we should compute three elements (6" 1), (0"} )(jmy™

and (0" 1) i|jmy™. We remark from (9) the useful relation (0*) ; = —20™C", .. Also, we get
r 6O'T ~j aO’T m AT
TNii = gai ~ Cigy T Cim
da" J J J J do” m (T r r r
= (r“)gcl _(Gi +Pty +P6z _Qi)ayj +o (Gim+Pimy +Pi5m+Pm5i -
(i) Ur\i + UmYnZi)
where ‘
Y. =2PC" . — 2Q§C”"mj + Piny" + P, + Pndl — Q-
We have
oI, ;01 .
i = 557 = Gigys — ImGhi
O i Py ot — 02 (G 4 Py 4 P+ PO
78.1:1_(1—’_ 1y+ Z_Qz)ay]_m( ri+ 'r’ly—i_'r’i—’_lr_
= dr|3 + Zri,
where

Zri = *PIr.i - P’I’[l + Ier:n + [m :«T;
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By (18), (19) and y"I, = 0, one can get
(UTIT)||i = O—TH'L'IT + UTITHi = |:0'T|i + Um(2PCTml — 2QzCTmJ =+ B(s:;l —+ Pm(s,: — :m):| Ir
+o" [Ir|z - Pl.; — P.I; + Ir.mQ;n +1In Zl:|
and
(" L) = [Fo0™ + 0™ (P3}, = @3~ 4QIC )| 1+ 07 [+ PL + 21 @™ + 1@,

where ,

Voo :=a";y".
The following holds

(c"I);=(o") il +0"I.; = —=20"C", ;I + "I,

which yields

(O’TIT),Z-Hm = UTHmIr.i + UTIr,iHm — QO'Z)HmCrpZ«IT —20PC" I, — QUPCTpifrnm

pi||m*T

= (0"} + Yy ) i + 0" L ifn — 2(Up|m +0°YD )C il —207C I — 207 C T -

pi||m=T
Then

(UTIT)‘Z'Hmym = (Or\m + UpYZm)ymIT‘i + Ur]r.iHmym - 2(Up‘m + US}@%)ymCTpiIr
— ZUpCrpiHmymIT — QUPCTPZ»ITHmym.

In order to simplifying (22), we need to compute I,.(;,,y™, I, |jmy™ and CTmHmym. First, we have

ol _. Ol _

= T _ G P
Ier Hxm Gm 6yj IPGrm
oI,
~ Qam

rlm — PI'r‘m - ImP'r + Ir‘sz;n + Iprzm

~ (Gt Pt P8 = Q)5 = 1o+ Potf + P80+ Py = Q)
which implies that
Lymy™ = Jr + PI. 4 21, ,Q° + I,Q7.
The following Bianchi identity holds
L gjjm = Lpjjm.i + IsB%0-
Also, (23) yields
Limi = Irjm.i — Pilrom — Pleani — IjmiPr — L P + 113 Q%, + L, Q0 4 1,,QF,, + 1,Q%, ..

By (25) and (26), we get

Loijjm = Lnjm.i — Pilpom — Plyani — I i Pr — L Pri + 1 p QY + 1,Q0 o + 1,,Q0, + L,QY, . + I,B°;,,

which by considering
Lnay™ = —1;

implies that
Ir.i||mym = r\m.iym + Pl +2PI; + ;P + 2Ir‘p‘iQp + Ir‘pr + Iszf

Since
Ir\mzym =Jri— Ir|z

then (27) reduces to following
Ir.iHmym =Jri— Ir|i + Pl +2PI,; + I; P, + 2Ir.p.iQp + Ir.pQ;iD + Ipng
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Now, we are going to compute CTpiHmym. We have

ocr, . ocCT

T _ P k Ar T S [T
pi|lm — drm — Ym 5‘yJ +C pi T km C siGpm -C psGim
6Crpi j j j j 807;”- k T T r r r
= ggm (G? + Py’ + P& — an)iayj +C pi(ka + Pemy” + Pid, + Prdp — QL)

= C"(Go + Pomy® + Ppoy, + Py — Qp,) — C'os (Gl + Pimy® + Pidy, + Prdi — Qi)

im
T J 7 J acrpi k T T T r
=C pilm — (Pmy + P(;m - Qm) 8yi +C pi(Pkmy + Pkém + Pmdk - ka)

= Ci(Ppmy® + Poly, + Py — Qpyn) — Oy (Pimy® + Pidy, + Prdi — Q7). (29)

By considering C;;xy" = 0 and multiplying (29) with y™, we get the following
Orpiﬂmym = Lrpi + Pcrpi + 2Qscrpi.s + Pscspiyr - Qgcspi + CTSiQ; + CTpsQf' (30)
Putting (24), (28) and (30) in (22) imply that
(0" L) afpmy™ = [voar — oP(4QIC", — PGS, — Py + Q;)}Im
0" [Jni = i+ Pl 2P L + TPy + 205 Q° + @) + 1,42
—2[Voo? = 0°(4Q7C",; — PoL + Q)| C",. I,
=207 (L7 PCTy +2Q°C7, + PiCy” = QLC%; + Ca@p + Oy Q| Iy
—207C", [JT + PI, +21,,Q° + Ipr} . (31)
Now, we come back to (10). By putting (20), (21) and (31) in (10) at Lemma 3.3, we get (10). O
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