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ABSTRACT: Many of researchers have explored the construction of isogenies
between particular elliptic curves, largely due to the extensive range of their prac-
tical applications. In this paper, we use the relationship between supersingular
elliptic curves over Fp and binary quadratic forms to generate isogenies connecting
supersingular elliptic curves over Fp.
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1. Introduction

Encryption based on isogenies is a relatively new research area in cryptography that utilizes the mathematical
concept of isogeny to create secure encryption protocols. An isogeny refers to a rational map between two elliptic
curves, which simultaneously functions as a group homomorphism.

The strength of isogeny-based encryption lies in its conjectured resistance against quantum attacks [23]. Unlike
conventional encryption algorithms, which are based on the hardness of factoring large numbers or computing
discrete logarithms, isogeny-based encryption relies on the hardness of computing isogenies between elliptic curves.
This makes it a promising candidate for post-quantum cryptography. However, it is still an emerging field and
further research needs to be conducted to fully understand its security properties and potential applications.

Isogenies play a crucial role in cryptography. Isogeny-based schemes are considered as one of the strongest
post-quantum schemes [15]. They are used in introducing hash functions [6], as well as in studying the structure
of elliptic curve cryptosystems. The Supersingular Isogeny Diffie-Hellman (SIDH) protocol was introduced in 2014
[9]. Although this protocol was broken [4], the attack did not solve the isogeny problem.
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Within the framework of the well-known paper, SQISign: Compact Post-Quantum Signatures from Quaternions
and Isogenies, a new class of signatures has been proposed that relies on isogeny graphs of a certain class of elliptic
curves, yielding a compact size of signatures and keys. The authors demonstrate that their scheme is intended
for, and indeed achieves NIST’s postquantum security level, with much smaller signature and public key sizes than
most current post-quantum signature schemes [10]. These applications underscore the applicability of isogenies in
the current cryptographic applications.

In 1941, Deuring established the existence of a bijective correspondence between the categories of maximal orders
in certain quaternion algebras and the categories of supersingular elliptic curves E/Fp2 [12]. In 1982, Ibukiyama
introduced two types of maximal orders and proved that these orders correspond to classes of supersingular elliptic
curves defined over Fp [14]. In 2018, the CSIDH (Commutative Supersingular Isogeny Diffie-Hellman) cryptographic
protocol was proposed by Castryck et al. The CSIDH protocol utilizes the group action of an ideal class group on
the set of supersingular elliptic curves defined over Fp [5].

In 2022, in paper [22], Xiao et al. created a correspondence between Fp-isomorphism classes of supersingular
elliptic curves and primitive reduced binary quadratic forms. They demonstrate the compatibility between the
composition of isogenies of supersingular elliptic curves and the composition of quadratic forms. Additionally, the
authors claimed that the security of CSIDH relies on the difficulty of computing the correspondence. However,
the specific details of how to utilize this correspondence are not explicitly addressed, and no algorithm for the
correspondence is provided.

In the following, we first review this correspondence and then examine the method of constructing this corre-
spondence. In section two, we will review the basic definitions of elliptic curves and binary quadratic forms. In
section three, we will explore the correspondence between elliptic curves and binary quadratic forms, and addition-
ally, we will present an algorithm for its implementation. Then, we provide an example of this correspondence. In
section four, we discuss constructing an isogeny between two given isogenous curves using the correspondence.

In this paper, we seek answers to the following questions:
How can we determine the degree of isogeny between two isogenous elliptic curves using this correspondence?
How can we construct the isogeny using this correspondence?

2. Preliminaries

In this section, we begin by providing a concise overview of the fundamental definitions related to elliptic curves.
For more details, one can see [17, 21]. Then, we review the basic concepts of binary quadratic forms. For more
information, one can see [2, 8].

2.1. Elliptic Curves

Let Fq be the finite field of order q where q is a power of a prime number p and p ̸= 2, 3. Let Fq =
⋃

n≥1 Fqn be the

algebraic closure of Fq. An elliptic curve over Fq is defined by an equation E : y2 = x3 + ax + b, where a, b ∈ Fq

and 4a3 + 27b2 ̸= 0. The set of Fq-rational points on E is denoted by

E(Fq) = {(x, y) ∈ F2
q : y2 = x3 + ax+ b} ∪ {O}.

Where, O represents the point at infinity on the curve, that is, O = (0 : 1 : 0) in the projective form Y 2Z =
X3+aXZ2+bZ3. The set E(Fq) forms an abelian group under the law of chord and tangent with O as the identity

element. The j-invariant of the curve E is defined as j(E) = 1728 · 4a3

4a3+27b2 .
The collection of n-torsion points on E, where n > 1, is defined as

E[n] := {P ∈ E(Fq) : nP = O}.

