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1. Introduction and Preliminaries

Biprojectivity and biflatness are two important homological notions that arise naturally in Helemskii’s works in
the 1980s, interested readers are referred to his comprehensive book [7]. We begin with recalling their definitions.
Given a Banach algebra A, we let 74 : A®A — A denote the multiplication operator, i.e., m4(a @ b) = ab for
a,b e A. Tt is known that the projective tensor product A®.A becomes a Banach A-bimodule in a canonical way,
turning 74 into a A-bimodule morphism. A Banach algebra A is biprojective if there exists a bounded A-bimodule
morphism p: A — A®A such that m4 o p(a) = a. Further, A is biflat if there exists a bounded .A-bimodule
morphism p: A — (A@A)** such that 7% o p(a) = a for a € A. These concepts are closely related to the notion
of amenability introduced by Johnson [11, 12].

The notion of ¢-amenability was introduced in [13] and independently in [16]. Let A be a Banach algebra. We
write A (A) for the set of all nonzero multiplicative linear functionals on A. We call A left ¢-amenable if A possess
a ¢-mean, i.e., a bounded linear functional m on A* satisfying m(¢) = 1 and m(f - a) = ¢(a)m(f) for all a € A
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and f € A*. Here, we remind that A is ¢-inner amenable if and only if there exists a bounded net (a,) in A such
that aa, — aga — 0 and ¢(a,) = 1 for all @ and a € A [10, Theorem 2.1].

The notions of left (right) ¢-biprojectivity and left (right) ¢-biflatness, motivated by above considerations, were
introduced in [24].

Definition 1.1 ([24]). Let A be a Banach algebra, and let ¢ € A (A). Then

(i) A is left ¢-biprojective if there exists a bounded linear map p: A — ARA such that p(ab) = ¢(b)p(a) = a- p(b),
and ¢ om0 pla) = ¢(a) for all a,b € A;

(i) A is left ¢-biflat if there exists a bounded linear map p: A — (ABA)** such that p(ab) = ¢(b)p(a) = a - p(b),
and q~50 w4 o pla) = ¢(a) for all a,b e A, where (;NS is the unique extension of ¢ on A**.

The reader may also see [22] for definition of p-biprojective/biflat Banach algebras.

In this paper, we continue the previous studies started in [21, 23, 24]. Firstly in Section 2, among other
things, we shall find some relations between left ¢-biprojectivity and left ¢- biflatness of Banach algebras and their
¢-amenability and ¢-inner amenability.

In Section 3, we study left ¢-biprojectivity and left ¢-biflatness of measure algebras and Clifford semigroup
algebras. We prove that ¢! (Np,i,) is left ¢-biprojective, however ¢! (Np,.x) fails to be left ¢-biprojective, where ¢ is
the augmentation character.

Finally in Section 4, we will show that a triangular Banach algebra 7 is not left ¢-biflat for some certain

o e A(T).

2. Some Properties and relations

The following first result shows that left ¢-biflatness together with ¢-inner amenability forces a Banach algebra to
be left ¢-amenable.

Proposition 2.1. Let A be a left ¢-biflat Banach algebra, and let ¢ € A(A). If A is ¢-inner amenable, then A is
left ¢p-amenable.

Proof. Since A is left ¢-biflat, there exists a bounded linear map p: A — (A®.A)** such that

pab) = a-p(b) = (b)p(a), domy opla) = da), (a€A).

On the other hand, ¢-inner amenability of A implies the existence of a bounded net (aq)acr in A such that
aaq — aqa — 0 and ¢(ay) = 1, for all a € A. If we set mq = p(aa) € (AR.A)**, then for each a € A we have

a- My — ¢(a>mo¢ =a- p(aa) - (;S(a)p(aa) = p(aaa - aaa) —0

and - ~

pomy(ma) =¢omy oplaa) = daa) = 1.
By Goldstine’s Theorem, there exists a bounded net (n)),er € A®.A such that w* — lim, n) = m, in (AD.A)**.
For each a € A then we have

