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1. Introduction

Let S = S(D) be the class of all holomorphic self-maps of the unit disk D of the complex plane C and H (D) the
space of all holomorphic functions on D. For ¢ € S and v € H(D), the weighted composition operator, induced by
1) and u is given by

Wy (f) =u-forh, feHD).

We can regard this operator as a generalization for a multiplication operator M, and a composition operator Cy,
induced by v, where M, f = u- f and Cy f = fo1). An extensive study concerning the theory of (weighted) composi-
tion operators has been established during the past four decades on various settings. We refer to standard references
[6, 14, 22] and [10] for various aspects about the theory of composition operators acting on holomorphic function
spaces, especially the problems of relating operator-theoretic properties of Cy, to function theoretic properties of ).
The differentiation operator D is defined by Df = f/, for f € H(D). Note that D is typically unbounded on many
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familiar spaces of holomorphic functions. The differential operator plays an important role in various fields such as
dynamical system theory and operator theory.

For ¢ € S, uy,us € H(D), the following sum of operators, has been introduced by Stevié et al. [16] and is called
as Stevié-Sharma operator

Tu17u2,¢(f) = Wul,w(f) + Wu2ﬂbD(f) =uy- f o+ ug- f/ °1. (1)

One of the reasons why this operator is of some importance, is that all products of multiplication, composition
and differentiation operators can be obtained from the operator 7, ., by choosing appropriate u1, uz. For recent
studies about«the Stevié-Sharma operator on various holomorphic function spaces, we refer to [1, 2, 19, 18] and
references therein.

For ‘any analytic funetion £ € H(ID), the Volterra integral operator Ve, may be defined as follows

Ve(f) = /0 T fw)€(w)dw, e H(D).

Moreover, the integral type operator I¢ is defined by

) = [ Fwew)de, f e HD)
0
The importance of these two operators comes from the fact that

Veld) + Ie(f) = Me f — f(0)£(0),

where M¢ f(z) = £(2) f(2) is the/multiplication operator. In [13], Pommerenke introduced and studied the Volterra
integral operator V; on Hardy spaces. After that many researchers considered Volterra integral and Integral type
operators on analytic function spaces. See for example [9, 15, 21].

There are very few investigates about/the weighted composition operator, Stevié-Sharma, Volterra integral and
integral type operators in the setting of spaces of weak vector valued holomorphic functions. The main concern of
the present paper is to discuss the boundedness and compactness of these operators on weak vector valued (scalar
valued) Dirichlet-Zygmund spaces. To thisiend, #ve first recall our function spaces to work on. We denote by
H*> (D), the space of all analytic functions with the norm || f|loc. = sup.¢p | f(2)]-

Let dA be the area measure on D normalized to'have the total mass 1. For 1 < p < oo and o > —1, the weighted
Bergman space A, o (D) is the space of all holomorphic functions’fion D for which the norm

I, =1 [ |f<z>|pdAa<z>}‘l7

is finite, where (1 — |2]*)*dA(z) = dA.(z). The analytic Dirichlet,space B, ,(D), is the space of all functions
f € H(D), for which

118, .00 = [ 170~ [2R)dAET + 1) 3oc.
The analytic function f € H(ID), is considered to be in Dirichlet-Zygmundsspace Z, ,_1(D), if the following norm
A%, oy =115, + LFOI=I1f"1%,,_, + 0]+ |£0)]
p,p—1(D)

is finite. To the best of our knowledge, [23], is the only work to study Dirichlét-Zygmund spaces, where X. Zhu
considered the boundedness and compactness of weighted composition operators from Dirighlet-Zygmund spaces
into Zygmund type and Bloch type spaces.

Let X be a complex Banach space. The corresponding weak version vector-valued Dirichlet-Zygmund space
wZp ,—1(X) consists of the analytic functions f : D — X for which z* o f € Z, ,_1(D) for every z* € X*, equipted
with the following norm

p,p—1 p,p—1

1 lloz, 00 = sup 2o fllz,, @) < oo
P

Here and in the sequel, X* is the dual space of X and Bx» = {z* € X* : ||z*||x~ < 1} is'the closed unit ball
of X*. In fact, such weak version spaces wFE(X) can be introduced under more general conditionsen any/Banach
spaces E consisting of holomorphic functions, see [3, 4, 7, 8, 12] and references therein.

