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ABSTRACT: To handle a/type of 6ptimum control problems (OCP) for systems
controlled described by Volterra integro-differential equations (VIDE), we introduce
in this study a direct Chebyshev wavelet collocation approach, which is utilized in
applied science and engineering. The proposed. direct approach turns the OCP
into a nonlinear programming (NIP) problem, in which the wavelet coefficients are
the optimization variables. To solve the resulting NLP, we use the particle swarm
optimization (PSO) technique. In addition, wesillustrate the suggested method’s
convergence. Under certain sufficient conditions, it is shown that a sequence of op-
timal solutions for the finite-dimensional optimization problems corresponding to
P approximates the optimal solution of the original problem P in a desirable man-
ner. To demonstrate the method’s applicabilitysand efficiency, we provide several
numerical examples that emphasize the PSO algorithm’s’effectiveness in solving the
resulted NLP.
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1. INTRODUCTION

OCP, which is a dynamic optimization problem over a time horizon, plays a substantial.role in modeling many
phenomena in numerous fields, including Mathematics, Physics, and Medicine [1, 2, 21]- The subtle modeling of
many phenomena, especially those with memory effects, leads to the Volterra integral equation (VIE) or VIDE
[17]. Solving OCPs of VIDEs is important because these equations effectively model systems with memory effects,
where the current state depends on past states, which is common in many physical, /biological, and engineering
systems. Examples include heat conduction in materials, population dynamics, and e¢onomic models. \Addressing
these problems allows for the design of control strategies that optimize performance, such as minimizing energy
consumption or improving resource management, even in complex systems with time delays and nonlinearity. Since
analytical solutions are often difficult or impossible to obtain, numerical methods are essential for’approximating
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solutions. Therefore, studying OCPs for VIDEs is important for both theoretical advancements and practical
applications [19].

Research in OCP constrained by VIE or VIDE has seen significant advancements, particularly in addressing
nonlinear dynamics. Early works, such as those by Tohidi and Samadi, utilized Legendre polynomials to formu-
late solutions for nonlinear Volterra integral equations, providing a foundational approach for subsequent studies
[25]. Further developments include the application of triangular functions, rationalized Haar wavelet and hybrid
pseudo-spectral methods which enhance computational efficiency and accuracy in solving these complex equations
[165 17, 18]. Recent studies have also introduced innovative numerical techniques that leverage polynomial ap-
proximations.and operational matrices, demonstrating improved convergence properties and robustness in handling
weakly singular kernels [7, 20]. The paper in [19] employs a hybrid functions approach to solve optimal control
problems asso¢iated with integro-differential equations. This method combines the use of hybrid functions with col-
location techniques, allowing for the transformation of integro-differential equations into algebraic equations that
can be solved numerically. Numerous studies have been conducted on developing, analyzing, and implementing
numerical algorithms for solving OCP regulated by VIE or VIDE [6, 10, 11, 16, 17, 18, 19, 25].

In this study, we'focus on a Specific class of OCPs governed by a VIDE. The problem formulation is as follows:
Problem P: Consider the next class of OCP constrained by a nonlinear VID equation:

min J = v F(t,x(t), u(t))dt, (1)
subject to .
' (t) = a@)z(®) + b@)u(t) + | K(t,s)p(x(s))ds, z(to) = zo, (2)

to

where F, K, a(t), b(t) and ¢ are real;valued fuinctions that possess continuous derivatives with respect to their
respective arguments. Suppose that z(t).andu(t) are in Sobolev space, H:>(I > 2) . ¢(t) can be either a
continuous nonlinear or linear operator. If the function w is such that the constraints in equation (2) are satisfied,
then it is called a feasible control. Let U be the class of all such feasible controls. The significance of OCP governed
by VIDEs lies in their widespread applicability in various fields such as physics, engineering, and biology, where
systems with memory effects are modeled [7, 20].

Chebyshev wavelets are used in this study to estimate the unknown solutions of the OCP. By using Chebyshev
wavelets, the primal OCP is transformed into an NLP, where the wavelet coefficients serve as the optimization
variables. To solve the resulting NLP problem, we utilizesthe PSO algerithm, which is particularly advantageous
due to its simplicity in implementation, efficiency in exploring the selution space, and rapid convergence capabilities
[23, 26, 27]. Inspired by the collective behavior of birds and fish, PSO leverages group searching strategies to find
the optimal solution effectively. We provide some illustrative examples to.demonstrate the practical applicability
and efficiency of our propounded approach, highlighting how the combination ‘of collocation based on Chebyshev
wavelets and PSO can effectively address these optimization challenges.

