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1. Introduction

Discrete and continuous frames arise in many applications in both pure and applied mathematics and, in particular,
they play important roles in digital signal processing and scientific computations. The notion of discrete frames
was first introduced by Duffin and Shaeffer in [12] to study some deep problems in nonharmenic Fourier series, see
also [10, 24]. A generalization of frames to a family indexed by a locally compact space endowed with a Radon
measure was proposed by Kaiser in [15] and independently by Ali, Antoine and Gazeaw,in {2]. These frames are
known as continuous frames. Gabardo and Han called these frames ”frames associated with measurable spaces”,
see [13]. If in the definition of a continuous frame the measurable space is assumed to be aountable indexed set
equipped with the counting measure, the continuous frame will be a discrete frame. In 2006, discrete g-frame as a
generalization of discrete frames was introduced and investigated by Sun in [22] and then, the notion of continuous
g-frames was introduced in [1]. Throughout this paper, H is a complex Hilbert space, (£2,u) is aaneasure space
with positive measure p and {H, }oeq is a family of Hilbert spaces. We denote the space of all bounded linear
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operators from H into H,, by B(H,H,,) and we denote B(H,H) by B(H). Also, the kernel of a bounded operator
T48 denoted by ker T' and we show the range of T' by Rng(T).

Definition 1.1. We say that A = {A, € B(H,H,), w € Q} is a continuous g-frame for H with respect to

{Hw}weﬂ Zf

()" For each f € H, {A, f}ueq is strongly measurable, i.e., the mapping w — || Ay, f|| is measurable, for each f in
Hs

(2)" There are two numbers 0 < Ap < By < oo such that

AllfI? < /Q [AufIPdp(w) < BallfI? f € H. (1)

We call Ay and By the lower and upper continuous g-frame bounds, respectively. A is called an Ap-tight continuous
g-frame if Ay = B and a Parseval continuous g-frame if Ay = By = 1. If the right hand inequality in (1) holds
for all f € Hwe saydhat A isya continuous g-Bessel family for H with respect to {H, }wecq with the bound Bj.

Proposition 1.2. Let A = {A, € B(H,H.), w € Q} be a continuous g-frame for H with respect to {Hy}wea-
Then, there exists a unique positive and invertible operator Sy : H — H such that for each f,g € H,

1Sn f.g) = /Q (A% A f, 9)du(w)

and Ap - Idy < Sp < By - Idy, where Idg isithe identity operator on H. The operator Sy is called the continuous
g-frame operator of A. Also, we have

(fq) = /Q (Sv 7, A A gy = /Q A ALST )du(w),  fogeH. @)

Let the space
K= {F € H Ho : Fuis strongly measurable,/ | F(w)|?dp(w) < oo}.
weN Q2

Obviously, K is a Hilbert space with pointwise operations and the inner product given by
(F,G) = / (F(w),Gw))dgle), “F.GeR.
Q

Proposition 1.3. Let A = {A, € B(H,Hs,), w € Q} be a continuous g-Bessel family for H with respect to
{Hw}wea- Then, the mapping T : K — H defined by

(T\F,g) = /Q<A::F(w>,g>du<w>, Fek, g an

is a linear and bounded operator with | Tal| < v/Ba. Moreover, for any.g € Hand w € Q, we get

Tx(9)(w) = Aug.
The operators T) and T{ in Proposition 1.3 are called the synthesis and analysis«operators of A, respectively.

Definition 1.4. If A = {A, € B(H,H,), w € Q} and © = {©, € B(H,H,), w € Qf are two continuous
g-Bessel families for H with respect to {Hy }weq, such that

(f.q) = /Q Ouf Aug)dulw),  fgeH,

then © s called a dual of A. Let A = {A, € B(H,H,), w € N} be a continuous g-frame for H with respect to
{Ho}weq- Then A = {A,Sy" € B(H,H.,), w € Q} is a continuous g-frame for H with respect to {H, Yweq and
by (2), A is a dual of A. We call A the canonical dual of A.

According to Definition 1.4, one can expect a dual of a g-frame to provide a representation for every element in the
underlying Hilbert space in terms of an integral (for continuous g-frames) or a series (for discrete g-frames). This
role can also be played by pseudo-duals and approximate duals. So far, different kinds of duals, pseudo-duals and
approximate duals for frames and their generalizations have been introduced. For more information, we refer to
[4, 8,9, 14, 16, 18, 19, 20, 21, 23, 25].