In this paper, our aim is to characterize the boundedness and compactness of the weighted composition, Stevié-
Sharma, Volterra-integral and Integral type operator between weak vector valued (scalar valued) Dirichlet-Zygmund
spaces.

Throughout this paper, constants are denoted by C, they are positive and not necessary the same as each occurrence.
Also we use A = B if there exists a constant C' > 0, such that A < CB.
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2. Boundedness

The following key lemma, which gives us a characterization on Dirichlet-Zygmund spaces, will help us to prove our
main results.

Lemma 2.1. Let 1 < p < oo. Then
(@) for any f € By p-1(D),
FE =8, -
(ii) 407 angF€E, , 1(D),
=2 Ml zpers 1 DI = 12D 22,0,

Proof. We refere part (i)to [11] and part (ii) to [23]. O

Cuckovic and Zhao in [17], characterized the boundedness of operator W, , between weighted Bergman spaces, in
terms of an integral operator, as follows.

Lemma 2.2. Let —1'< o, 8L 00, % be an analytic self map on D and v € H(D). If 0 < p < oo, then the weighted
composition operator W4 : Ay, (D) — A, g is bounded if and only if

sup/(%)ﬂﬂu(w)\pdflg(w) < 0.

aen Jo 1 —ap(w)|
Now we provide a characterization for the boundedness of operator W,, ,, between Dirichlet-Zygmund spaces.

Theorem 2.3. Let 1 < p < oo, ¥ be andnalytic self map on D and uw € H(D). Then the following statements are
equivalent:
(a) Wy is bounded on wZ, p—1(X).
(b) Wy y is bounded on Z, ,—1(D).
(c) u,up € 2,1 and
s [ (G s i P, 2 (w) < oo
aed Jo |1 —ap(w)
Proof. (a)=(b). For any analytic function f € Z, ,41(D) and »€ X with ||v|| =1, define h : D — X, such that
h(z) = vf(z), for any z € D. Then

(v* o h)'(z) = lim v (vf(w)) —v*(vf(2)) — lim fw)v*(v) — f(z)v*(v)

w—z w—z w2z w—z
— W),
Hence (v* o h)"(z) = (nu*vf'(2)) = v*(v) f” (%) and we obtain

1l 2, , o) = sup (/' v o h)(2)PdA, -1 (2) + (v o h)0f] + Y0 oh><0>l>

st
_V*SERQ(/W 2)PdAp-1(z) + V" () f (0)+|1/*(y)f(0)|)
- /D " ()PdAy1(2) + | O) + O] = IFI% &) @

In a similar way, we get

IWauhllhz (x)= sup </| *(uCyh))" (2)[PdAp-1(2) + [v*(uCyh)) (0)] + | (v uC¢h))(0)|>

H’/*Hx*<1

= sup </| (uCy (v f))" (2)[PdAp—1(z) + [ uCy (v f)) (0)] + | (*uCy @ f))(0 )|>

lv*llx= <1
-z ([onestiorsa oo ronhaon
= /D [(uCy )" (2)[PdAp—1(2) + [(uCy ) (0)] + [(uCy) ()] = W fII% | () (3)
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Notice that, in the details of equations (2) and (3), equality happens becouse all the functions get their suprimum
atsthe same point. By applying equations (2) and (3) it’s easy to see that, the boundedness of W,  on wZ, ,_1(X)
gives us the boundedness of W, y on Z, ,—1(D).

(b)=(a)s For any h € wZ, ,_1 and v* € X*, according to the definition of wZ,,_1, we have that v* oh € Z, ,_;.
But we have supposed that W, , is bounded on Z,,_1, hence

Wou(Wllwz,, = suwp [ e Wuyhllz,, ;= sup [Wyy(w oh)|z

pop—1 p,p—1
flo* || x+ <1 llo™ I~ <1

< sup vtohl|z,, , = |hlez,, .
lv* || x= <1

which gives u$ the desired result.