w* — lizyna ‘nl—a-meg=0 and w*-— li$1¢(a)n3 —d(a)ma =0

in (A®.A)**. Thus for a € A

lim w* —lima-n) — ¢(a)n) =lima-mqy — ¢p(a)m, =0 .
a ¥ «

Also w*-continuity of 7% yields that

lim w* —lim¢omyg(n)) = limgo T (ma) =1.
« ¥ a

Set A = I x T'!, where I'! is denoted for the set of all functions from I into I'. Define the product ordering by
(.7) =a (@) e axrad,y<r

where v gpr 7/ means v(d) gr 7/'(d) for each d € I. Take A\ = (a, (7)) € A. By Iterated limit theorem [14, p. 69]
we obtain a bounded net (n)) in A®.A such that for all a € A

w* — li/I\na -ny — ¢(a)ny =0 in (ADA)*™*  and li/r\n(bOWA(n,\) -1=0
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or equivalently
wk — li{na ‘ny—¢(a)ny =0 in A®A and li)r\nqbowA(nA) —-1=0.

Applying Mazur’s Lemma, we may assume that

liinwn)\fgb(a)n)\:() and liinquWA(nA):l (acA).

Putting uy = m4(ny) € A, we see that

li/r\na cuy — ¢(a)uy =0 and li/r\n(b(u)\) =1 (a€ A

so that A is left ¢-amenable, by [13, Theorem 1.4]. O

For a Banach algebra A, we write T 4 for the flip map on A®A given by T 4(a ®b) =b® a for a,b € A.
The following example shows that the ¢-inner amenability assumption in Proposition 2.1 can not be dropped.

Example 2.1. We give a left ¢p-biflat Banach algebra which is not left p-amenable. Let V be a Banach space with
dimV > 1, and let f € V* be a non-zero element such that || f|| < 1. It is known that V equipped with either products
defined by ax b= f(a)b and a e b= f(b)a for a,b €V, is a Banach algebra denoted by ;V and Vy, respectively. It
is easy to see that A(Vy) = A(;V) = {f}. Put A = ;VRV;. Clearly the map ¢ defined by ¢(a @ b) = f(a)f(b)
for all a,b € V, is a non-zero multiplicative linear functional on A. Choose ag € V such that f(ag) = 1. We
can easily obtain that the map p: Vy — Vf@Vf given by p(a) = a ® ag for all a € V¢, is a bounded Vy-bimodule
morphism such that y, o p(a) = a for all a € Vy. It follows that Vy is biprojective. Also the composition map
T,yop: sV — fV@fV is a bounded §V-bimodule morphism such that 7,y 0 Y,y op(a) = a for alla €5 V. So ;V
is also biprojective. Applying [20, Proposition 2.4], we see that A is biprojective. Hence A is left p-biprojective and
whence it is left ¢-biflat.

We suppose in contradiction that A is left ¢p-amenable. Then by [13, Theorem 3.3] Vy is left f-amenable. So by
[13, theorem 1.4] there is a bounded net (aq) in Vs such that a ® aq — f(a)aq — 0 and f(an) =1, for each a € V.
It follows that

a— f(a)ao = af(as) — f(a)aa — 0, (a€Vy).

Pick by € Vi such that f(bp) = 1. Putting a = by in above equation, we obtain that a, — by. Combining with
aea, — f(a)a, — 0 implies that a = aeby = f(a)by. It follows that dimV = 1 which is impossible. Thus A is not
left p-amenable.

From [9] we recall that a Banach algebra A is left ¢-contractible if there exists an element m € A such that
a-m = ¢(a)m and ¢(m) =1 for all a € A.

Lemma 2.2. Let A be a Banach algebra, and let ¢ € A(A).
(1) If A is left p-amenable, then A is left ¢-biflat;
(1i) If A is left ¢-contractible, then A is left p-biprojective.

Proof. The proofs are similar, so we only prove the clause ().