In this paper, we focus on @-duals, Q-approximate duals and @-pseudo-duals of continuous g-frames, where )
is a bounded operator inserted between the synthesis and analysis operators.
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2. Pseudo-duals, duals and approximate duals of continuous g-frames

In the present section, we get some properties of Q-duals, Q-approximate duals and @Q-pseudo-duals of continuous
g-frames. Mainly, their stability and their characterizations are considered. Some of the obtained results are
analogous to the ones stated in [4, 19].

Definition 2.1. Let A = {A, € B(H,H,,), w € Q} and T = {T, € B(H,H,), w € Q} be two continuous
g-Bessel families and Q € B(K). Then

(i) A is_said to be a Q-pseudo-dual for T' if the operator Sagr := TaQIY is invertible.
(ii) [Ads saidstosbe a Q-approzimate dual for T if |TAQTy — Idy]| < 1.
(ili)“A issaid to be @ Q-dual for T if TaQTY: = Idy.

Theorem 2.2. Let A _and T' be two continuous g-Bessel families and let T € B(H). Then AT := {A,T €
BH,Hu)pw w € QY and TT = {T,T € B(H,H,), w € Q} are two continuous g-Bessel families. Moreover,
if AT is a Q-pseudo-dual for I'T, then T is left-invertible.

Proof. Since themappingw — ||A,, f|| is measurable for each f € H, the mapping w —— ||A,T f|| is also measurable.
Then, we have

/Q IAu(T)|2du(w) < BAITHI? < BAITIFI

Thus AT is a continuous g-Bessel family, so Tar is bounded and it is easy to see that Tar = T*Tx. Similarly, I'T
is a continuous g-Bessel family with 47 = T* 1. Therefore, for each f € H, we have

TaeQTrr () =(T"TA)Q(TrT) = T (TAQTT)T.
Since AT is a Q-pseudo-dual of I'T", Ty Q1 is invertible which implies that 7" is left-invertible. O

Proposition 2.3. Let the continuous g-Bessel family A be a Q-pseudo-dual for the continuous g-Bessel family T’
and let T € B(H). If T is invertible, then AT is a Q-pseudo-dual for T'T.

Proof. As we see in Theorem 2.2, AT and I"'Thare two contimuous g-Bessel families, so T and Ty are bounded,
Tar =TT\, Trr = T*Tr and ThrQT7r = T*TAQTYT. Now, since T and Ty QT}: are invertible, we conclude that
TarQTy, is invertible which is equivalent to say that AT is a ()-pSeudo-dual of I'T". O

Theorem 2.4. Let A = {A, € B(H,H,), w € Q}, I"={T, € B(H,Hs.), w € Q} and © = {6, €
B(H,H), w € Q} be three continuous g-Bessel families: Then

(i) A—T:={A, -T, € B(H,Hs), weQ} and®—-T:=40, =T, € B(H,H,), w € Q}, that for every f € H

(@w - Fw)f - @wf g wa

and

(Aw - Fw)f = Awf - wa7

are two continuous g-Bessel families.
(ii) If | ToQTE| < 1 and © is a Q-dual for A, then © is a Q-approzimate dual for A —.
(itl) If |1 TrQT%|| < 1 and © is a Q-dual for A, then © — T is a Q-approzimate dual forA.

—R* QR

Q
Proof. (i) It is easy to verify that for each f € H, the mappings and
0 ¥ to verily / PPIES s (A — T A 2" e s 1By — T

are measurable, also we have

/|| D Pdp(w) < /(II(A £l + [T f)?duw)

< BallfI? + Bell 1P+ 2( [ 18us1Pau) ([ ITosiane)
< BallfI? + Bel I+ 2v/BaBrl I,

so A — T" is a continuous g-Bessel family. Similarly © — I' is a continuous g-Bessel family.
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(ii) It is clear that Tx_ =T% — T}, so
TeQTx v = TeQ(Tx — Tr) = ToQTx — ToQTr.
Since © is a Q-dual for A, we have ToQTy_ = Idy — TeQT}:. Consequently
[TeQTX r — Idy|| = [|TeQTr || <1,

which mean$ that © is a Q-approximate dual of A —T.
(iii) Assumesthat ||[T7QT5|| < 1 and © is a Q-dual for A which is TeQT = Idy. Hence

To-rQTy = TeQTx — TrQTx = Idy — TrQTy,

SO
ITo-rQTx — Idy|l = [ Tr QT3] < 1,

and the result follows.