If gcd(p, n) = 1, then E[n] is the direct product of two cyclic groups of order n, hence #E[n] = n2.
Let E and E′ be two elliptic curves over Fq. An isogeny from E to E′ is a morphism φ : E −→ E′ such that

φ(O) = O′. For every isogeny φ : E −→ E′, there exist explicit rational functions R1(x, y) and R2(x, y) such that
φ(x, y) = (R1(x, y), R2(x, y)).

Let p > 3 be a prime number. Consider a non-square element µ ∈ Fp. For an elliptic curve E : y2 = x3+ax+ b,
we define its quadratic twist as follows:

If j(E) ̸= 1728, E : y2 = x3 + aµ2x+ bµ3.

If j(E) = 1728, E : y2 = x3 + aµx.

Quadratic twists have the same j-invariant but are not isomorphic over Fp.
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Theorem 2.1. (Hasse’s Theorem) Let E/Fq be an elliptic curve. Then,

|#E(Fq)− q − 1| ≤ 2
√
q.

Proof. See page 138, Theorem 1.1 of [17]. □

Theorem 2.2. (Tate’s Theorem) Let E/Fq and E′/Fq be two elliptic curves. Then, E and E′ are Fq-isogenous if
and only if #E(Fq) = #E′(Fq).

Proof. See Theorem C4.1 of [18]. □

Let φ : E1 −→ E2 be a non-constant morphism. Then, φ is a surjective map. If φ is a non-constant morphism,
we define the degree of φ to be,

deg(φ) := [K(E1) : φ
∗(K(E2))],

where K(E1) is the field of functions on E1 over K, and

φ∗ : K(E2) −→ K(E1),

is defined by φ∗(f) = f ◦ φ. The degree of the constant map is considered 0.
We call an isogeny φ separable if the extension K(E1)/φ

∗(K(E2)) is separable. If this extension is inseparable,
we call φ inseparable.

We denote the set of isogenies from E1 to E2 by Hom(E1, E2). For two isogenies φ and ψ, φ + ψ is also an
isogeny defined by (φ+ ψ)(P ) = φ(P ) + ψ(P ). Therefore, Hom(E1, E2) forms a group.

Let φ : E1 −→ E2 be a non-zero separable isomorphism. Then,

deg(φ) = #ker(φ).

Example 2.1. Let char(K) = p and E/K be an elliptic curve. Then, for every n ∈ Z, the multiplication map by
n, denoted by [n]E, on the elliptic curve E, is defined as follows:

[n]EP = nP.

The multiplication map by n is an isogeny, and the kernel of [n] equals E[n].

Theorem 2.3. Let E/K be an elliptic curve and m ∈ Z with m ̸= 0.

a) deg[m] = m2.

b) If char(K) = 0 or char(K) = p > 0 and p ∤ m, then

E[m] =
Z
mZ
× Z
mZ

.

c) If char(K) = p > 0, then one of the following two cases holds:

1. For every e = 1, 2, 3, . . . , E[pe] = {O}.
2. For every e = 1, 2, 3, . . . , E[pe] = Z

peZ .

According to Theorem 2.3, the group E[p] has either one or p elements. If E[p] has one element, E is called
supersingular. If E[p] has p elements, E is called ordinary.

An endomorphism of E is an isogeny from E to itself. We denote the set of endomorphisms of an elliptic curve
E as End(E). End(E) is a ring under point-wise addition and composition of functions.

Let E be an elliptic curve defined over a field K with characteristic p, and let q = pn. Let E(q) be the elliptic
curve obtained by raising the coefficients of the Weierstrass equation of E to the q-th power. The Frobenius
morphism πq is defined as:

πq : E −→ E(q)

(x, y) 7→ (xq, yq)

If E is defined over Fq, then we have E(q) = E, and thus, πq is an endomorphism of E called the Frobenius
endomorphism. Then, P ∈ E(Fq) if and only if πq(P ) = P .
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Remark 2.4. Let K be a field of characteristic zero. The map

[·] : Z −→ End(E)

n −→ [n]

is one-to-one. If End(E) is strictly larger than Z, we say E has complex multiplication. If K is a finite field, then
End(E) is always larger than Z because it contains the Frobenius map. (Remark 3.4.3, page 69 of [17])

A quaternion algebra over Q is a four-dimensional central simple algebra over Q. It is generated by elements 1, i, j, ij
with i2 = a, j2 = b, ij = −ji, where a and b are elements of Q× . For a quaternion algebra to be ramified at a prime
p, it means that when you localize the algebra at p, it does not split into the matrix algebra M2(Qp), but remains
a division algebra. Similarly, being ramified at infinity means that when you extend scalars to the real numbers R,
the algebra does not split into M2(R) but remains a division algebra. An order in a quaternion algebra over Q is
a subring that has a basis over Z. An order in a quadratic imaginary field is a subring that contains the integers
and is finitely generated over Z .

If E is an elliptic curve over a field K, then End(E) is isomorphic to either Z, an order in a quadratic imaginary
field, or an order in a quaternion algebra over Q.