Suppose that A is left ¢-amenable. Then there exists an element m € A** such that a-m = ¢(a)m and q~5(m) =1
for all @ € A. Set n: A - A*®@A** by n(a) = a-m ® m. By [6, Lemma 1.7], there exists a bounded linear map
P AQA — (ARA)** satisfying

Y(@®b) =a®b, P(n)-a=1ypn-a), a-¥(n)=1y(a-n), T (Y(n)) = mas(n)
for a,b € A and n € A*RA**. Setting p = 1 on, it is routinely checked that
p(ab) = ¢(b)p(a) = a- p(b), Gomy opla) =¢(a) (a,b€ A)
so A is left ¢-biflat. O

The clause (¢) of Lemma 2.2 is a converse for [10, Corollary 2.2].
The following describe the connection between left ¢-biflatness of a Banach algebra and its second dual under
¢-inner amenability.

PropoEition 2.3. Let A be a Banach algebra, and let ¢ € A(A). Suppose that A is ¢p-inner amenable. Then A**
is left ¢-biflat if and only if A is left ¢-biflat.
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Proof. Let A** be left ¢-biflat. Then there exists a bounded linear map p: A** — (A**&A*)** such that

plab) = a- p(b) = (B)p(a), G o o pla) = B(a),

for all a € A**. Here ¢-inner amenability of A guarantees the existence of a bounded net (a,) in A such that
aaq —aqa — 0 and ¢(a,) =1, for all a € A. By [6, Lemma 1.7], there exists a bounded linear map 1: A*QA** —
(ARA)** satisfying

P(a@a®b)=a®b, (m)-a=yp(m-a), a-p(m)=1(a-n), T (W(m)) = 7+ (M)

for a,b € A and m € A*RA™. Set mq = T 0 p*™ o p‘A(aa). Clearly (mg) is a bounded net in A****. Putting

things together, we obtain

am, = d{a)me = amy" o U™ o py(00) — @) 0U 0 ) (a)

=Ty ow**op|A(aaa—aaa) —0

and

Bma) = GomX 0 U 0 gy (02) = ST 0p)(00)
= g(aa) = ¢(aq) = 1.

Using Goldstine’s Theorem (twice), we may assume that m,’s are in A. Thus A is left ¢-amenable. Now by
Lemma 2.2 (i), A is left ¢-biflat.
Conversely, if we suppose that A is left ¢-biflat, it admits a bounded linear map p: A — (AR.A)** such that

(2)

plab) = $(b)p(a) = a- p(b), $omy opla) = ¢(a),

for all a,b € A. Let the net (ay) be as above. Set mq = 7% 0 p(as). One can see that (m,) is a bounded net in
A** such that a - ma — ¢(a)ma — 0 and ¢(my) = 1 for all a € A. Using Goldstine’s Theorem we can assume that
me’s belong to A. Thus A is left ¢g-amenable. According to [13, Proposition 3.4], A** is left g—amenable. Thus
A** is left ¢-biflat, again by Lemma 2.2 (7). O

The following may be compared with [19, Corollary 3.3].

Proposition 2.4. Let A be a Banach algebra with a left approximate identity, and let A(A) be non-empty. If A
is a left ¢-biprojective for all ¢ € A(A), then A(A) is discrete with respect to the w*-topology.

Proof. Suppose that A is left ¢-biprojective for all ¢ € A(A). Since A has a left approximate identity, A is left
¢-contractible for all ¢ € A(A) by [23, Proposition 2.4]. From [3, Proposition 2.3], we conclude that A(A) is
discrete with respect to the w*-topology. O

3. Application to algebras related to locally compact groups and discrete semigroups

A discrete semigroup S is an inverse semigroup if for each s € S there exists a unique element s* € S such that
ss*s = s and s*ss™ = s*. There exists a partial order on each inverse semigroup S, that is, s <t <= s = ts*s for
all s,t € S.

Let (S, <) be an inverse semigroup. For each s € S, set (z] = {y € S|y < x}. We say S is uniformly locally
finite if sup{|(z]| : x € S} < co. We write E(S) for the set of all idempotents of S. For every e € E(S), it is known
that G, = {s € S|ss* = s*s = e} is a maximal subgroup of & with respect to e. Moreover, G, (G, = 0 for all
e1,ez € S with e; # es. An inverse semigroup S is a Clifford semigroup if ss* = s*s for all s € S. See [8] as a main
reference of semigroup theory.