Since deriving analytical solutions for some OCPs is challenging; numerical direct and indirect techniques are
typically employed to determine the optimal solutions for state and controlsvariables. A direct method for solving
OCP offers substantial advantages over indirect methods [4]. While indirect methods«derive first-order optimal-
ity conditions leading to complex boundary-value problems, the direct method discretizes the state and control
variables, transforming the OCP into an NLP that can be efficiently solved using techniques like meta-heuristic
algorithms [14]. Utilizing Chebyshev wavelets for approximating unknown solutions enhances this.approach. Cheby-
shev wavelets provide excellent approximation capabilities due to their orthogonality and<ocalization properties,
allowing for accurate representation of the control and state variables over the problemsomain [14]. Additionally,
the utilizing of a derivative operational matrix simplifies the differentiation process, converting differential equa-
tions in constraints into algebraic equations, thus facilitating more manageable and more precise computation. The
method presented in this paper differs from other existing approaches primarily in its combination of Chebyshev
wavelet collocation and the PSO algorithm for solving the optimal control problem governed by VIDEs. Unlike tra-
ditional methods that rely solely on wavelet-based approximations or numerical integration, this approach directly
transforms the continuous-time optimal control problem into a NLP problem using Chebysheviwaveletsy where
wavelet coeflicients are treated as optimization variables. The use of PSO algorithm as a solver for thé resulting
NLP is particularly innovative, as it leverages the swarm-based search mechanism to efficiently explore the solution
space and converge to an optimal solution. The hybridization of direct methods with PSO combines the robustness
of meta-heuristic algorithms with the precision of wavelet-based approximations, leading to a highly efficient.and
accurate solution method for OCPs. These advantages collectively improve the efficiency and applicability of nu-
merical methods in dissolving complex OCPs governed by VIDEs, demonstrating the robustness and effectiveness of
the proposed approach. This distinguishes it from other methods that might use classical optimization techniques
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or purely analytical methods, making it more suitable for problems with complex dynamics and memory effects like
those governed by VIDEs.

The structure of this article is as follows: Section 2 discusses the foundational characteristics of the Chebyshev
wavelet necessary for our work, including the derivation of the operational matrices for the Chebyshev wavelet.
InSection 3, we demonstrate the process of transforming OCP in problem P into an NLP using the Chebyshev
wavelet and introduce the PSO algorithm. Section 4 provides the convergence of the propounded method. Section
5 presents numerical experiments focused on the accuracy of the method for solving Problem P. This study ends
with a summary in Section 6.

2. Background®Materials and Preliminaries

This section introduces the mathematical preliminaries of the Chebyshev wavelet needed for the following devel-
opment.| Understanding these fundamentals is crucial for effectively applying Chebyshev wavelets in various com-
putationaliproblems. By grasping these concepts, practitioners can leverage the unique properties of Chebyshev
wavelets to enhance accuracy and efficiency in numerical simulations.

2.1. Chebyshev Wavelet

Chebyshev wavelets W, (t)%f order m with n = 1,2,3,...,2¥ and k € N can be defined on the interval [0, 1] as
follows [8]:

g ; (3)

k
@m22 k+1 e n—1 n
W, L § S Tm @ 2 1) i S <t < g
0 otherwise

in which
v {\/5 m=0

2 m=123,... . M—-1"

Tm(t) show the orthogonal first kind Chebyshev polynemials of degree m with weight function W(t) =

defined in the interval [—1, 1], which satisty in the followingrecurrence relation: o
Tot) =1, Ti(t) =t, Tms1 = 2T 50— Trn=1(t), m=1,2,....
When dealing with the weight function of Chebyshev wavelets, we'defined it as follows:
Wi (t) = W(2F & 20 + 1), (5)

to ensure orthogonality over the interval [0, 1]. For expanding the funetion G(¢) defined on [0, 1], we obtain:

Gt =" Com T (t), (6)

n=1m=0

where the coefficients C,,,,, are determined by:

Cnm = <g(t)7 \Ijnm(t»wna (7)

and (-, -}y, show the inner product with respect to the weight function W, as defined inequation (5). By considering
a truncated series in equation (6), we have:

G(t) ~ ComVUpm(t) = CTU(2), (8)

in which C and ¥ are 2F=1M x 1 vectors defined by:
C=1[Ci0,Ci1s--C1,00-1,Co0s - - -, Copr—15 - - s Cor1 gy o, Con1 pp )7, ©)

\I/<t) = [\:[1107 \Illla L) \III,M—la \:[1207 ceey \IIQ,M—la ceey \:[12’“*1,07 sy \112’“*1,M—1]T' (10)
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2.2. The derivative operational matriz of Chebyshev wavelet

The operational matrix of the derivative has significant attention due to its properties in facilitating the solution
process for dissolving differential or integro-differential equations by transmuting the problem into a system of
algebraie equations. For simplicity and accuracy in handling nonlinear equations, the operational matrix of the
derivative is applied instead of the integration matrix. By differentiating the vector ¥(¢) in equation (10), it can
be'expressed exactly as:

dw(t)
— =DU(¢ 11
20— pu), ()
in which'D ig'the 2¥~1 M operational matrix of derivative, defined as follows [12]:
M 0 ... 0
0o M 0
D— , (12)

where M is an M X M matrix with elements defined by:
okFLgorsl - ifr=2...,M, s=1,...,r—1and (r + s) is odd,
Mrs = Y ( ) (13)
0, otherwise

Constants ¢; in equation (13) are specified in [12]. The Chebyshev wavelet operational matrix of derivative for
k=2 and M =4 is given by:

oo coc oo

V]

I

o
co oo, ogko

S
So ococlo v oo
co oo wo oo
coocoloo oo
cnv oo oo oo
wo oo oo oo
cooco oo oo

90
Sl

In several studies, the derivative operational matrixshave been<applied to solve various types of differential
equations [22].