The endomorphism ring End(E) of a supersingular elliptic curve E over Fp2 is isomorphic to a maximal order
in the quaternion algebra Bp,∞ (a quaternion algebra defined over Q and ramified at p and ∞).

Let E/Fq be an elliptic curve. Then, we call t = q + 1 − #E(Fq) the trace of the Frobenius map πq. The
Frobenius map satisfies the equation x2 − tx+ q = 0.

Let p ≥ 5 and E/Fp be an elliptic curve over a finite field Fp and t = p+ 1−#E(Fp). Then E is supersingular
if and only if t = 0.

Corollary 2.5. Let E/Fp be a supersingular elliptic curve over a finite field Fp. Then the Frobenius map satisfies
the equation x2 + p = 0.

2.2. Binary Quadratic Forms

Definition 2.6. A binary quadratic form f is a function defined as f(x, y) = ax2 + bxy + cy2, where a, b, c ∈ Z.
Usually, f is represented as (a, b, c). We say f is primitive if gcd(a, b, c) = 1. The discriminant of f is defined as
D = b2 − 4ac. The discriminant can always be written as D = dk2, where d is square-free. If k = 1, then D is
called a fundamental discriminant.

Definition 2.7. Two forms f(x, y) and g(x, y), are called equivalent if there exist integers p, q, r, s such that

f(x, y) = g(px+ qy, rx+ sy), ps− qr = 1.

Then, we write f ∼ g.

Definition 2.8. A quadratic form (a, b, c) is called reduced if it satisfies the following conditions:

1. −a < b ≤ a,
2. a ≤ c,
3. If a = c, then b ≥ 0.

Definition 2.9. An integer n ∈ Z is represented by the quadratic form f(x, y) = ax2 + bxy + cy2 if there exist
xn, yn ∈ Z such that f(xn, yn) = n. If gcd(xn, yn) = 1, we say n is represented specially.

Definition 2.10. For any quadratic form f(x, y) = ax2 + bxy + cy2, we can observe that:

4af(x, y) = (2ax+ by)2 −Dy2.

If D > 0, then f represents both positive and negative integers and is called an indefinite form.
If D < 0 and a > 0, the form f represents only positive integers and is called a positive definite form.
If D < 0 and a < 0, the form f represents only negative integers and is called a negative definite form.

Note that all forms we consider are positive definite.

Theorem 2.11. Every primitive positive definite form is equivalent to a unique reduced form.

Proof. See page 145, Proposition 2.8 of [8]. □
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Definition 2.12. Consider two quadratic forms f(x, y) = ax2 + bxy + cy2 and g(x, y) = a′x2 + b′xy + c′y2 with

discriminant D, such that gcd(a, a′, b+b′

2 ) = 1. Then, the Dirichlet composition of f and g is defined as:

h(x, y) = aa′x2 + b′′xy +
b′′2 −D
4aa′

y2,

where
b′′ ≡ b (mod 2a), b′′ ≡ b′ (mod 2a′), b′′2 ≡ D (mod 4aa′).

Example 2.2. Consider the quadratic forms f = (14, 10, 21) and g = (9, 2, 30) of discriminant D = −1076, then
b′′ = 38 and the composition of f and g is f ∗ g = h = (126, 38, 5).

For the Dirichlet composition of two reduced forms, we can consider the coefficients of x2 in two forms to be
coprime. By transforming the forms into equivalent forms, we can consider such a composition. Then, we call this
composition the normalized Dirichlet composition. According to Proposition 8.3 in [8], the Dirichlet composition
of two primitive positive definite quadratic forms is also a positive definite form.

Theorem 2.13. We define the class group of forms with discriminant D as:

Cl(D) = { Classes of equivalent forms with discriminant D }.

Then, Cl(D) forms an Abelian group under the operation of the normalized Dirichlet composition.
The identity element of the class group is the form (1, α, (α−D

4 ));D ≡ α (mod 4), which is called the principal
form. Additionally, the inverse of the reduced form (a, b, c) equals (a,−b, c).

Proof. See page 51 of [8]. □

Definition 2.14. Let O be an imaginary quadratic order in Q(
√
D). Every ideal in O has the form < α, β >=

Zα+ Zβ, where α, β ∈ O.

The following proposition concerns the relationship between the ideal class group Cl(O) and the class group of
quadratic forms Cl(D).

Proposition 2.15. Let O be an order with discriminant D in an imaginary quadratic field K. Then

a) If f(x, y) = ax2 + bxy + cy2 is a primitive positive definite quadratic form with discriminant D, then <
a, (−b+

√
D)/2 > is an ideal of O.

b) The map that sends f(x, y) to < a, (−b+
√
D)/2 > induces a well-defined injective map τ : Cl(D) −→ Cl(O).

c) A positive integer m is represented by a form f(x, y) if and only if m is precisely the norm of an ideal a in the
corresponding ideal class in Cl(O).

d) Let a = [α, β] be a proper O-ideal such that Im(β/α) > 0. Then, f(x, y) = N(αx−βy)
N(a) is a positive definite

quadratic form with discriminant D. In fact, the map that sends a to f is the inverse of τ in part b.