Left ¢-biflatness of semigroup algebras related to Clifford semigroups has been studied in [24]. We now charac-
terize left ¢-biprojectivity of Clifford semigroup algebras.

Proposition 3.1. Let S = UeeE(s) Ge be a Clifford semigroup such that E(S) is uniformly locally finite. Then the
following are equivalent:

(i) €1(S) is left ¢-biprojective for all ¢ € A(LX(S));
282



S. Salimi et al., AUT J. Math. Comput., 6(3) (2025) 279-287, DOI:10.22060/AJMC.2024.22985.1211

(ii) Each mazimal subgroup G. is finite;
(iii) ¢1(8S) is biprojective.

Proof. (i) = (ii) Let £*(S) be left ¢-biprojective for all ¢ € A(£1(S)). It is known that ¢1(S) is isometrically
isomorphic to B.cp(s) 1(G.) , see [20, Theorem 2.18]. Thus A(/1(S)) = Ueer(s) A(0*(Ge)). Let ¢ € A(LY(Ge)).
Since each £1(G.) has an identity element, there exists an element z in Z(¢*(S)) (the center of ¢1(S)) such that
¢(x) = 1. Applying [23, Lemma 2.2], we observe that ¢1(S) is left ¢-contractible. So there exists an element a; in
¢*(S) such that

aa; = ¢(a)ay, ¢(a1) =1, (a€l*(S)).

Pick ag € £*(G.) such that aag = apa and ¢(ag) = 1 for all a € ¢1(S). Since £}(G.) is a closed ideal of £*(S), element
b= aiag is in £1(G.) and satisfies

ab=d(a)b, (b)) =1, (acl'(G.)).

Then ¢*(G.) is left ¢-contractible. Then G, is compact by [1, Theorem 3.3] . Whence G, is finite.
(#¢) = (i4i) This is proved in [20, Theorem 3.7].
(443) = (¢) This is trivial. O

Remark 3.2. Notice that every discrete group G is uniformly locally finite. Therefore, as a consequence of Propo-
sition 3.1, the group algebra (*(G) is left ¢-biprojective for all ¢ € A(L1(G)) if and only if G is finite.

Let Npin and Nyay be the semigroup N with products m i n = min{m,n} and m #na.x n = max{m,n},
respectively. Take ! (Nyin) and £!(Nyay) with convolution products. We write 6,, for the point mass at {n}. For
every n € N we consider a homomorphism ¢,, : £!(Npi,) — C defined by ¢, (3 oo, ;i) = Yoo, ;. There is
also a homomorphism t,, : £*(Nyax) — C with the formula ¢, (3o, @;6;) = > 1, o, for each n € NU {oo}. It
is known that A(¢*(Npin)) = {¢n: n € N} and A(0*(Nyay)) = {¢n: n € NU {co}}. Notice that ¢, = ¢1 — i1

(n € N), and that ¢1 = 1o is the augmentation character, see [2].

Proposition 3.3. (i) ¢*(Nwin) is left ¢1-biprojective.
(i1) £ (Nyax) s not left oo -biprojective.

Proof. (i) Define p: £ (Nuin) — €' (Nimin )@ (Npmin) by p(f) = é1(f)61 ® 6; for all f € £1(Npin). Clearly p(fg) =
fp(g) = d1(g)p(f), and ¢1 o mpwy, ) © p(f) = d1(f) for f,g € €' (Nmin). So €' (Npin) is left ¢1-biprojective.