(b)=(c)! Let Wy y is bounded on Z, ,_1, then ||[Wy y(f)lz,,-. = Ifllz,,_., forall f € Z,, 1. Now for any
f e A, p_1, assume thatsh(z) = foz f(w)dw and g(z) = [ h(w)dw, then we have that ¢'(z) = h(z) € Bpp-1,
g'(0) = g(0) =0. So g"(z) = f(z) € A, p—1 and g(z) € Z, ,—1. On the other hand

(u.9(1(2)))" = u"(2)g(1(2)) + 20 ()4 (2)g' (¥ (2))
+u(2)P" (2)g' (¥(2)) +u(2)9" (2)g" (1 (2))-
Applying the boundedness of W, 4, 0nZ, ,_1, for functions f1(z) =1 and fa2(z) = Id, give us
[y + T+ 29 | 4,y = () 4,0 < Wy (f2)ll2,,-0 < o0, (4)

", = W (f1)ll2, -0 < oo (5)

Then by the boundedness of ¢ on D and the equations (4) and (5), we obtain ||¢"u + 2u/¢'|| 4 < co. But

p,p—1

Wz, ()l ey = Wy (9" a, o= Jlutg” 0 ¥l .,
= [[(ug o ) — (@" + 2u"h)g" o b —u"g oYl a,
< W (@2, -1 + 19 oo llug” + 204 ||, s + llglloollu”lla, -, -

By applying Lemma 2.1 and the boundedness of Wy, on Z, ,_4, we get that
Wz, (Plla, o0 = (" + 20"y a, - + Jille, . + Dllgllz, .
2 gllzy o = 19" lla, 80 = 1 £, .-

Which implies the boundedness of operator W2 4 @ Ap -1 (D) = Ay ,_¢(D). Then equations (4) and (5) along
with Lemma 2.2, give us the desired result.

(c)=(b). With the assumptions in (c) and Lemma 2.2, we get that u,u.v) € 2, ,_1(D) and operator W,y , is
bounded between weighted Bergman spaces A, ,_1(D). Also

lug” + 20'¢ ||,y < M(wth) 4,0 + [0 P4, -0 < 00, (6)

and since for any g € 2, ,_1(D), ¢ € A, ,—1(D), we have that

||uw/2g//||Ap,p71 < ||g//||Ap,p71'

Therefore,

I(ug 0 )4, o < 0" lla, s lglloo + lu)” + 20"Y |4, 19" lloo + 19" L4, 4
<llgllz, .- (7)

On the other hand, by applying Lemma 2.1, we have that

|(ug 0 9)(0)] = [lu(O)lllgllz, .

(ug')(0)
|(ug o ¥)' ()] X ([ (0)] + ———+ )llgll=,, .- (8)
( (1= 10)]7 )
Hence, (7) and (8), give us the boundedness of operator W, ,, between Dirichlet-Zygmund spaces Z,, ,—1 (D), which
completes the proof. O
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By applying Lemma 2.2 and Theorem 2.3, we get the following corollary.

Corollary 2.4. Let 1 < p < oo, ¢ be an analytic self-map on D and w € H(D). Then W, is bounded on
Zy p—1(D) if and only if Wiy 4 is bounded on A, ,—1(D) and u, (u1p) € 2, ,—1(D).

Lemma 2.5. Let 1 < p < oo, ¥ be an analytic self-map on D and uw € H(D). Then Wy is bounded from
ZppA(D)(Bpp—1(D) or A, ,—1(D)) into App—1(D), if and only if u € Ay, p_1(D).

Proof. The proof is easy by using lemma 2.1, so we skip the details. O
Definition‘of norm in Dirichlet-Zygmund spaces, gives us that for any g € Z, ,_1(D), v € H(D) and u € S,

lug o ¥lz,, @) = llu"g 0w+ (2u'y" +up”)g' +upg" || a,, ) + M,

for a constant M. Hence, for studing operator W, , on Dirichlet Zygmund spaces, we may deal with the three
operators M, Cy, Mygrgtsvy Cy D and M, CyD?. As an interesting result, by using the details in the proof of
Theorems 2:3 and Lemma 2.5, the following Corollary obtains.

Corollary 2.6. Let 1 <p<oo ¢ €S and u € H(D). Then Wy, y : Zpp—1(D) = 2, ,—1(D) is bounded if and only
if, all the three following operators are bounded

Waur a2 Zpp—1(D) = Ap p—1(D),

Wwyr +up),p : Bpp—1(D) = App—1(D),
Wy + App-1(D) = Ap p1(D).