O

Theorem 2.5. Let ' ={[', € B(H,Hy) : w € Q} be a continuous g-Bessel family. Then, the following statements
are equivalent:

(i) T possesses a Q-dual, for some Q€ B(K):
(ii) T possesses a Q-approximate dual, for some Q € B(K)
(iii) T possesses a Q-pseudo-dual, for some Q € B(K)
(iv) T is a continuous g-frame.
(v) T is a Q-dual of itself, for some positive operator Q) € B(K)
(vi) T is a Q-dual of itself, for some self-adjoint operator Q.& B(K)
(vil) T is a Q-approzimate dual of itself, for some self-adjoint operator Q € B(K)
(viil) There exist some 0 < & < 1 and some self-adjoint operator Q € B(K) such that (1 —¢) - Idy < Sror <
(1 + 6) qu.[
(ix) T is a Q-approzimate dual of itself, for some positive opefator Q € B(K)
(x) There exist some 0 < & < 1 and some positive operator@Q € B(K)buch that (1—e¢)-Idy < Sror < (1+¢)-Idy.
(xi) T
) T

(xii

is a Q-pseudo-dual of itself, for some positive operator Q & B(K)
is a Q-pseudo-dual of itself, for some self-adjoint operator Q€ B(K).

Proof. The implications (i) = (ii) and (ii) = (iii) are obvious.
(iii) = (iv). Suppose that there exists some ) € B(K) such that A is &’@Q-pseudo-dual of I', which is, Saqr = TAQT}
is invertible. Then, for each f € H, we have

I£1l = lISxgrSaarfIl < 1SxorllITalllQIUITE £
SO

£
ISxorlPITalZQI? —

< [ IrosiPante) < BelfIP

(iv) = (v). Assume that T' = {T', € B(H,H.,) : w € Q} is a continuous g-frame for #, so I := {T,Sgi"e B(H, H.,) :
Q: K =K

w € Q} is a continuous g-frame for #H, and [ is a dual for I, so Tx and Tf are bounded. Then Q=TT is a
T

positive operator and we have
TrQTY = TF(T%*TI:)Tfk = Idy.

The implications (v) = (vi), (vi) = (vii), (v) = (ix), (ix) = (xi), (xi) = (xii) and (vii) = (xii) are trivial.
(xii) = (i). Assume that Q € B(K) is a self-adjoint operator and T is a Q-pseudo-dual of itself and A = {A,, €
B(H,H,) : w € Q} where A, := T, (ITrQT;)~ . For every f € H, we have

/IIAwfII dp(w HF (TrQTy) ™' fIPdu(w) < Brll(TrQTy) ™' fI1* < Brl(TrQTy) ' II[If11*.

36



M. M. Azandaryani et al., AUT J. Math. Comput., 7(1) (2026) 83-44, DOI:10.22060/AJMC.2024.23279.1247

Thus A is a continuous g-Bessel family. On the other hand, for each F' € K and g € H, we get

(T\F,g) = / (ALF (), g)du(w)

:/Q<F(w),Awg>du(W)
:/Q<F(w),FW(TFQTF)‘lgﬂu(w)

- /Q<r;;F(w),(TFQTF")‘19>du(w)

= (It F, (TrQTy) 'g)
(TrQT)™')*Tv F, g)
(TrQ*T3) T F, g)
(TrQTy) " 'Tv F, g).

Hence (TrQTy) "Xt = Tyd so wethave
TAQTY = (TrQTY) ' Tr)QTy = (TrQTy) ~H(TrQTY) = Idy,
which means that A is a Q-dual of T.

(vii) = (viii). Let Q € B(K) be a self-adjoint operator and let T' be a Q-approximate dual of itself, so ||TrQT}: —
Idy|| < 1. If TrQT}y = Idy, thenyfor each 0 < ¢ < 1 we have (1 —¢) - Idy < TrQTf < (14 ¢) - Idy. Let
0 <e:=|TrQT} — Idy|| < 1.Since IrQTY — Idy is self-adjoint, we get (Tr QT — Idy) <|| TrQT{ — Idy || -Idy,
also we have (Idy — TrQTY) <|| Idy — Tr QT |2 dyy, so we conclude that —e - Idy < TrQTj — Idy < e - Idy.