3. Implementation of the Proposed Method

In addressing problem P, without loss of generality, we set tc = 0 and ¢y = 1. This simplification is feasible due to
the ability to transform any closed interval linearly into another. This'section elaborates on the discretization process
for problem P and the methodology for solving it. The approach involvessdiscretizing both the cost functional in
equation (1) of problem P and the constrained integro-differential equation given in (2). Subsequently, the PSO
algorithm is applied to dissolve the resulting NLP. By combining discretization techmiques with the PSO algorithm,
we can efficiently solve the original continuous-time optimal control problem (4)-(2). and/obtain an approximate
solution satisfying the constraints and minimizing the cost functional. The procedure is detailed,as follows:

3.1. Collocation Methodology
By approximating the functions x(t), u(t), and 2'(¢) using Chebyshev wavelets. This can be expressedsas:

o(t) = X(t) = XTU(), u(t)~UE) =UTV(t), /(1) =X (t) = XTDU(1), (14)
where
X =[Xio, Xi1, .- X1, Xororgy oy Xoroaara] 7
Z/[ = [Z/[1()7u11, e ,Z/[lel, e ,Z/[Qk—107 e ,U2k71M,1]T,
with ¥ introduced in (10), & and U as the unknown column vectors to be determined, and D as the derivative

operational matrix introduced in equation (12) of section 2.2. Substituting (14) into the system dynamies. (2) and
collocating at points ¢, we derive:
tp
XTDU(t,) = a(ty) XTW(t,) + bt UTV(t,)+ [ K(t,s)p(z(s))ds, XTW(0)==2(0), p=1,2,...,28 1M (15)
0
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in which ¢, may be selected as Gauss-Chebyshev (GC) nodes, Gauss-Legendre (GL) nodes-specifically, the zeros of
Legendre polynomials-or as central nodes. The GL or GC nodes must be transformed into the interval [0, 1].

For approximating the integral term in (15) using GL quadrature, 2*~1M intervals [0,t,] are transformed to
the interval [—1,1] via s = %’(7’ +1),p=1,...,2"" M. This yields:

~XTDU(t,) +alty) XTU(t,) + b(t,)UT V(L)

t 16
+ = }:M/< (m (q+10¢<XT@(5@3+U>)>:Q xTw(0) = z(0), (16)
where 7;’s'for 1 < j'< N = 2¥M are GL nodes, and W;’s are the corresponding weights, given by:
2 )
W; = j=0,1,...,N. (17)

(1—7; )[£N+1(T])]2 7

Now, let’s discretize the cost functional described in (1). After a suitable interval transformation, we employ

the GL quadrature
! Lt (r+1 (741 T+1
/0 F(tyx(t),u(t))dt 2/1]-'<2 ,x( 5 ),u(2 >>d7’

MEA () () o

i=1

By approximating u(t) and z(t) acg¢ordingdo (14); we obtain:

Iv(X,U) = Zﬁ«”;1XW(”;#>UT<”;w)W, (19)

Following [9], we suggest the following relaxation to ensure the discretization’s feasibility:

— XTDU(ty) +alty) X7V (t,) + bt U V(L)

+ = }:Mi< @+4»¢<XT@<Z@¢+U)>) (M —2)

In (20), note that for a given k, as M approaches infinity, the difference between (20) and (16) diminishes because
[ is at least 2. Thus, the OCP is converted into an NLP with (20) and X7W¥(0) = z¢ as constraints and (19) as
the objective functional. In this paper, we have utilized the PSO method [15] to solve the discretized OCP. This
problem is summarized as follows:

(20)
-1

m\w

Problem P: Find the vectors of X and U that minimize

N
12 Tj—‘rl T Tj—‘rl T Tj—i-l
—_— .; . XW . 1/ ‘y - ). 21
\7N 2i1 ( 2 ’ ( 2 )7 2 Wj ( )

subject to

- XTD\I’(tp) + a(tp)XT‘I’(t )+ (tp)uT‘I’( »)

§§M9< (tp: 5 (75 + 1) (XTW< ﬁy+1>>>]§@%2ﬁ—g

Jj=0

1\3\5"

+
and
XTw(0) =o0. (23)

In this manner, the OCP governed by VIDE is transformed into an NLP. PSO is utilized to solve this NLPs
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3.2. NLP solver algorithm

PSO is a prominent optimization algorithm formulated by Dr. Eberhart and Kennedy in 1995 [13, 5]. The algorithm
draws inspiration from the collective behavior witnessed in natural phenomena, including the flocking of birds and
the schoeoling of fish. The PSO algorithm commences by initializing a swarm of particles, with each particle
representing a candidate solution to the optimization problem under consideration. These particles traverse the
solutionspace by adhering to rules influenced by their personal best positions and the global best position identified
by thé swarm.

Initially, a set’of particles is generated with random positions and velocities within the solution space. Each
particle’s position corresponds to a potential solution, while the velocities are typically assigned small random
values. The fitness'ofteach particle is then assessed using the objective function of the optimization problem.