In [20] Lemma 5, the authors.provide amother characterization for Bergman spaces which asserts that for any
a > —1 and p > 0, there exists C > 0 such that

/ F(@Fdag(2) < ClFO)P + / 19(2) PdA(2)], (9)
D D
0) P /D (=) PaANe) < C / F()PdAq(2) (10)

for all analytic functions f in D, where g(z) = (1 — |2|?)f(2) for z € D. Hence f € A, (D) if and only if
1" € Ap a+1(D). This characterization will help us,in the proef of the next Theorem, which gives us a characterization
for the boundedness of Stevi¢-Sharma operator T, v, ysPetween some Dirichlet-Zygmund spaces.

Theorem 2.7. Let 1 < p < 00, u1 € Z,,-1(D),"us € HD) andyip € S. Then the following statements are
equivalent:

(a) Tuyjupp : WZp3p—1(X) = wZp 3p—1(X) ts bounded.
(b) Tuyus : Zpap—1(D) = Zp 3p—1(D) is bounded.
(c) ug, (u2y)) € 2, 3p—1(D) and

su (7|a|2)3p+1uw 20\ [P w

aeg/ﬂ)(l_(w(ww) luy (W) (w)|PdAszp—1 (w) < o0, (11)
sup/((|a|2))4p+1|uz(w)w/2(w)|z7dA3 1 (w) <€ oo. (12)
ach Jy L= ap(w)P? :

Proof. (a) = (b). Let Ty, uy,0 : WZp3p—1(X) = wZp 3,—1(X) be bounded. Then'similar, te'the proof of part (a)
to (b) of Theorem 2.3, for any f € Z,3,_1 and v € X with ||v|| = 1, if we define h = 1/f(z) for.any z € D, we get

that ||h[? =\fllz,., . and also | Ty, u,,phll, 2 = | Tus usw fll 2,.5,_, Which/givesfus the desired result.

p,3p—1 p,3p—1

b)=-(a). It is similar to the proof of part (b)=-(a) of Theorem 2.3, just we have operator Ty, ., instead of
1,u2,4h
Wu v o we skip the details.
é ¢). Let uy € 2,, 1(D) € A,,_1(D). But according to [20] we know that f € A,. iffand only if
Pip PP P,
f € Ap.atnp, therefore

]|z, 50 = [(@1%)"]| 4, 4, + [u1(0)0(0)] + |(u120)’(0)]
< ()14, 2, +C
<, , 1o +C
< [9lloollual] a, s (m) + C < 0. (13)
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Since Ty, u,,y is bounded on Z, 5,_1(D), by setting f = z, we obtain

|1 Cp f +uaCyDfllz, 4, ) = [l +u2llz, 5, @) < 00 (14)

Then thetriangle inequality, (14) and (13) yield that u € Z, 3,-1(ID). In addition, by applying ||(u1%)"||4, ,,_, @) <
oo and uf € Ap p—1(D) C Ap 3p—1(D), similar to the details of (4), we get that

[ur)” + 20194, 5,0 < 00. (15)

Ot the other hand, for any f € A 3,—1(D) such that f(0) = 0, by putting h(z) = [; f(w)dw and g(z) = [; h(
we have that'g” (z) = f(z) € A, 3p—1(D) and ¢g(0) = ¢’(0) = 0. Hence by applymg Lemma 2.1 and (15) we obtam
P ZF o () My 5,2 m) = 9" 0 ()l 4, 5, 0)
< (urg o) lay 5y + 1 (wrd)” +2040")g" 0 Yl A, 0y + Il g0l Ay,
<lurgo¥lla, ,—, + 19 llsoluaty” + 2059 | 4, 0y + llglloo It 14, 4,
< llgllosllualla, .y + g oo llurt” + 2659 |4, - + Ngllsollud |4, 0,

=9l 2501 29" N 40501 = [1Fll 4y 551 (16)
Thus, lemma 2.2, givesyus
sup/(—(ILP)Q)?’HI|u1(w)¢'2(w)|pdA3p1(w) < 00. (17)
aebd Jp |1 —aglw)|

Also by (16), (13), u1 € Zp, p—1land Theorem 2.3 we have the boundedness of Wy, 4 : Zp 3p—1(D) = Zp 3,—1(D).
Now with the triangle inequality, for any f.eZ, 3,1 (D),
IWas D f |2, 5,4 @) SllTurunip(F)l 2,501 @) + 1War ()l 2, 5,1 @)
= ||fHZp,3pfl(D)'

On the other hand, Wy, 4D : Z, 3,1 = Zp3p—1 is’bounded,if and only if Wy, y : Z, 4p—1 = Zp.3p—1 is bounded.
Therefore, applying theorem 2.3 and lemma 2.2 ¢omplete the proof.