(viii) = (vii). If there exist 0 < ¢ <'1 and some self-adjoint operator @ € B(K) such that
(b—¢) Idg<ThQIy < (1+¢)-Idy,
then
—e-Idy <TrQTf —Idy <e-Idy.
Let T := Tr QT — Idyy, then for each f € H, we have

_5<f7f>§<Tfaf>§5<faf>»

so ||T|| < € and we conclude that ||[TrQTy — Idy|| < € < ly'therefore I' is a Q-approximate dual of itself. The
equivalence of (ix) and (x) can be obtained similar to the€quivalence of (vii) and (viii). O

Proposition 2.6. Let A and T' be two continuous g-Bessel families.and Q@ € B(K). Then, the following statements
are equivalent:
(i) A is a Q-pseudo-dual (Q-approximate dual) of T.
(ii) There exists some invertible operator T € B(H) (there exists Tw€ B(H) with ||[T~! — Idy|| < 1) such that
AoT :={A, 0T}ueq is a Q-dual of T.
(iii) T is a continuous g-frame and there exist an invertible operator S € B(H) (S € B(H) with ||S — Idy]| < 1)
and some R € B(K,H) such that

TAQ = S(Sp'Tr + R(Idg — Ty Sy 'Tr)).

Proof. (i) = (ii). Since A is a @-pseudo-dual (Q-approximate dual) of I', thesoperator ZTQ*T; is invertible
(ITrQ*Tx — Idy|| < 1). Let T := (TrQ*T5)~'. Then, it is easy to see that A o T is acontinuous, g-Bessel family
and TAoT = T*TA. Thus

TrorQTy = T*TAQTY = (TAQTY) ™ (TAQTY) = Idy.
This means that A oT is a Q-dual of I".
(ii) = (iii). Since A o T is a @-dual of I, by Theorem 2.5, I" is a continuous g-frame and"L*TA@QT}: ==ldy, so
TAQTy: = (T*)"'. Let S :=T*', R:=T*T\Q € B(K,H), then

S(SF T + R(Idg — Ty Sp ) = T ((I6T3) T + T*TaQUIdy — T3 (T 1) 1))
=T NIrT}) T + ThQ — TaQT (T IY) ™' Tt
=T N IYTE) M + TaQ — T (T T7) M1y
=TrQ.
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(iti) = (i). If T is a continuous g-frame and there are operators S € B(#) and R € B(K,H) such that S is invertible
(I8"— Idy| < 1) and
TAQ = S(Sy'Tr + R(Idg — T S: '),

then we'get
TA\QTy: = S(IyTy) 'IvTy + SRTY — SRIE(TrTy) M Ty
S+ SRIY — SRI¢ = S.
Since S is invertible (||S — Idy|| < 1), A is a Q-pseudo-dual (Q-approximate dual) of T'. O

Proposition'2.7. Let I\ and A be two continuous g-Bessel families, and let Q € B(K). Then A is a Q-dual of T
if and only if T is a continuous g-frame and there exists some R € B(K,H) such that

TAQ = (TrTy) 't + R(Idg — Ty (Sp )Tr). (3)

Proof. Suppose that A is a @-dual of I', so TAQT: = Idy. Then, by Theorem 2.5, I is a continuous g-frame and
for R := TxQ we have
S5 'Tr + R — RTESE 'Tr = R = T)Q.

For the converse, if there exiéts some R € B(K,H) such that (3) holds, then
TAQTE = (TpTy) "I T} + RTY: — RTE(TrTy) YT Ty = Idy.

Hence, we conclude that A is a (Q-dual of T'. O

3. closeness and nearness of continuouis g-frames

As we know, the well-known Paley-Wiener, theorem concetns the stability of Riesz bases which are sufficiently
close to an orthonormal basis of the underlying Hilbert space. Some general versions of Paley-Wiener theorem for
Hilbert space frames were presented in [6, 7]. Then, the closeness and the nearness of two discrete frames and two
continuous frames were introduced and studied in\[3, 5], see also 4, 11, 17, 19].

Here, the concepts of closeness, nearness and partial equivalence for continuous g-frames are considered and
some of their properties are obtained. In particular, we extend the obtained results in [3] to continuous g-frames
and we use them in the next section.