For each particle, theialgorithm compares the current fitness value with its personal best fitness value (pBest).
If the current fitness is superior, the pBest is updated to the current position. The global best (gBest) position,
representing the highest fitness value in the swarm, is also determined.

The particle,velocities and positions are updated using the following equations:

’Ui(t + 1) =w - Uz(t) +c1-11 (pBestl — .’El(t)) +cCco-T2o - (gBest — :cl(t)) (24)

zi(t+1) = 2;(t) +vi(t + 1) (25)

where v;(t) is the velocity ofiparticle iat time ¢, x;(t) is the position of particle ¢ at time ¢, w is the inertia weight,
c1 and ¢y are cognitive and social coefficients, respectively, and r; and ry are random numbers between 0 and 1.
These steps are repeated until a stopping criterion is met, such as achieving a maximum number of iterations or
attaining a satisfactory fitness levels

PSO’s performance is influenced by various parameters, including population size, inertia weight, cognitive
coefficient, and social coefficient. The population size determines the number of particles in the swarm; a larger size
may enhance exploration but increase computational costs. The inertia weight influences how particles maintain
their previous velocities, where a higher value promotes exploration and a lower value promotes exploitation.
The cognitive coefficient impacts how muchia particle is influenced by its personal best position, while the social
coefficient affects the influence of the global best/position.

PSO boasts several advantages, such as simplicity, efficiency; and robustness. It is straightforward to under-
stand and implement, capable of swiftly finding geod solutionss and effective for diverse optimization problems.
Nonetheless, it has drawbacks, including the risk of becoming#rapped in local optima and sensitivity to parameter
settings, which require careful tuning for optimal performance.

To demonstrate PSO’s practical application, consider a scenariowhere it is used to optimize a complex, nonlinear
function with multiple variables. The algorithm starts by initializing a swarm of particles with random positions and
velocities. Through iterative updates, the particles gradually converge towards the global best position, representing
the optimal solution. This process showcases PSO’s capability to,efficiently explore and exploit the solution space,
making it suitable for the optimization problem discussed in this paper.

Given the complex and nonlinear nature of the optimization problem presented in Section 3, PSO is an excellent
choice due to its adaptability and efficiency. The problem involves findingranroptimal solution in a high-dimensional
space, which PSO can handle effectively through its collaborative search mechanism. Moreover, PSQO’s ability to
converge rapidly to a near-optimal solution makes it suitable for applications where computational resources and
time are critical factors.

In conclusion, PSO is selected for its simplicity, robustness, and proven track record in efficiently solving similar
optimization problems. The algorithm’s flexibility also allows for further refinement and<eustomization which is
better to suit the specic requirements of the problem at hand. Here is a step-by-stép description of the PSO
algorithm for solving the optimization problem:

Initialization

The initialization step in the PSO algorithm involves creating a population of N particles, each with a random initial
position x; and a random initial velocity v;. The position and velocity are typically initializedywithin<predefined
bounds. Additionally, several parameters are set at this stage, including the inertia weight w, cognitive ¢oefficient
c1, social coefficient ¢, and the maximum number of iterations T'. These parameters play crucial roles in/controlling
the behavior and convergence of the algorithm.

FEvaluation
The evaluation step involves assessing the fitness of each particle in the swarm. The fitness function f(z;) evaluates
the effectiveness of a particle’s position in addressing the optimization problem. Each particle’s fitness is calculated

50



A. Ebrahimzadeh, AUT J. Math. Comput., 7(1) (2026) 45-61, DOI:10.22060/AJMC.2024.23406.125/

based on its current position x;. This fitness value is used to determine the particle’s performance and guide its
movement in subsequent iterations.

Upddte Personal Best

In the update personal best step, each particle’s personal best position, denoted as pBest;, is updated. If a particle’s
current fitness f(z;) is better than its previous personal best fitness f(pBest;), the personal best position is updated
to the/current position, i.e., pBest; = x;. This allows the particle to remember its best-found position and use it
to influencets future movements.

Update Global Best

The update global best step involves identifying the particle with the best fitness value in the swarm. This position
is referred to as the global best position gBest. The algorithm compares the fitness values of all particles and
updates gBest to the particle’s position with the best fitness. This global best position is as a reference point for
all particles, guiding the swarm towards the optimal solution.

Update Velocity ‘and Position
In this step, the veloe€ity and position of each particle are updated based on its personal best position and the global
best position. The new velocity v; (¢ + 1) is calculated using the formula:

vi(t+ 1) =w-wilt)+.c1 -1 - (pBest; — x;(t)) + ca - ro - (gBest — (), (26)

where 71 and ro are random numbersiuniformly distributed in [0, 1]. The new position x;(¢t + 1) is then updated
using the formula:
zi(t+1) = 2 (t) + vi(t + 1). (27)

This process allows particles to explore the solution space by adjusting their velocities and positions based on their
own experiences and the experiences of the swarm.

Termination

The termination step is the final step of the PSO algorithm« The process of evaluating fitness, updating personal
bests, updating the global best, and updating velocities and positions is repeated iteratively until a stopping criterion
is met. The stopping criterion can be reaching the maximum number of iterations 7' or achieving a satisfactory
fitness level. Once the termination condition is satisfied, the algorithm outputs the best-found solution, which
corresponds to the global best position gBest. The flowchart of PSO is given in figure 1.