(ii) Towards a contradiction, suppose that ¢!(Ny.y) is left 1o-biprojective. Since £!(Npyay) is unital, it is left
so-contractible [23, Proposition 2.4]. Define m = §,, — 6,41, clearly m € £*(Nyax). Thus a-m = v, (a)m, and
tp(m) =1 for all a € ¢*(Nyax) and n € N. So £1(Nyax) is left 1,-contractible for all n € NU {oo}. It follows from
[3, Corollry 2.2] that A(¢*(Npax)) = NU {oo} is discrete with respect to the w*-topology. On the other hand by
Gelfand representation theorem A(f!(Nyay)) = NU {00} is compact. So A(!(Nyax)) = NU {oo} is finite which is
impossible. O

Let S be a locally compact space. A compact space is called Stone-Cech-compactification of S (denoted by 8S5)
if satisfying the following universal property:
(%) For each compact Hausdorff space K and each continuous mapping f: S — K, there exists a uniquely

determined continuous mapping f: BS — K such that fs = f.

Let S be a discrete semigroup. By the above characterization we have
CH(S)™ = £(8)" = C(BS)" = M(BS).

For more information see [2, Chapter 6].
We recall that a Banach algebra A is ¢-pseudo-amenable if there exists a net (a,) in A such that aas,—¢(a)a, — 0
and ¢(aq) — 1 for all a € A, see [17, Proposition 2.3].

Proposition 3.4. Let S be an infinite, commutative and cancellative semigroup. Then (1(S)** = M(BS) is not
left ¢-biflat, where ¢ is the augmentation character on £1(S).

Proof. We assume in contradiction that ¢1(S)** = M(BS) is left ¢-biflat. Since S is commutative, £1(S) is ¢-
inner amenable. So by Proposition 2.3, is £1(S) left ¢-amenable. Using [13, Proposition 3.4], /1(S)** = M(BS) is
left ¢-amenable. Then ¢1(S)** = M(BS) is left ¢-pseudo-amenable. By [17, Proposition 2.8], /1(S)** = M(jS)
doesn’t have a non-trivial bounded point derivation at the augmentation character and this is in contradiction to
[2, Theorem 11.15]. O
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Remark 3.5. It should be stressed that Proposition 3.4 without cancellativity condition does not hold. To see this,
consider the semigroup algebra ¢*(Nyin) with the augmentation character ¢. It is easily checked that (5,) is a
bounded approzimate identity for {*(Npyin), and thus it is ¢-inner amenable. Hence £*(Npyin)*™* is left g—biﬂat, by
Propositions 2.3 and 3.3(i).

Proposition 3.6. Let G be a locally compact group. Then L'(G) is left ¢-biflat for all ¢ € A(LY(G)) if and only if
G is amenable.

Proof. We first notice that L(G) is ¢-inner amenable for all ¢ € A(L'(G)), because it has a bounded approximate
identity. If L(G) is left ¢-biflat for all ¢ € A(L(G)), then it is left ¢-amenable for all ¢ € A(L'(G)) by Proposition
2.1. Now by [16, Corollary 2.4], G is amenable.

Conversely if G is amenable, then L'(G) is left ¢-amenable for all ¢ € A(L'(G)) again by [16, Corollary 2.4].
Hence, the result follows from Lemma 2.2(7). O

Recall that M (G) is denoted for the measure algebra of a locally compact group G.

Proposition 3.7. Let G be a locally compact group. Then M(G) is left ¢-biprojective for all ¢ € A(M(G)) if and
only if G is finite.

Proof. Suppose that M (G) is left ¢-biprojective for all ¢ € A(M(G)). Since M (G) is unital, its left ¢-biprojectivity
is equivalent to its left ¢-contractibility. So G must be finite, by [18, Corollary 6.2].
The converse is trivial. O

Proposition 3.8. Let G be a locally compact group. Then the following are equivalent:

(i) M(G)** is left ¢-biflat for all ¢ € A(M(G));
(i) M(G) is left ¢-biflat for all ¢ € A(M(G));

(iii) G is discrete and amenable.

Proof. (i) < (i¢) It is immediate from Proposition 2.3, just note that M (G) is unital and so it is ¢-inner amenable
for all ¢ € A(M(G)).