Proof. See page 227, Theorem 5.2.4 of [7] and section 7.B of [8]. □

3. The correspondence

In this section, we first introduce the correspondence between supersingular elliptic curves over Fp and binary
quadratic forms based on the article [22]. Then, we present an algorithm for implementing this correspondence.

In the following, we represent EndFp
(E) as End(E). If E is a supersingular elliptic curve defined over Fp, then

as stated in 2.5, there exists an element α in End(E) with minimal polynomial is x2 + p. Alternatively, End(E)
includes a subring Z[

√
−p]. Ibukiyama has presented a comprehensive explanation of all maximal orders O in Bp,∞

that include a root of x2 + p = 0.
Let q be a prime integer such that

q ≡ 3 (mod 8) and

(
p

q

)
= −1. (1)

Then, Bp,∞ can be written as: Bp,∞ = Q+ αQ+ βQ+ αβQ, where α2 = −p, β2 = −q, and αβ = −βα.
Let r be an integer such that

r2 + p ≡ 0 (mod q), (2)

23

U
N

C
O

R
R
E
C
T
E
D
 P

R
O

O
F



L. Goodarzi et al., AUT J. Math. Comput., 7(1) (2026) 19-31, DOI:10.22060/AJMC.2024.23144.1245

We define:

O(q, r) = Z+
1 + β

2
Z+

α(1 + β)

2
Z+

(r + α)β

q
Z.

If p ≡ 3 (mod 4), we choose an integer r′ such that

r′2 + p ≡ 0 (mod 4q), (3)

and define:

O′(q, r) = Z+
1 + α

2
Z+ βZ+

(r′ + α)β

2q
Z.

O(q, r) (resp.O′(q, r)) is independent of choices of r (resp. r′) up to isomorphism [14]. So we can show O(q, r)
(resp.O′(q, r)) with O(q) (resp. O′(q)). O(q) (resp. O′(q)) is a maximal order of Bp,∞. For a supersingular elliptic
curve E defined over Fp, the endomorphism ring End(E) is isomorphic to O(q) or O′(q), by selecting an appropriate
value for q.

Theorem 3.1. Let j ∈ Fp be a j-invariant of a supersingular elliptic curve Ej defined over Fp. Then:

1. End(E0) ∼= O(3).
2. End(E1728) ∼= O′(1).

3. If j ̸= 0, 1728,

(a) If 1+π
2 ∈ End(Ej), then End(Ej) ∼= O′(q).

(b) If 1+π
2 /∈ End(Ej), then End(Ej) ∼= O(q).

Proof. See [14]. □

Theorem 3.2. Let p be a prime number and E be a supersingular elliptic curve over Fp,

a) Let p ≡ 3 (mod 4) . If End(E) ∼= O′(q), then there exists a reduced quadratic form f with discriminant −p
such that f and f−1 both represent q.

b) If End(E) ∼= O(q), then there exists a reduced quadratic form f with discriminant −16p such that f and f−1

both represent q.

Proof. According to [22],

a) If the integer r satisfies 2, then f = (q, r,
r2 + p

4q
).

b) If the integer r′ satisfies 3, then f = (q, 4r,
4r2 + 4p

q
). □

Definition 3.3. Let O be an imaginary quadratic order with discriminant D. Then the Hilbert class polynomial
HD is defined as:

HD(x) :=
∏

j(E)∈EllO(C)

(x− j(E)),

Where:
EllO(C) = {j(E)|End(E/C) ∼= O}.

Theorem 3.4. Suppose p is a prime number and f = (a, b, c) is a reduced quadratic form representing the prime
number q satisfying (1).

a) If the discriminant of f is −p, then there is a unique j-invariant j ∈ Fp such that End(E(j)) ∼= O′(q).
Furthermore, f−1 is also associated with the same j-invariant.

b) If the discriminant of f is −16p, then there is a unique supersingular j-invariant in Fp such that End(E(j)) ∼=
O(q). Additionally, f−1 is also associated with the same j-invariant.

Proof. a) According to Lemma 1 of [22], the desired j-invariant is the common root of the Hilbert class polynomials
H−4a(x) and H−4c(x).
b) According to Lemma 2 of [22], the desired j-invariant is the common root of the Hilbert class polynomials H−a(x)
and H−c(x). □
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Consider the isogenies of supersingular elliptic curves over the field Fp. As discussed in Section 2.2 of [16], these
isogenies correspond to ideals in imaginary quadratic orders. Therefore, based on 2.15, these isogenies can be shown
by quadratic forms.