The flexibility and robustness of PSO make it a suitable choice for a, wide range of optimization problems,
including those with complex, nonlinear, and high-dimensional solution spaces: This algorithm’s proven effectiveness
in various applications ensures that it can provide reliable and efficient solutions for the optimization problem
described in this paper.

4. Theoretical consideration

Theorems 4.1 and 4.2 establish the uniform convergence and accuracy estimation,properties of Chebyshev wavelet
expansions. These results provide a strong theoretical foundation forusing of Chebyshevawavelets in approximat-
ing functions and solving differential equations. The uniform convergence theorem guarantees that as the number
of wavelet terms increases, the approximation error converges to zero uniformly on theiinterval of interest. Fur-
thermore, the accuracy estimation theorem quantifies convergence rate, allowing for precise error bounds to be
determined based on the smoothness of the function being approximated.

Theorem 4.1 ([24]). A function G(t), in which second derivative is bounded second, can be approzimated by an
infinite series of Chebyshev wavelets. This series converges uniformly to the function G(t), such that,

G(t) = i i ComTpm(1),  t€[0,1),

n=1m=0

in which Cnm = <g(t), \I/nnL(t»Wn .
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Initialize the parameters (w. ¢;. ¢;)

|

Initialize random positions x; and velocity v;

[

v
Solve the target problem |

l

Evaluate the fitness function

Update pBest particle

Update gBest particle

Update position and velocity
(Equations (26) and (27) )

Is'the stopping condition
satisfied?

Yes l

I Give the values of gbestand optimal solutions I

Figure 1: The flowchart of PSO for solving the prépesed NLP.

Theorem 4.2 (Accuracy Estimation [24]). Let G(t) be a continuous functionfdefined on the interval [0,1) that
possesses a bounded second derivative, as outlined in Theorem 4.1. The following accuraey estimation holds:

2k 1 M—1 n > o ’
\/7?,4 1 1
Hg(t) — E E Cn,man,m(t)HQ < S § E Z m ?
n=1 m=0 2k 41 m=M

where A represents the upper bound of the second derivative G(t).

To validate the convergence analysis, the following two questions need to be addressed:
1. If the problem P has feasible solution, is the discretized problem P has also feasible solution?

2. Does a sequence of optimal solutions to the discrete problem P converge to the optimal solutions of the
original problem P as the number of Chebyshev wavelet bases increases?

Theorem 4.4 and Theorem 4.5 provide answers to these questions. Before proceeding further, it is necessary«to
establish some foundational definitions and supporting statements to serve as the basis for the subsequent discussion.
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Definition 4.3. A function G : [0,1] — R is in Sobolev space H*, if its jth distributional derivative, G, lies in
L#[0,1] for all 0 < j <1 with the norm [3]

Ls, (28)

l
1G] 13t = > 1169
j=0

1= denote the usual Lebesgue norm which is defined for 1 < s < oo as follows:

v=(f gt

1G(#)||~ = inf{B >0:|G(t)| < B for almost every t € [0,1]}.

where ||G]

4

and for § = oo

Lemma 4.4 ([3]). Given any function G(t) € H">°, there exists a polynomial Sy of degree M or less such that
G(t) — Su(t)| < CCoM~, vt e[0,1],

where C' is a constant independent of M, 1 is the order of smoothness of G, and Cy = || f||2t.-. The polynomial
G (t) with the smallestamormi|G(&) — Sarl|Le is referred to as the M-th order best polynomial approzimation of
f(t) in the L> norm.

Lemma 4.5 ([3]). Lett; fori="1,.,2"M be LG nodes and W; be the LG weights. Assume that G(t) is Riemann
integrable. Then

1 2k M
/_ \G(0dt= i ; Glt)W;. (29)

Remark 4.6. Evidently, the computational interval can be transformed from [—1,1] to [a,b] via an affine transfor-
mation.

Let
X = (X, X Xy )T and U= (U U Uy ]

be the optimal solutions of the problem P. The approximate optimal control and state are

. 28 M1 M 2k M1
X (t) = Z Z X Ynm(t), U (t) = Z Z Upp Vi ().
n=1 m=0 n=1 m=0

Assume that the following conditions are satisfied:
H1: The function sequence {(EI*(t),H/* (t))}57—p has a subsequence that uniformly. converges to the continuous
functions {(Py;_5(t), Q%5 (t))} on each interval Z,, = [%51, %) for 1 < n < 2*. For simplicity in Theorems 4.7 and

—/%

4.8 and without loss of generality, we assume that {(T/* (), U ()} converges uniformly to the continuous
functions {(Py;_5(t), Q;_5(t))} on each interval Z,,.