(c)=(b). Assume that (c) holds. Since the boundedness of Wy o : Zp.ap—1(D) = 2, 3p—1 is equivalent to the
boundedness of W, D between Dirichlet-Zygmund spaces Zj 3,—1, Then theorem 2.3 and lemma 2.2, along with
the assumption uq € 2, ,—1 C Zp 3p—1 and equation (13),.give us theboundedness of W, D and Wy, ., between
Z, 3p—1(D. Therefore by using the triangle inequality, Ty, uy,¢ = W, FWa,,¢ D is bounded on 2,3, 1(D). O

We can easily check that M, DCy = Ty .. Therefore, applying theorem 247, gives us the following corollary.
Corollary 2.8. Let 1 < p < oo, u € H(D) and ¢ € S. Then M, DCy" is bounded on Z,3,—1(D), if and only if
w)’, (up') € Zp 3p—1(D) and

sup [ (<L) yapiry s ) < o
[ (o) ) )P A < o

aeb Jp
Theorem 2.9. Letl <p < oo and& € H(]D) Then for any f € Z,,-1(D), the following statements are equivalent
(a) The Volterra-integral operator Ve (f fo w)dw is bounded on Dirichlet-Zygmundaspaces.
(b) £ € Zpp1(D).
(¢) The integral-type operator I¢(f) = foz f(w)é(w)dw is bounded on Dirichlet-Zygmund spaces.
Proof. (a) =(b). Suppose that operatpr V¢ is bounded on Z, ,_1(D), then for f =1, we/get that

€O + el 2, 0 < Vefllz,, -0 < Vel < oo (18)

Therefore, € € Z, ,_1(D).
(b)=(c). Let £ € Z, p—1(D). Then £ € By, ,—1(D) and by applying lemma 2.1, ||{]lc < [|£]2
any h € Z, ,_1(D),

< 00.4Then for

p,p—1

[e(Mz, 0 = IR"El A, pr + W E 4, s
< Pllz, - l€lloo + 1A N0 1€ 4,1
< llz,p-i €l 2, s + 12l 2, -1 €] By s
= Inll=

p,p—1°
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¢)=(b). By putting function f(z) = z, and using the boundedness property of opertors I¢ on 2, ,_1(D), we
1 PP

get the disired result.

(b)=(a). Let £ € Z, ,—1(D) C B, p—1(D).Then for any h € Z, ,_1(D), using Lemma 2.1, give us

Ve, = 1K€ a0+ 1R a0
< W e ll€ Ly s + Il NE” N Ay s
< W15, NEl5, s + Alloclllz,
< k2, Ell5, o + IRz, ]|z, ,
= |hllz

p,p—17

which completes the proof. O

3. Compactness

In this section we aim to consider the compactness of weighted composition and Stevi’c sharma operatros, we
also briefly investigate the compactness of Voltera integral and integral type operators between Dirichtet Zygmund
spaces.

Lemma 3.1. Let 1 < p < 00, ¥ be an analytic self map on D and u € H(D). Suppose that W, is a bounded
weighted composition operator on Ay p—1, (Bpp—10rZp p—1). Then Wy is compact on A, p—1, (Bpp—1

orZ,,—1 ) if and only if for any bounded sequence {fn} in App_1,(Bpp—1, orZ,,—1) such that {f,}5° — 0
uniformly on compact subsets on D as n —doo, we have |Wy.4(fn)lla — 0, ([Wuu(fo)ls,,.. — 0, or
Wupllz,, . =0 ).

p,p—1

Proof. The proof is similar to Proposition 3:11 [6] or Lemma 2.1 [5], so we skip the details. O

Note that, if X be a reflexive Banach space, then Montel’s theorem is valid for H(D, X) endowded with compact-
open(co) topology. Hence in this case, Lemma 3.1 is valid for wZ, ,—1(X).