Let E1 and E2 be elliptic curves defined over Fp. Also, assume that ϕ : E1 −→ E2 is an isogeny defined over
Fp. Since any isogeny can be expressed as a composition of prime degree isogenies, we only consider isogenies of
prime degree l. If we take li as a prime factor of #E(Fp), then E(Fp) has subgroups of order li. Therefore, using
the Velu formula, we can construct isogenies of degree li [20].

Theorem 3.5. Let E1/Fp and E2/Fp be supersingular elliptic curves, and let φ : E1 −→ E2 be an l-isogeny where
l ̸= 2 is a prime number. Then, one of the following conditions holds:
1) End(E1) ∼= End(E2) ∼= O(q),
2) End(E1) ∼= End(E2) ∼= O′(q).

Proof. See section 4.2 of [22] □

Remark 3.6. For (−p
l ) = 1, there exist two l-isogenies ϕ : E1 −→ E2 and ϕ′ : E1 −→ E′

2 defined over Fp. If the

isogeny ϕ corresponds to gl, then the isogeny ϕ′ corresponds to the form g−1
l .

Theorem 3.7. Consider the assumptions of the Theorem 3.5.

In case 1, if the elliptic curve E1 corresponds to the quadratic form (q1, 4r1,
4r21+4p

q1
), then there are two l-isogenies

from E1 which one corresponds to the quadratic form gl = (l, 2b, b
2+p
l )2, where b2 ≡ −4p (mod l), and the elliptic

curve E2 corresponds to the form (q1, 4r1,
4r21+4p

q1
) · gl, and the other one corresponds to the quadratic form g−1

l and

the elliptic curve E2 corresponds to the form (q1, 4r1,
4r21+4p

q1
) · gl−1.

In case 2, if the elliptic curve E1 corresponds to the quadratic form (q1, r1,
r21+p
4q1

), then there are two l-isogenies

from E1 which one corresponds to the quadratic form gl = (l, b, b
2+p
4l )2, where b2 ≡ −p (mod 4l), and the elliptic

curve E2 corresponds to the form (q1, r1,
r21+p
4q1

) · gl, and the other one corresponds to the quadratic form g−1
l and

the elliptic curve E2 corresponds to the form (q1, r1,
r21+p
4q1

) · gl−1.

Proof. See Theorems 4 and 5 of [22]. □

Corollary 3.8. According to Theorem 3.7, we have a correspondence between elliptic curves and quadratic forms:
φ←→ gl, where φ : E1 −→ E2 , E1 ←→ f1, E2 ←→ f1gl.

In this algorithm, first we find the supersingular j-invariants corresponding to suitable q values. Then, we
associate elliptic curves with corresponding quadratic forms.

Algorithm 1

Step 1. Find all the supersingular j-invariants in the field Fp.
Step 2. Choose a random prime number q that satisfies the following two conditions:

(
−p
q

) = 1, q ≡ 3 (mod 8).

Step 3. Find the j-invariant jq ∈ Fp such that End(Ejq )
∼= O(q).

Step 3.1. Find r such that r2 ≡ −p (mod q).
Step 3.2. Suppose R(D) is the set of roots of the Hilbert class polynomial HD in Fp.

Calculate jq = R(−q) ∩R
(
− 4r2+4p

q

)
.

Step 3′.1. Find r′ such that r′2 ≡ −p (mod 4q).

Step 3′.2. Calculate jq = R(−4q) ∩R
(
− r′2+p

q

)
.

Step 4. Compute the reduced quadratic form f = (q, 4r, 4r
2+4p
q ) corresponding to jq obtained in Step 3.

Step 4′. Compute the reduced quadratic form f = (q, r′, r
′2+p
4q ) corresponding to jq obtained in Step 3′.

The following lemma shows that in the above algorithm steps 3.1 and 3′.1 are quite easy to be done.
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Lemma 3.9. Let q be a prime number and q ≡ 3 (mod 4). Suppose a is such that (aq ) = 1. Then b ≡ a
q+1
4 is a

square root of a modulo q, i.e., b2 ≡ a (mod q).

Proof. By Fermat’s little theorem, we have aq−1 ≡ 1 (mod q). Thus, a
q−1
2 ≡ ±1 (mod q). By Gauss’s lemma, if

(aq ) = 1, then a
q−1
2 ≡ 1 (mod q). Therefore, a

q+1
2 ≡ a (mod q). Hence, b2 ≡ (a

q+1
4 )2 ≡ a

q+1
2 ≡ a (mod q). □

Corollary 3.10. If p and q are prime numbers and q satisfies (1), then the congruence r2 ≡ −p (mod q) has a

solution r ≡ (−p)
q+1
4 (mod q).

The following lemma guarantees the fast succes in step 2 in the above algorithm.

Lemma 3.11. If p is a prime number and E/Fp is a supersingular elliptic curve, then it is easy to find a suitable
q satisfying (1) such that End(E) ∼= O(q).