”;fl\g: Define
t
-1

() = %_Q(T)dwa;\(”?k ), tel, 1<n<?2k, (30)
n—1
ok

~ ¢ n n—1 &

u(t) = N QY _o(1)dr + u( o ), te€Z,, 1<n<2 (31)
ok

It is presumed for 1 < n < 2F
L =+, n—1 n—1 . o=« n—1 7An71
A A () =), im U () = W) (82)

’;fl;: The operator ¢ is Lipschitz with respect to function u, with Lipschitz constant £,

o(uy) — gp(ug)‘ < Lolur —uz|, Vui,ug € UL (33)
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Ha+ Let
max { ‘K(t, s)

, tselo, 1]} -K. (34)

H52 Let

max{ la(t)|, te [0,1]} = A, max{ b(t)|, telo, 1]} - B. (35)
The proofs of the two following theorems are similar to the proof of Theorem 3 and 4 in [9]. Therefore, we omit
the details here for brevity.

Theorem 4.7¢ Let (x(t), u(t)) be feasible solutions of the OCP named P, suppose that z(t) and u(t) belong to H->

in which | 2 2. If the conditions Hsz, Ha, and Hs are satisfied, then there exists a positive integer M’ such that
for any M > M’, the problem P has a feasible solution (X,,U,) = (X(t,),U(tp)), where fort, € I, = [”2—21, 2%),
n=1,2,...,25 the feasible solutions satisfy

_ 1 B _
l2(t,) — Xl §2—kC{‘(M—2)1 Lop=1,...,2M,

and .
|u(tp)_up| S ﬁcg(M_2)l_l’ p217"'72k_1Ma

in which t, are the GC or GL nodes, and €{> 0 and C§ > 0 are constants. [9].
Theorem 4.8. Let the sequence of optimal solutions to the problem P be represented as
— — [eS)

Given that the conditions Hy and Hy are safisfied, the pair (Z(t),u(t)) is recognized as the optimal solution to the
problem P [9].

5. Numerical Assessments

In the numerical experiment section, we utilize the propounded scheme to dissolve the following numerical examples.
The numerical results are obtained for £ = 2 and warious values for M. The purpose of solving these examples
is to demonstrate the effectiveness and precision of the presented approach. All numerical experiments are done
using Mathematica software, which allows us to implemeént the algerithm and visualize the results efciently. The
examples chosen can test the versatility of the proposed approachs We carefully select parameter values to challenge
the method and ensure its robustness.

Example 5.1. Regard the following OCP

Tt (1), u(t) = /0 ((a(t) ~ 0 + (il (1~ te2)?) . (36)

constrained by a nonlinear VID system

t
2(8) = a(t) — u(t) +2 / (tse==*@)ds =0, a(0)0 (37)
0
The optimal value of cost functional, control u*(t) and corresponding state x*(t) are as follows:

J* =0,
w(t)=1—te "

To solve this problem, the functions x(t) and u(t) are approzimated using Chebyshev wavelets, and the PSO algorithm
is applied to solve the resulting NLP. This method demonstrated that the combination of Chebyshev wavelets and
PSO can provide accurate results in solving such problems.

The results of this example clearly show the accuracy of the proposed method, as the absolute error deereases for
different values of M and gradually tends towards zero. These results indicate that the proposed method is capable
of providing a good approzimation of the optimal state and control functions.

Finally, the comparison graphs between the exact and approximate solutions in figure 2 at M = 8 andvks= 2
showed that the approzimate solution becomes closer to the exact solution as M increases. This highlights the
capability of the proposed method in solving complex OCPs. Tables 1 and 2 show the results of example 5.1 with‘the
combination of Chebyshev wavelet collocation approach and PSO.
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Table 1: Obtained absolute errors for z(t) in example 5.1

t M =4 M=6 M =38
0.0 1.5723 x 1079 1.3700 x 10797  7.8350 x 10718
0.1 1.3806 x 1079 3.2124 x 1079 9.0515 x 10719
0.2 8.1141 x 1079 4.9260 x 10798 1.4788 x 10~9
0.3 87672 x107% 75011 x 107%  1.0527 x 10~
0.4 1.2809 x 1079 2.2095 x 107%  1.6969 x 10~
0.5 14748 x107%°  6.3955 x 107%%  4.5620 x 10~!!
0.6 9.4016 x 107%  1.1427 x 107%  1.1100 x 10~
0.7 7.6742 x 1079 24253 x 1079  3.3173 x 10~
0.8 3.6537 x 1079 57932 x 1079  2.4951 x 10~
0.9 8.3069 x 1079 4.7182 x 1079  1.7504 x 10~
Table 2: Absolute error of u(t) for example 5.1
t M =4 M =6 M =38
0 140731 x 1079 1.0231 x 1079 59729 x 10~%
0.0 178258 x 10794 1.3430 x 1079 3.3755 x 10799
0.2 1.84659.x 1079  7.5561 x 10797  8.1428 x 1010
0.3 1.60894 x 1074 4.9309 x 10797  7.4108 x 1010
0.47 2.50653x 10794 1.2844 x 1079  4.6904 x 1099
0.5 254043 x 1079 1.2289 x 1079  3.4729 x 1099
0.6 1.70449% 10~%%, 3.4468 x 10797  6.9618 x 1010
0.7 1.18385 x 10~ 6.6231 x 1079  6.6726 x 10710
0.8 1.20167 x 10~ %==2,5800 x 10797  7.5670 x 1010
0.9 1.20911 x 1079 3.2924 x 10797 1.3888 x 1079