The following Lemma from [17], gives us a characterization for compactness of operator W, ,, Between weighted
Bergman spaces and will help us to get our desired results.

Lemma 3.2. Let ¢ be an analytic self map on D andu € H(D)ALIf0 < p < 0o and —1 < a, 3, then the weighted
composition operator W, 4 : Ay o(D) = A, g(D) is compact ifand only, if

imsu M %ol () [P N\, _
1a—>1—p/]m(|1a¢(w)|2) |u(w)|[PdA sz (w) = 0.

Theorem 3.3. Let 1 < p, X is a reflexive Banach space andyoperator Wy 4 @ w2, ,—1(X) = w2, ,-1(X) is
bounded. Then the following statements are equivalent:

(a) Wy g wZpp—1(X) = wZpp—1(X) is weakly compact.
(b) Wo: Zpp—1(D) = 2, ,_1(D) is compact.
(c) u,utp € Z,,_1(D) and

imsu Mwluw 2000\ [P s
1|a|_>1p/ﬂ)>(|1—a¢(w)|2) lu(w)y" (w)|PdAp—1 (w) = O

Proof. (a) = (b). Assume that Wy 4 : wZpp—1(X) = wZ,p—1(X) is bounded, then by using Theorem 2.3,
we get the boundedness of W, 4 : Z,,-1(D) — Z,,-1(D). Now let the bounded sequence (f,)22; C Z, -1
converges uniformly to zero on compact subsets of D, and v € X with ||v|| = 1, define thesséquence (h,;)>
such that h, := vf,(z) for any z € D. Then similar to the proof of part (a)=-(b) of Theorem 23 we get that
th”ﬁ;zp,p_l = ||an]%M_1 < 00, 50 (hyp) C wZpp—1 is a bounded sequence which converges uniformly to zero on
compact subsets of D. Then by using Lemma 3.1, we get that ||[Wy yhn|lwz, ,_, converges to zero as'm — oo. Also,
similar to equation (3) of Theorem 2.3, we have that [|[W,y fullz, | = [Wuphally,z, - Therefore [Wy gl z
converges to zero as n — oo. Therefore, Lemma 3.1 completes the proof.

(b)=(a). Let (hy)p>; C wZ, ,—1 be a bounded sequence which converges uniformly to zero on compact §ubsets
of D. Then (h,,) is bounded and converges pointwise to zero. Hence for v* € X* such that ||[v*||x+ < 1, if we consider
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sequence (v* o hy,) C Z, ,_1 we have that (v* o hy,) is bounded and converges pointwise to zero. Then by applying
Corollary 1.3 of [6], we get that (v* o h,,) converges weakly to zero. But we assumed that W, 4 : Z,,-1(D) —
Zp p—1(D) is compact, and hence it is completely continuous. Therefore, [|[Wy 4 (v ohy)| =z, -, = [[Wuy(0)lz,, . =
0. On the other hand, [|Wyyhnllwz, , 1 = SuPjys |y <1 Wup(w ohn)llz, , . = [[Wuy (v ohy)|z,, ,, forv* € X*.
Therefore | Wy yhn|wz,, , — 0 and applying Lemma 3.1, gives us the desired result.

(b)=«(c). Since we supposed that W, , is bounded on Z, ,_1, then Theorem 2.3 gives us u,u.¢) € Z, ,_1. Now

let wyz € D and &y (2) = 1¢($()w ZZ € Aut(D). Also suppose that (a,) C D be a sequence with lim,, o [¢(an)| = 1,

then define the.test function

1

Bran(2) = (6utan () (1 = [o(an) ) s

Since [|£y(a,)]lco < 00,50 (Bpw) € Z,p—1 converges uniformly to zero on compact subsets of D, as n — co. On the

other hand, Bn,w(w(an)) =0 and B;z,w('(/](an)) = 25&;(%)(w(an)>§w(an)(w(an>) = 0 also Bx’w(zb(an)) = W
Therefore, we get that

HWuﬂZ}(BnﬂU)HZp,pfl > ||(U(w)Bn,w(¢(an)))NHApyp,l
= [W"(@) Buwlt(an)) + (2u'd" +ut") (w) By, o, (¢(an)) + udp™(w) By, (¥ (an))ll 4,
_u/2w " a _ ulw /pr#p 1 (w
_H ’l/) ( )Bn,w(w( n))”Ap,p—l /]D)| ( )w ( )‘ }(1_|w(an)|2)2’ dAP ( )

But we assumed that W, is compact on Z,4- 1. Then by applying Lemma 3.1, we get the desired result.