Proof. According to the properties of the Legendre symbol, we have (−p
q ) = (−1

q )(pq ) = −(
p
q ). If p ≡ 1 (mod 4),

by the law of quadratic reciprocity, we have ( qp ) = (pq ) = −1. The value of ( qp ) depends only on the residue of q

modulo p. These residues are half square and half non-square modulo p. To have ( qp ) = −1, it is sufficient for the

residue of q modulo p to be one of the non-residues. Combining this condition with q ≡ 3 (mod 8), according to
the Chinese remainder theorem, we can find a value of q modulo 8p. Among the residues modulo 8p, p−1

2 satisfies

both conditions in (1). By Dirichlet’s theorem, the density of prime numbers in these classes is
p−1
2

4p . Therefore,

by choosing an arbitrary prime number q, the probability that q satisfies both conditions in (1) is greater than 1
9 .

Hence, it is possible to find an appropriate q in a short time, as the success probability in choosing q for m times
is given by 1− ( 89 )

m. □

For the step 3.2 and 3′.2, the book [3] covers various computational techniques for finding roots of Hilbert class
polynomials.

4. Creating isogeny using correspondence:

In Chapter 25 of Mathematics of Public Key Cryptography, Steven Galbraith thoroughly exposes the algorithms for
the computation of isogenies between elliptic curves [13]. For instance, one of the methods uses the j-invariant, which
is not clean due to presenting a problem on the determination of the degree of the isogeny. This approach is more
effective in fields of certain characteristics. Besides, the SEA (Schoof-Elkies-Atkin) algorithm is also described,
which is one of the most effective algorithms but also the most computationally intensive one since it involves
computations with modular polynomials over large prime fields. The efficiency of this method, however, may be
limited in certain situations and conseqeuently, other methods like, p-adic algorithms may also be used in such
cases. Other algorithms like Stark’s, Galbraith’s and Galbraith-Hess-Smart (GHS) algorithms were also mentioned
which their complexity arises from the need to compute large polynomials. These algorithms may not perform well
in special cases, such as when the characteristic of the field is small.

In this section first we find an l-isogenous curve with a fixed given curve E using correspondence. We also present
an algorithm to find an isogeny between two given isogenous supersingular elliptic curves, E1/Fp and E2/Fp.

Theorem 4.1. Let p > 3 be a prime and E/Fp be a supersingular elliptic curve, then End(E) is an order in
K = Q(

√
−p). Let OK be the ring of integers of K, then:

Z[
√
−p] ⊆ End(E) ⊆ OK ,

We consider two situations:
If p ≡ 1 (mod 4), we have End(E) = Z[

√
−p].

If p ≡ 3 (mod 4), then End(E) is Z[
√
−p] or Z[

1 +
√
−p

2
].

Proof. See Theorem 2.1 of [11]. □

Lemma 4.2. Let p > 5 be a prime number, and E/Fp be a supersingular elliptic curve. Then E[2] ⊂ E(Fp) if and
only if

End(E) = Z[
1 +
√
−p

2
].

Proof. See Lemma 3.6 of [1]. □

26

U
N

C
O

R
R
E
C
T
E
D
 P

R
O

O
F



L. Goodarzi et al., AUT J. Math. Comput., 7(1) (2026) 19-31, DOI:10.22060/AJMC.2024.23144.1245

Mapping the elliptic curve E to a quadratic form

How to map an elliptic curve E/Fp to an equivalent quadratic form?

Assume that E/Fp is a supersingular elliptic curve. If p ≡ 1 (mod 4) =⇒ −p ≡ 3 (mod 4) =⇒ 1 +
√
−p

2
/∈

End(E), according to 3.1, End(E) ∼= O(q), but if p ≡ 3 (mod 4), then End(E) is O(q) or O′(q). To see if End(E)
is O(q) or O′(q), based on Lemma 4.2, we must check if E[2] is contained in E(Fp).
Now, we find a suitable q such that satisfies (1).
If End(E) ∼= O(q), we choose a suitable r satisfying r2 ≡ −p (mod q), and we set:

f = (q, 4r,
4r2 + 4p

q
),

Then, we calculate the reduced form of f .
If End(E) ∼= O′(q), we choose a suitable r′ satisfying r′2 ≡ −p (mod 4q), and we set:

f = (q, r′,
r′2 + p

4q
),

Then, we calculate the reduced form of f .

Computing the isogeny in the quadratic form representation

We calculate isogeny in the quadratic form representation. For a prime number l, let gl be the quadratic form
corresponding to the l-isogeny.
If End(E) ∼= O(q), then

gl = (l, 2b,
b2 + 4p

l
)2,

where b is a solution of b2 ≡ −4p (mod l).
If End(E) ∼= O′(q), then

gl = (l, b,
b2 + p

4l
)2,

where b is a solution of b2 ≡ −p (mod 4l).