Definition 3.1. LetT' ={T', € B(H,H,) : w € Q} and A =4{A,, € B(H, Hg).: w € Q} be two continuous g-Bessel
families. Then, we say that T is close to A if there exists somex\ > 0 with

[Tre — Tagll < Al Taells
for each ¢ € K. The infimum of such \’s is called the closeness bound andit is denoted by C(T, A).

Definition 3.2. Let I" and A be two continuous g-Bessel families. Then, we say that'A and ' are near if A is close
toT" and T is close to A.

Definition 3.3. Let I' and A be two continuous g-Bessel families. Then, A is called to befpartial equivalent with
I if there exists some bounded operator T on ‘H with 'y, = AT, for each w € Q. Moreover,yif T is invertible, then
we say that A and T’ are equivalent via T.

If ', = AT, for each w € (2, then
12F.g) = [ (ALF@).To)duw) = (T"TsF.g). FeR, gei
Q

Hence A is partial equivalent with T via T if and only if Tt = T*Tx. The same identity holds for the/equivalent
continuous g-frames via an invertible operator T'.

Lemma 3.4. Let A and T’ be two continuous g-frames. Then,

(i) The continuous g-frame A is partial equivalent with T' if and only if Rng(T}:) € Rng(Ty).
(ii) The continuous g-frames A and T' are equivalent if and only if Rng(T{) = Rng(Ty).
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Proof. (i) Assume that A is partial equivalent with T’ via a bounded operator T. Hence, TT = T*T, and conse-
quently 77 = TXT which implies the inclusion Rng(T{) C Rng(T5).

Conversely, let Rng(T7) € Rng(Ty). For each f in H, we get T]{S;lTA (TXf) = Tx f. This means that for every ele-
mentyg in Rng(T%), the equality TSy Ta(g) = g holds and since Rng(T}) C Rng(Ty), we have T3Sy "TaTy: = Ty
Therefor (SXlTATli‘)*TA = T, meaning that A is partial equivalent with I' via T" := SXlTATIi‘.

Part (ii) is an immediate consequence of (i). O

Theorem 3.5. Let A and T’ be two continuous g-frames. Then, I" is close to A if and only if A is partial equivalent
with I' via@ bounded operator T. In this case, we have C(I',A) = ||Idy —T|.

Proof. Suppose that I' is close to A. Thus, there is some A > 0 such that
[Tre — Taell < AlTaell,

for each phe K. Phereforey ker Ty C ker Tt, so Rng(T) € Rng(Ty). Now, Lemma 3.4 yields that A is partial

equivalent with I'. Conversely, if A is partial equivalent with I" via a bounded operator T, then for each ¢ € K , we
obtain that

| Zre —Tapll = (T*Ta — Ta)pl| < 1T — Idyy||| Tasl|-

Consequently, T is closedto A with

CT,A) < |77 — Idy| = T — Idxu].
Also, since Ty is surjective, for each f in"H, weshave

T — Tdy) fI| < CT, AL

Thus

1T = 1daffl = |7* = Ty | < C(T, A).

O

Corollary 3.6. Let A and I be two continuous g-frames: Then, I' and A are near if and only if they are equivalent
via an invertible operator T. In this case,

max{C(T", A), C(A,T)} < max{||#"— Ldy||, | T} — Idy|}.

Proof. It follows from Theorem 3.5 that the nearness of A“and T" is'equivalent to say that A is partial equivalent
with T via a bounded operator T' and I is partial equivalent with A via a bounded operator S. Thus, T = T*Ty
and Th = S*T, so Tt = T*S*1r and Ty = S*T*T\. Because A1 and Ty are surjective, we conclude that T is
invertible with 7—! = S. Also, the inequality

max{C(I',A), C(A,T)} < max{||T — Idyl|, |7~ — Idull¥
follows from Theorem 3.5. O

Corollary 3.7. Let A be a continuous g-frame. If T' = {T', € B(H,H,) : w € Q} is_a continuous g-Bessel family
with

I(Th = To)ell < Ml Taell + Aol Trell, Ve € K (4)
where 0 < Ay, Ag < 1, then T is a g-frame. Moreover, Rng(T%) = Rng(T{) and A and T' are near.