08

04

00f

— Exact Solution
@ Approximate Solution

f =

Figure 2: The exact and approximate optimal control and state for example 5.1

02

04 06

Example 5.2. Consider the minimization of the functional

subject to the nonlinear state dynamics

The exact optimal control and state are

z*(t) = €',

u*(t) = e,

08 10

T (t,x(t), ult)) = /0 (x(t) =€) + (u(t) — ™)t

To solve this problem, the functions x(t) and u(t) are approzimated using Chebyshev wavelets, leading to the trans-
formation of the OCP into an NLP. The wavelet coefficients become the optimization variables, which are then
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optimized using the PSO algorithm. The use of Chebyshev wavelets allows for accurate representation of the state
and control variables over the defined domain, and the PSO method efficiently explores the solution space to find
the optimal solution.

The numerical results for different values of M show the accuracy of the proposed method. As M increases, the
absolute error between the approximate and exact solutions decreases, indicating improved precision. The results
are summarized in Tables 8 and 4, which display the absolute errors of the state and control functions for various

valuestof M .

Table 3: The resulted absolute error of z(t) in example 5.2

t M=1 M=6 M=3

0.0 6.5385 x 1079 9.0126 x 1079  3.3583 x 10~%
0.1 1.2988 x 1079 4.7235 x 1079  1.4326 x 10799
0.2, 1.5923 x 1079 1.2568 x 1079  3.7276 x 10~
0.37 6.6539 x 1079  3.6805 x 107%  1.8875 x 10~%
0.4/ 1.8014 x 1079° 3.9821 x 1079  9.8288 x 10~10
05 74950 x 1079 1.0356 x 1079  1.1427 x 1078
0.641.2155 x 1079  1.7509 x 1079  2.0997 x 10~%
07 27.2211 x 1079 1.0744 x 1079 3.2806 x 10799
0.8 /4.3387 x40 % 3.5368 x 10796  2.4108 x 10~%
0.9/ 7.3124"% 107%4  1.3225 x 1079 2..8436 x 10799

Table 4: The obtained absolute error of function u(t) in example 5.2

t M=14 M=6 M=3
0.0 4.4449x107934 4.0180x107% 1.9192x10798
0.1 3.4101x1079 3.0050x107% 1.1596x10708
0.2 1.9417x1079  3.3203x107% 2.8635x10%9
0.3 3.0297x10793%,3.7617x 1079, 6.1180x 1099
0.4 2.6390x107% 3.1944x10°%* "2.3350x107 08
0.5 1.3558x10792 9.6820x10~%* 1.2045x1097
0.6 1.2930x10792 3.5890x10~%%  6.3997x10~ %8
0.7 1.0465x107°2 4.5881x107%* 1.3786x10~ %
0.8 1.1714x10792 1.2144x10-9 1.7359x10 98
0.9 1.4067x10792 1.0453x1079% 94139x107°®

Additionally, Figure 3 illustrates the comparison between the exact,and approximate solutions for M = 8 and
k = 2. The graph clearly shows that the approzimate solutions for the state x(t) and control u(t) converge to their
exact counterparts as the number of wavelet terms increases, confirming the robustness‘and accuracy of the proposed
method.

This example highlights the ability of the Chebyshev wavelet collocation method combined with PSO to handle
complex, nonlinear dynamics and achieve high accuracy in solving OCPs governed by integro=differential equations.
The reduction in absolute error with increasing M demonstrates the potential of this method for tackling similar
problems in various fields.

Example 5.3. Regard the nonlinear OCP
1 2
min / (a(t) — ) + (u(t) — (1 + 20))%dt,
0
subject to nonlinear VIDE
t
2 (8) + 2(t) — u(t) —/ (10 +20e¢ ) ds =0 2(0)=1.
0

in which u*(t) = 1+ 2t and 2* = et’. The obtained errors in the approzimate solutions for k = 2 and various values
of M are shown in tables 5 and 6. The graphs of approzimate optimal solutions computed by utilizing Chebyshev
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00 02 04 06 08 10

Figure 3: The exact and approximate optimal control and state for example 5.2

wavelet collocationwmethod and PSO are given in figure 4. The resulted absolute errors of the objective functional
for examples 5.1, 5.2 and 5.8 are giwen in table 7. Overall, the results of Example 5.3 indicate that the proposed
method, which combines” Chebyshev wavelets and the PSO algorithm, provides accurate approximations for both
the state and control functions. This<xample demonstrates the potential of the method in solving complex OCPs
1mvolving nonlinear dynamics and_dntegral terms.