Mapping the resulting quadratic form back to an elliptic curve

We calculate the quadratic form f1 = glf . According to 3.8, the quadratic form f1 corresponds to an elliptic curve
E1, which is l-isogenous to E.
To transform the quadratic form f1 into an elliptic curve, we first consider the reduced quadratic form (a, b, c).
Then,
If p ≡ 3 (mod 4), according to Theorem 3.4, the Hilbert polynomials H−4a(x) and H−4c(x) have a common root j
in Fp, and the elliptic curve E(j) corresponds to the form f1.
If p ≡ 1 (mod 4), according to 3.4, the Hilbert polynomials H−a(x) and H−c(x) have a common root j in Fp, and
E(j) is the elliptic curve corresponding to the form f1.

Example 4.1. Let p = 101. Then, the set of supersingular j-invariants is:

{0, 3, 21, 57, 59, 64, 66}.

Note that if we consider elliptic curves defined over the field Fp, considering quadratic twists of the curves up to
isomorphism, we will have twice this set of curves. The curves and their corresponding forms are as follows:

E1 : y2 = x3 + 1 f1 = (3,−2, 135), Ẽ1 : y2 = x3 + 63 f−1
1 = (3, 2, 135)

E2 : y2 = x3 + 12x+ 65 f2 = (11,−10, 39), Ẽ2 : y2 = x3 + 50x+ 27 f−1
2 = (11, 10, 39)

E3 : y2 = x3 + 89x+ 20 f3 = (7, 6, 59), Ẽ3 : y2 = x3 + 98x+ 48 f−1
3 = (7,−6, 59)

E4 : y2 = x3 + 18x+ 54 f4 = (12, 8, 35), Ẽ4 : y2 = x3 + 41x+ 75 f−1
4 = (12,−8, 35)

E5 : y2 = x3 + 25x+ 8 f5 = (15,−2, 27), Ẽ5 : y2 = x3 + 33x+ 16 f−1
5 = (15, 2, 27)

E6 : y2 = x3 + 72x+ 20 f6 = (15,−8, 28), Ẽ6 : y2 = x3 + 28x+ 67 f−1
6 = (15, 8, 28)

E7 : y2 = x3 + 77x+ 42 f7 = (8, 4, 51), Ẽ7 : y2 = x3 + 81x+ 14 f−1
7 = (8,−4, 51)

Example 4.2. Consider the forms corresponding to the elliptic curves in Example 4.1. To obtain the graphs of
l-isogenies, we combine the forms corresponding to the l-isogenies with corresponding forms to the elliptic curves.
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Table 1:

Corresponding forms with elliptic curves ∗g2 = (4, 0, 101) ∗g3 = (9, 2, 45) ∗g17 = (13,−10, 33)
f1 = (3, 2, 135) (12, 8, 35) (15,−2, 27) (11, 10, 39)

f−1
1 = (3,−2, 135) (12,−8, 35) (3, 2, 135) (12, 8, 35)
f2 = (11, 10, 39) (15,−2, 27) (7, 6, 59) (15, 8, 28)

f−1
2 = (11,−10, 39) (15, 2, 27) (12,−8, 35) (3,−2, 135)
f3 = (7, 6, 59) (15, 8, 28) (8,−4, 51) (8, 4, 51)

f−1
3 = (7,−6, 59) (15,−8, 28) (11,−10, 39) (15, 2, 27)
f4 = (12, 8, 35) (3, 2, 135) (11, 10, 39) (15,−2, 27)

f−1
4 = (12,−8, 35) (3,−2, 135) (12, 8, 35) (3, 2, 135)
f5 = (15, 2, 27) (11,−10, 39) (3,−2, 135) (12,−8, 35)

f−1
5 = (15,−2, 27) (11, 10, 39) (15, 8, 28) (7, 6, 59)
f6 = (15, 8, 28) (7, 6, 59) (8, 4, 51) (8,−4, 51)

f−1
6 = (15,−8, 28) (7,−6, 59) (15, 2, 27) (11,−10, 39)
f7 = (8, 4, 51) (8,−4, 51) (7,−6, 59) (15,−8, 28)

f−1
7 = (8,−4, 51) (8, 4, 51) (15,−8, 28) (7,−6, 59)

The meaning of ∗ is composition of quadratic forms, for example f1 ∗ g2 = (12, 8, 35). According to the results in
the table 1, the graph of 2-isogenies is as follows:

f1 f4 f2 f−1
5 f3 f6

f−1
1 f−1

4 f−1
2

f5 f−1
3 f−1

6
f7 f−1

7

Furthermore, the graph of 3-isogenies is as follows:

f1 f−1
5 f6 f7 f−1

3 f−1
2 f−1

4

f4f2f3f−1
7f−1

6
f5f−1

1

In addition, the graph of 17-isogenies is as follows:

f1 f2 f6 f−1
7

f−1
3

f5f−1
4

f−1
1 f4 f−1

5 f3

f7f−1
6f−1

2

Theorem 4.3. If the supersingular elliptic curves E1/Fp and E2/Fp are associated with the quadratic forms f1
and f2 respectively, then the quadratic form g = f2 · f−1

1 corresponds to an isogeny φ : E1 −→ E2.