Proof. The fact that I" is a continuous g-frame follows from the inequalities

1+

A1
T < T,
ITrell < 7A2|| aell,
14+ Ao
T < T
ITacell < T [1Trel
and the properties of the synthesis operators. Also, the inequality (4) implies that ker Ty = ker Tt, consequently,
Rng(T%) = Rng(T}) and the result follows from Lemma 3.4 and Corollary 3.6. O
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4. Pseudo-duals and closeness of continuous g-frames

In this section, it is shown that there are close relationships between the pseudo-duals (mainly, duals and approxi-
mate duals) of continuous g-frames and the concepts of closeness and nearness. Indeed, the stated results in [4, 19]
are generalized to continuous g-frames.

Theorem 4.1. Let A = {A, € B(H,H,), weQ} andT ={T, € B(H,H,), w e Q} be two continuous g-frames.
Then, the/ following statements are equivalent:

1
(i) A ig close to T with C(A,T) < 7

1
(ii) A and Ldare equivalent via an operator T with | T — Idy| < 3

(iii) A and T are near with C(A,T) < % and C(T',A) < 1.
In case the equivalent conditions are satisfied, then the following equivalent conditions hold:
(iv) A (resp. T') is elose to T (resp. A) with C(A,T) <1 (resp. C(T,A) < 1).
(v) kerTr = ker Th “and if Q € B(K’), then every Q-dual of T' (resp. A) is a Q-approzimate dual of A (resp. T).
(vi) kerTr = ker T and“there ewist some Q € B(k) and a Q-dual of T' (resp. A) which is a Q-approzimate dual
of A (resp. T').
(vil) kerTr = ker Ty and every dual of T’ (resp. A) is an approximate dual of A (resp. T').
(viii) ker 7T = ker Tx and there egists a_dual of I'(resp. A) which is an approzimate dual of A (resp. T').
(ix) T (resp. A) is partial equivalent with A (resp. T') and every dual of T (resp. A) is an approzimate dual of A
(resp. T') .
(x) A, T are equivalent and every dual of T' (résp. A)is an approximate dual of A (resp. T') .
(xi) A, T are equivalent via T with | T — Ldy|| <.1 (resp. ||T~! — Idy|| < 1).

1 A
Proof. (i) = (ii). Since A is close to I" with'C'(A,T") < 3 for,every ¢ € K, we get

[Tae =drel < C(A, D) Trel|.

If ¢ € kerTr, then Trp = 0 and ||[Tag|| < 0, therefore @€ ker Th, so kerTr C kerT)h. If ¢ € kerT)y, then
1
ITrel|(1-C(A,T)) < 0and since C(A,T) < 20 we have @€ ker Tr, consequently ker Ty C ker Tr, so ker Ty = ker Tr,

and so RngTy: = RngT%. By Lemma 3.4, I" and A are equivalent wia 7' € B(H) with Ty = T*Tp. On the other
hand we know, for every ¢ € K, that

I(T" = Idw)(Tre) | = | T"Tre — Trell = [Tae —Trell < C(AT) [ Trel],

SO

§ 1
IT ~ Tdsal| = |T° = Td]) < C(AT) < 5.

1
(ii) = (i). Since I" and A are equivalent via T with [|T — Idy| < 3 (T is invertible), we haye'T* 1T = T and for
each ¢ € K with Tre # 0 we obtain that

* * 1
ITae = Trell = [T"Tre = Troll < IT7 = Idu ||| Trell < 5lITrell,

1
so A is close to T with C'(A,T) < 7

1 .
(i) = (iii). A is close to I" with C'(A,T') < 57 50 for each ¢ € K, we get

[Tap — Trel| < C(A,T) I Tr¢|| C(AT)[Tre — Taw + Tae|

CAD)(ITre — Taell + [ Tacell),

IN

SO

[Tasp = Trepl|(1 — C(A,T)) < C(A,T)[[Tagl].
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. 1 C(A,T) - : C(A,T)
AT = Thp — T < ———||T, hat ——— < 1 1
Since C(A,T) < 5 and ||Tae — Tro| < 1—C(A,F)H A@ll, it is obtained that —CD) < 1 and as a result
C(T,A) < 1. The implication (iii) = (i) is obvious. R
(iv) = (v). Since A is close to T' with C(A,T') < 1, for each ¢ € K, we have
(T = Tr)ell < C(A,T) [ Trell. (5)

which jyields that ker Tt = ker T)y (see the proof of (i) = (ii)). Now, let Q € B(K), and let © be a Q-dual of T, so
ToQTy = Idg. For ¢ := Q*T{ f we have ¢ € K and, by (5), we get

ITrQ"Tef = TaAQ T fl| < C(A, D) TrQ T f1l;
SO
ITAQ TS — Idy|| < C(A,T) < 1.