(c) = (b). Let ¥,uap € Z,,1. Then [|u"}|&c =< [lu”]|4,,_, < |lullz,, , < oo and by Lemma 2.1, we have that

1209 + u"[loo < luthlloe + 0" Plloo =2 bl 2y, + llullz,,—, < oo Now let {fn}72o C Zpp-1(D) C Bpp1 C
A, »—1 be a sequence such that f,, converges to zero uniformly, on compact subsets of D. Then, whenever |¢p(z)| > s
for s € (0,1), since |u(w)y'?(w)| # 0 and so'l =< |u(w)y?(w)], then we get that

imsu b e imsu pFl w)[P w
timsup | (A ) & iy [ (e (00 )Py ),

[¥(w)[—=1J/D [¢(w)|—=1

Hence in this case, our assumption in (c) along with Lemma/3.2, give usithe compactness of operator Cy, : A, p—1 —
Ay p—1 and so by applying Lemma 3.1, we have || f, o 9|la, ,_, — 0s

On the other hand, if [¢)(z)| < s, since f,, — 0 uniformly on {|w| <it} there exists N € N such that for all n > N,
we have that |f,(w)| < € for an arbitrary e > 0. Therefore, by assumingde(z)| < s, we get || fulloc — 0. But
H*> C App_1 hence, | fno|la,, 1 < [[fullee = 0. So in the,both cases we obtain ||fn otlla,, , — 0. With
a similar argument, since we have supposed that {f,} € Ap,—1 and then {f,} € B,,-1 C Ap,—1, we get that

170 ¥lla, o =0

Also we have supposed that {f,}52, C Z,,-1(D) C B, p—1 C A, 2y, converges to zero uniformly, on compact
subsets of D. Therefore f, converges poinwise on D and hence |f, o ¥(0)] — 0. With.a similar argument we see
that |(fn ©4)'(0)| — 0. Indeed, by using Lemma 3.2 and our assumptions, W2 gy Ap po1 (D) — A, 1 (D) is
compact. So Lemma 3.1, gives us

Ay =l fl o plla, @) — 0, as n — .
Hence, we obtain
Wo (fa)ll 2, -1 ) = 1(u-fr 0 9) 14, 1 + |(wfr 090) (0)] + [t fr © (0)]
<y fr 0l ,oamy + 10" Fu 0 Wlla, oy + 12u'Y +ud)”) fr 0¥y,
+[(fn 0 ¥) (0)] + [ fn 0 (0)]
< (A + 10" oo 0 Bl s+ 1206 + 0" ool £ 0 Yl +1(fr 0 ) (0)] + | fo 0 $(O)]) 0
as n — oo. Therefore, Lemma 3.1 completes the proof. (]

As a result of Theorems 2.3, 3.3 and Lemma 3.2, we have the following corollary.

Corollary 3.4. Let1l < p < 0o, ¥ be an analytic self map on D and u € H(D). Then W,y is bounded on Z, ,,_1(D)
if and only if W2 o is bounded on Ay p_1(D) and u, (w)) € Zp,—1(D).
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Moreover, by aplying Theorem 2.3, Lemma 2.1, Corollary 2.6 and the details of the proof of Theorem 3.3, we get
the following result.

Corollary 3.5. Let 1 < p < o0, v € S, u € HD) and Wy : Z,p-1(D) = Z,,-1(D) is bounded. Then
Wity : Zpp—1(D) = Z, ,_1(D) is compact if and only if all the three following operators are compact

War a2 Zpp—1(D) = Ap p—1(D),
Wauwrg g 2 Bpp—1(D) = Ap p—1(D),
Wuwm,w : Ap,p—l(]D)) — Ap,p—l(D)~

Theorem3.6. Letil < p < 0o, X be a reflexive Banach space, u1 € Z,,_1(D), ug € HD), ¥ € S and Ty, uy.0
Zp3p—1(D) = 2, 3p,—1(D) is bounded. Then the following statements are equivalent:

(a) Tuy s, : WZpgpet(X) — w2, 3p—1(X) is weakly compact.
(b) Tuy izt Zpap—1(D) = Zp 3p—1(D) is compact.