Proof. Straightforward from Theorem 3.7. □

Question 4.4. Two isogenous supersingular elliptic curves E1/Fp and E2/Fp are given.

a) Find the degree of the isogeny.

b) Find an isogeny φ : E1 → E2.

To answer this question using correspondence, we provide the following algorithm.
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Algorithm 2

1. Compute the quadratic forms f1 and f2 corresponding to the elliptic curves E1 and E2.
2. Compute the list of powers gli and composition of them, where li are prime factors of #E(Fp).
3. Calculate g = f2 · f−1

1 and compare g with the list from step 2.
4. If g = gm1

l1
· gm2

l2
. . . gmk

lk
, then the degree of the isogeny is lm1

1 · lm2
2 . . . lmk

k .
5. Create the isogeny using Velu formula step by step.

Example 4.3. Consider the elliptic curves E5 and E6 in Example 4.1. Then, the list of powers of gli and compo-
sition of them is as follows:

g2 = (4, 0, 101), g22 = (1, 0, 404), g3 = (9, 2, 45), g23 = (5,−2, 81), g33 = (17,−4, 24),

g43 = (21,−20, 24), g53 = (20,−8, 21), g63 = (13, 10, 33), g17 = (13,−10, 33),
g2 · g3 = (13,−10, 33), g3 · g17 = (20, 8, 21), g2 · g17 = (9, 2, 45),

g22 = (1, 0, 404), g143 = (1, 0, 404), g717 = (1, 0, 404),

h(−16p) = 28.

The class group Cl(−16p) is an abelian group of order 28, and the quadratic form (3, 2, 135) generates it.
Suppose we want to find the degree of isogeny ψ : E1 −→ E7.

f7 · f−1
1 = (17,−4, 24) = g17

3.g2,

So the degree of ψ is 2.173.
Now, we want to find the degree of the isogeny φ : E5 −→ E6.

f6 · f−1
5 = (21,−20, 24) = g43 ,

Therefore, the degree of the isogeny is 34, meaning there are four arrows in the 3-isogeny graph between E5 and E6

(Example 4.2). Now, to compute the isogeny, we can construct the 3-isogenies step by step, using the Velu formula.
The set of 3-torsion points on E5 is equal to:

{(0, 1), (12, 4), (12, 97)},

The point (12, 4) is the kernel of the isogeny φ1 : E5 −→ Ẽ1, where

φ1(x, y) =

(
x3 − 24x2 + 48x+ 4

x2 − 24x+ 43
,
x3y − 36x2y + 23xy + 22y

x3 − 36x2 + 28x− 11

)
,

Now we obtain the set of 3-torsion points on Ẽ1 as follows:

{(0, 1), (0, 7), (0, 94)},

The point (0, 7) is the kernel of the isogeny φ2 : Ẽ1 −→ E1, where

φ2(x, y) =

(
x3 − 6

x2
,
x3y + 12y

x3

)
,

Now, the set of 3-torsion points on E1 consists of:

{(0, 1), (7, 38), (7, 63)},

The point (7, 38) is the kernel of the isogeny φ3 : E1 −→ Ẽ5, where

φ3(x, y) =

(
x3 − 14x2 + 40x− 19

x2 − 14x+ 49
,
x3y − 21x2y − 46xy − 40y

x3 − 21x2 + 46x− 40

)
,

The 3-torsion points on Ẽ5 are equal to:

{(0, 1), (46, 44), (46, 57)},

The point (46, 44) is the kernel of the isogeny φ4 : Ẽ5 −→ E6, where

φ4(x, y) =

(
x3 + 9x2 − 46x+ 35

x2 + 9x− 5
,
x3y − 37x2y + 26xy + 26y

x3 − 37x2 − 15x+ 28

)
,

Now, by considering the composition of these isogenies, that is φ = φ4 ◦ φ3 ◦ φ2 ◦ φ1, we have an isogeny of degree
34 from E5 to E6. Calculations are done using SAGE software [19].
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Lemma 4.5. Let E1/Fp and E2/Fp be two supersingular elliptic curves and End(E1) ∼= End(E2) ∼= O′. If E1 and
E2 be l−isogenous and the class number be 4k+3, then the square root of f1.f

−1
2 = h is h2k+2 and so one can find

l directly.

Proof.
(h2k+2)2 = h4k+4 = h.

According to the format of gl we can find l simply. □

Example 4.4. Let p = 439, E1 : y2 = x3 + 425x + 196 and E2 : y2 = x3 + 292x + 293. If φ : E1 −→ E2 be a
l-isogeny, then f1 = (4, 3, 28) and f2 = (10, 9, 13). The class number is 15, and

f2 · f−1
1 = (8, 3, 14) = h,

h8 = (5, 1, 22),

So l = 5.
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