Therefore A'is a @)*-approximate dual of ©, which is equivalent to say that © is a Q-approximate dual A.
(v) = (vi). Singe T is a continuous g-frame, it has a dual which is T' = {T',S;' € B(H,H,) : w € Q}, so for
Q :=Idg, I' is a,Q-dual ofI', so.according to the assumption I' is a Q-approximate dual of A.

(vi) = (iv). According™to the assumption there exist some @ € B(K) and a Q-dual of I like ©® which is a Q-
approximate dual of A, sogToQT} = Idy, ||[TeQTx —Idy|| < 1. On the other hand, we have ker Ty = ker Tt and as
a result we have RngT\'= RngT{ Thus, by Lemma 3.4, I' and A are equivalent, so there is an invertible operator
T € B(H) such that Ty = T¥It. Now, forip € R, we get

[Tasp = Troll & 1T Toees Tropl| = [[(T7 — Tdz)(Trp)[| < 1T — Tda|[[[Treell,
also
|T* — Idy|| = ||T*Tr QTS — Ldy| = ||TAQ* TS — Idyl| = ||[TeQTx — Idy|| < 1.
Since ||T — Idy|| = |T* — Idy| < 1, C(A,T) <1 and so'A is close to I with C(A,T) < 1.

(v) = (vii). Since the statement is valid for every Q € B(K), it also holds for Q = Idy, so (vii) is obtained.

(vii) = (viii). Since I' has at least one dual (the canonical dual), (viii) is verified.

The implication (viii) = (vi) is obtained using @,:= Id . The'implication (vii) = (ix) is an immediate consequence
of Lemma 3.4

(ix) = (x). Since T is partial equivalent with A, therefexists someThe B(H) such that Ty = T*Tr. Now, let © be
a dual of I which is an approximate dual of A, so TeTy = Idg and ||TeTs — Idy|| < 1. Thus

T —Idy| = (T —1Idy)¥|| =T <Tdy|
= T"TrTg — Idyllh = | TATS — Ldy||
= (TeTx — Idyw)*|| & [[TeTx — Idy| < 1.

Hence T is invertible and consequently I', A are equivalent.

(x) = (vii). Since I', A are equivalent, by Lemma 3.4, we have RngT}: = RngTx which yields the equality ker Tt =
ker T.

(iv) = (xi). According to the assumption, A is close to I' with C(A,T') < 1, so for each/p € K, we have

[Ta = Trepll < C(A,T)[[Trell. (6)

Since C(A,T') < 1, by Lemma 3.4, A,T are equivalent which implies the existence of some,invertible operator T' on
‘H with Th = T*Tr. Hence, for each ¢ € K, we get

IT*Tre = Trol| < C(A,T)||Trel],
consequently
(T = Idw)Trel| = [[T"Tre — Trell < C(A,T)|[Trel],

meaning that |7 — Idy|| < 1. R
(xi) = (iv). Since A,T" are equivalent via T with |T — Idyl|| < 1, we get Tan = T*1r, so for each ¢ € K, it is
obtained that

[Tae = Trol = IT"Tre — Troll = [(T™ = Idu)Trell < T — Idw ||| Tr |-
Since ||T* — Idy|| = ||T — Idy| < 1, A is close to I with C'(A,T) < 1. O
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Definition 4.2. Let ' be a continuous g-frame. Then T is called a Riesz-type g-frame if it has only one dual, i.e.,
L= {T,Sr! € BH, Hy) : w€Q}, (the canonical dual) is the only dual of T

Proposition 4.3. LetT' = {T, € B(H,H,) : w € Q} be a continuous g-frame. Then, the following statements
are equivalent:

(i) T isfa/ Riesz-type g-frame.

) &For every invertible operator T on H, T' o T is a Riesz-type g-frame.
) Every pseudo-dual of T is a Riesz-type g-frame.

(iv) Every approzimate dual of T' is a Riesz-type g-frame.

) Every dual’of T iswa Riesz-type g-frame.

In case the equivalent conditions are satisfied, then the following equivalent conditions for a continuous g-frame
A hold:

A is close to T with?C(AyI") < 1

A is an approximate dual for T.