(i1) <= (i11) Left ¢-biflatness of M(G) is equivalent to its left ¢-amenability, because M (G) is unital. The proof
completes by [16, Corollary 2.5]. O

4. Applications to some triangular Banach algebras

Let A and B be a Banach algebras and let X be a Banach (A, B)-module, that is, X is a Banach space, a left
A-module and a right B-module with the compatible module action that satisfies (a - z) -b = a - (z - b) and
[la-x-bl| <|[la|l|l|x]|||b]| for every a € A,z € X,b € B. With the usual 2 x 2 matrix operations and the norm

a x
1165 ]| = e+ et e
A X
=10 %
more information and properties on these algebras.
Let T = “Sl )l; ] be a triangular Banach algebra. For every ¢ € A(B), we may consider an element ¥, € A(T)
defined by

becomes a Banach algebra which is called a triangular Banach algebra. One may see [4, 5, 15] for

\If¢<[8 gbCng(b), (ac AzeX,beB).

Theorem 4.1. Let A be a Banach algebra, and let ¢ € A(A). If A is ¢-inner amenable, then T = { ‘6‘ j } 18
not left W4-biflat.
Proof. Assume towards a contradiction that 7 is left Wy-biflat. Since A is ¢-inner amenable, there exists a

a, 0

bounded net (a,) in A such that aa, — aga — 0 and ¢(a,) = 1, for each a € A. Set t, = { 0 a

} It is easy
to see that (¢,) is a bounded net in 7 such that
ttoy —tat =0, Wy4(ta) = ¢laa) = 1, (teT).
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So T is Wyg-inner amenable. Thus by Proposition 2.1, T is left W -amenable. Clearly 7 = { 8 j } is a closed

two-sided ideal of T for which ¥y # 0 on Z. One can easily see that Z is left Wy-amenable. So there exists a

0 ua } in 7 such that

bounded net m,, = {
0 v

mme — Uy(m)my — 0, (meI) (3)

and ¥y(ma) = ¢(ve) = 1. Take an element a € A with ¢(a) = 1, and take b € ker ¢. Substitute mg = { 8 Z }

for m in (3), we obtain mom, — 0. It follows that av, — 0. Therefore ¢(v,) = @(av,) — 0, a contradiction. [

Definition 4.2. Let B be a Banach algebra, let ¢ € A(B), and let X be a Banach right B-module. A non-zero
linear functional ¥ € X* is a right ¢-character for X if (x - b) = ¢(b)v(x) for each b€ B and x € X.

To see an example satisfying conditions of Definition 4.2, consider a Banach right B-module X for which
z-b=¢b)x,be B,x € X. Then every 0 # 1) € X'* is a right ¢-character for X.

Theorem 4.3. Let A and B be Banach algebras with bounded left approzimate identities, let ¢ € A(B), and let X

be a Banach (A, B)-module with a right ¢-character. Then T = [ é ?; } is not left Wy-biflat.

Proof. Assume towards a contradiction that 7 is left Wy-biflat. Since .4 and B have bounded left approximate
identities, T also has a bounded left approximate identity, by Cohen-Hewit factorization theorem. So 7T ker \II¢H'H =

0 X |. .
0 B ] is a closed ideal of T
for which \I'(b‘z # 0. Tt follows from [13, Lemma 3.1] that Z is left \If¢’I—amenable. So by [13, Theorem 1.4] there

ker W,. It follows from [23, Lemma 2.1] that 7 is left ¥4-amenable. Clearly Z =

0 x4

0 b } in 7 such that

exists a bounded net ny, = {
tng — Ve(t)ng =0, Vy4(ng) = é(ba) =1, (tel).

Take t = [ 8 ] for arbitrary elements x € X and b € B. Then we have

il ) e D E]

x by — P(b)xe = 0, bby — d(b)by — 0.
Let ¢ be a right ¢-character on X'. We then have
¢($) - ¢(b)¢($a) = ¢(ba)¢($) - ¢(b)¢($a) = ’lﬂ(l‘ “bo — ¢(b>xa) — 0, (b eB,xe X)

Hence ¢(z) = limg ¢(b)Y(z4) for all b € B,x € X, which is not true. To see this, take b € ker ¢ and z € X with
() # 0. 0

x
b

It gives that
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