(c) uz, (u2tp) €.2p3p—1(D) and

im su M 3p+1 wr (w 2 w)[P w) —
1|a]a1p\/]1))(|1 — a¢( )|2) | 1( )w ( )| dABpfl( ) = 0,
imsu % A1 ()2 (w) [P w) =
1|ala14p\/]1)(|1 — aw( )|2) | 2( )QZ} ( )| dASpfl( ) =0.

Proof. (a) < (b). It is similar to the proof of Theorem 3.3.
(b) = (c¢). Let Ty up,p : Zp,3p—1(Dh— Zp 3p—a(D)ris bounded, then according to Theorem 2.7,

u1Y, ug, (’U,Qw) S Zp’gpfl(]D)), u'll S Ap,gpfl(]D)), ’U,lil}// + 2’LL/1’¢/ S Ap’gpfl. (19)

Now let w, z € D and &) (2) = 1"1(1”();; € Aut(D). Also suppose that a,, C D be a sequence with lim, o |¢(ay)| =
1, then define the test function
1
1— m,z
Since [|€y(a,) |0 < 00, 80 By o € Zp 3p—1 converges uniformly to zeré on compact subsets of D, as n — co. On the

other hand, B, (¢(as)) =0, By, ,(¥(an)) =0, By, ,(¢¥(an)) =0 and B, (¢ (an)) = W. Therefore, by
Lemma 3.1, we get that || Ty, (Bnw)lz,,,_, — 0. Also

Buw(2) = (€utan () (1 =4t(an)?)

1T 2 (Bl 2y 01 2 1| (w2 (w) B ((an) + w2 (w) B, (t(an))) [l 4,0,

= ||u21//2(a71)B;7{/w( (aﬂ ||Ap 3p—1 /‘uQ an an)|p‘ |2 3|pdA3P—1(an)'

D
(=19 (@) ?)

Then applying Lemma 3.2 and the fact that 0 < |1 — |¢(2)|?| < 1, give us

im su M@—&-lu W2 (w) [P w) —
1a|—>1p/]])(|1—a1/)(w)2) ‘ 2(w) "™ ( )‘ dA3p—1( )=0. (20)

Therefore, by (19), (20) and Theorem 3.3, we get the compactness of Wy, o @ Zpap—1(ID) = 2, 3,-4(D), which
is equivalent to compactness of Wy, 4D : Z,3,_1(D) — Z,3,-1(D). Now suppose that {f,} C.Z,3,—1(D) be
bounded a sequence converges to zero on compact subsets of ). Since we also assumed that T3, 4, isfcompact,on
Zp3p—1(D), hence by using the triangle inequality,

War o fnll 2y sp— 1) < 1Turusp full 2, 51 @) + W w full 2, 4p_ 1 (D) (21)

so by using Lemma 3.1, we obtain the compactness of Wy, 4 : Zp3p—1 = Zp3p—1. Then Theorem 3.3 completes
the proof.
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(¢)=(b). Assume that (c) holds. Then by applying Theorem 2.3, Theorem 3.3 and (13), we have the compactness
oftwo operators

Wz 0 Zpap—1(D) = Zp 3p—1,
Wyt Zpap-1(D) = Zp3p-1.

But the compactness of Wy, ¢ @ Zpap—1(D) — Zp3,—1 is equivalent to the compactness of operator W,, D :
Zp8p—1  Zp3p—1. Therefore by using the triangle inequality and lemma 3.1, Ty, yop = Wiy g + Wa, oD is
compact jon Zy5,_1(D). O

Theorem 3.7.+Let I'< p < 00 and € € H(D). Then for any f € Z,,-1(D),
(a) Ve(f) & foz f(w)¢ (w)dw is bounded on Dirichlet-Zugmund spaces if and only if it is compact.
(b) I¢(f) = foz fl(w)§(w)dwnis bounded on Dirichlet-Zugmund spaces if and only if it is compact.

Proof. The proof is clear by applying theorem 2.9, and lemma 3.1, so we skip it. (Il
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