If Q € B(K), then every Qrdual of T is a Q-approzimate dual for A.
I is partial equivalent with A and A is an approzimate dual for r.
I, A are equivalent'amd A is-an approzimate dual for T.

T, A are equivalent via Tewith ||T = Idy| < 1.

Proof. (i) = (ii). Let " be a Rigsz-type.g-frame and let T be an invertible operator on H. Since I' is a continuous
g-frame, the mapping w — ||[T4f|| is‘measurable, for each f € H. Therefore, the mapping w — ||T,Tf]| is also
measurable. On the other hand, for each foeH, we get

/Q ITLAf12diw) < BRITSIP® < Br|TI| £ (7)
Also, the relation
171 = 157 ST A1l < IS5 NZe TR T 7|
yields that
1T < ISEH 21T )2 / ITLTf ) ).

Since T is invertible, we get

L£1
IT= 2l SE 2T )12

/ 1T 12 dpu(w)€ B | T2 |12,

so I'o T' is a continuous g-frame. Now, let A be a dual of I" o T". Then
Idy = TaATVop = TA(T*Tr)* = TATPT.

Therefore T~ = TATY:, so Taop=T7 = TTATy: = TT ™' = Idy,. Hence, Ao T* isa dual'of I'. Since I is a Riesz-type
g-frame, it has a dual which is T, so IF=Ao T*, and since T is invertible, we have IT* ™! =/A meaning that [ o T
has only one dual, consequently I'o T is a Rlesz -type g-frame.

(ii) = (i). Since for each invertible operator T on #H, I' o T' is a Riesz-type g-frame, the statement is also valid for
T:= IdH

(i) = (iii). Let A be a pseudo-dual for I". Then, by Proposition 2.6, there exists an invertible operator 7" on'H such
that Ao T is a dual for T', so AoT =T, consequently A =T o T~ 1 . Now, the same argument, stated for the proof
of the implication (i) = (11) yields that A is Riesz-type. The 1mphcat10ns (iii) = (iv) = (v) are obvious.

(v) = (i) Since every dual of T is a Riesz-type g-frame, I:= I‘S’ is Riesz-type, so it has only one,dual. Now ituis
easy to see that I' has also only one dual. The other equlvalences can be obtained similar to the proof of Theorem
4.1 and using the fact that I is a Riesz-type g-frame and T is its only dual. O

Proposition 4.4. Let T' be a continuous g-frame. Then the following statements are equivalent:

(i) T is a continuous Riesz-type g-frame.
(ii) There exists some invertible operator T on H such that T o T is a continuous Riesz-type g-frame.
(iii) There exists some pseudo-dual for T' which is a Riesz-type g-frame.
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(iv) There exists some approzimate dual for I' which is a Riesz-type g-frame.
(v) There exists a dual for T’ which is a Riesz-type g-frame.

Proof. We can get the implication (i) = (v) using T' (the canonical dual of T') as a dual of ' which is a Riesz-type
g-frame. The implications (v) = (iv) = (iii) are obvious.

(iii) = (ii). Assume that there exists a pseudo-dual for T" like © which is a Riesz-type g-frame. By Proposition 2.6,
there exists an invertible operator R € B(H) such that © o R is a dual of T, so

Idy =TrTE.r = Tr(R*'Te)* = TrTSR.
Since R is invertible, TrT¢ = R™', so I' o R* is a dual of © because
Tror-Ty = RTYTE = RR™! = Idy.

On the other hand{ since ©,is a Riesz-type g-frame, we get o R* = © = @S(gl. Now by considering T := R*Seg,
we have 'oT =T'o R*Sg = 0O o S@_)lS@ = 0 and we immediately conclude that I' o T" is a Riesz-type g-frame.

(ii) = (i). Suppose that there exists an invertible operator T' on H such that A :=T o T is a continuous Riesz-type
g-frame. If ©1, 03 are two'dualsdor I', then we have

T@lTIf =Idy = TFT(f)l’
Thus
T@mT*l*TlfoT " 4 T_1T91 (T*TF)* = T_nglekT = Idy.

Hence ©1 0T is a dual for A. Similarly, we can ebtain that G4 oT1" is also a dual for A. Since A is a continuous
Riesz-type g-frame, ©1 0 T~ = O, 0 T71 50 ©; = O, which implies that I' is a continuous Riesz-type g-frame.
O
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