Table 5: Absolute error of x(t) for example 5.3

t M =4 M=6 M=28
0  7.2858 x 10~ 1607410940 x 10716 7.4940 x 1016
0.1 2307%x107* 5.0007 x 10~¢  5.5132 x 10~°
0.2 4.0602 x 10~* 2.9301 x 1076  5.8045 x 10~?
0.3 3.8672x 10~* 4.5616 x10~6  7.0959 x 10~
0.4 3.3456 x 1074 1.0447X10:°  8.4205 x 10~?
0.5 7.4099 x 107* 82788 x 107 °. 1.0794 x 10~ "
0.6 2.9907 x 10~* 51999 x 1075  4.4913 x 10~8
0.7 27521 x 1073  7.0772 xA10~° 3.3385 x 10~8
0.8 27955 x 1073  6.6456'x 10%°  3.3606 x 10~8
0.9 6.7834 x 10~*  4.09500x 10~° 27346 x 108
Table 6: Absolute error of u(t) for example 5.3
t M=4 M=6 M=38
0 1.7815x 10792 1.7749 x 1079 1.2883 x'1096
0.1 5.9046 x 1079 5.3656 x 1079  4.0635 x 1097
0.2 4.8001 x 1079 3.9358 x 1079  3.8180 x 10~°7
0.3 4.7368 x 1079  8.0407 x 1079  3.4328 x 10~ %
0.4 6.3144 x 1079 1.9228 x 1079  4.0500 x 10<97
0.5 8.7257 x 10792 1.2305 x 10798  1.2060 x 109
0.6 2.9380 x 10792 2.2343 x 1079 3.7464 x 1079
0.7 24534 x 10792  3.7475 x 1079  3.4336 x 10796
0.8 2.1832x107%2 3.8713 x107% 3.4007 x 10796
0.9 2.9768 x 10792 1.7406 x 107%*  3.7301 x 1079

Example 5.4. Consider minimizing the objective functional given by

It.wu0) = [ [(m) -l

1

|

; 1
2

LY

Dz+ (u(t)—(t—;)‘t—;

(42)
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Table 7: Absolute errors of J*
Example 5.1 Example 5.2 Example 5.3
1.0411x107%  3.2896x10797  5.18149x107%4

4.4257x107  2.2842x10799  7.4609%x 1008
2.7756x 10716 7.7889x10~16  4.5741x10~12

N N~

30F T

——Exact Solution
®Approximate Solution

20

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4: The precise/and estimated optimal control and state for 5.3

subject to the constraint

t 1 1 ! )
= — _— - _—— . 4
(1) 32 +(t 2) ’t 2‘ +/O (z(s) + s7u(s)) ds (43)
The exact optimal solutions and cost functional are as follows:
o (1 (£ = 1) [L#TN
wi(t)=(t— Mt -3/ (44)

To solve this problem using our proposed method, we utilize .Chebyshev wavelets for approximating the unknown
functions x(t) and u(t). By applying the Chebyshev wavelet, collocationdmethod, we discretize the system and
transform the continuous-time OCP into a NLP problem. TheyPSO .algorithm is then used to solve the derived
NLP, where the wavelet coefficients are treated as optimization variables. Table 8 shows the obtained absolute
errors in J* with the propounded method for different values of k and M. Figures 5 and 6 depict the exact and
approzimate solutions for example 5.4.

---Exact Solution

—Exact Solution @Approximate Solution

021 ®Approximate Solution q 02

00 L4 0.0 L4

! L L L L L f L L L L L
0.0 02 04 06 08 10 0.0 0.2 04 0.6 0.8 1.0

Figure 5: Exact and Approximate optimal control for example 5.4 Figure 6: Exact and Approximate optimal state for example 5.4

The outcomes of these examples illustrate the efficacy of the proposed scheme in attaining the optimal control
and state. Specifically, the numerical experiments illustrate how the control strategy converges to the optimal
solution as we increase the value of M. The results indicate that the proposed approach is reliable and effective for
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Table 8: Absolute errors of J* for example 5.4
° M=3 M =4

k=2 3.2877 x 1079 3.4807 x 1010
k=3 1.4796 x 10~ 1.5638 x 1012
k=4 6.4946 x 10~ 8.1601 x 10~1°

addressing’optimal control problems governed by variational inequality dynamics (VID). Furthermore, the analysis
of thewresultssndicates that as M increases, the approximation of the optimal control and state improves, leading
to a'reduction in the\cost functional 7.

6. Concluding Observations

The primary objective of this paper is to introduce a direct methodology for resolving the OCP associated with
VID systems. Qur approach consists of parameterizing state and control variables and reformulating the OCP
into an NLP, wherein theswaveleticoefficients are treated as optimization variables. In the numerical experiments
presented, using of the operational matrix for differentiation has streamlined the computational process, proving
more straightforward than the operational matrix for integration. To solve the derived NLP problem effectively,
we employ the Particle’Swarm Optimization (PSO) algorithm. PSO, inspired by the social behavior patterns of
bird flocking and fish schooling, is.awvell-suited for this problem due to its simplicity, efficient exploration of the
search space, and fast convergence rates., The findings demonstrate that the proposed method is efficient and
uncomplicated for tackling VID optimal contrel problems. The synergy of Chebyshev wavelets and PSO offers
a robust tool for the optimal control of systems governed by Volterra integro-differential equations, making it
applicable across various scientific and engineering disciplines [18]. For future research, the proposed method could
be extended to tackle more complex VID systems with time-varying delays and stochastic elements. Additionally,
exploring the integration of other metaheuristie’algorithms with wavelet-based approaches could further enhance
solution accuracy and computational efficien¢y. For future research, the propounded method could be extended
to tackle more complex VID systems with time-varying deélays and stochastic elements. Additionally, exploring
the integration of other metaheuristic algorithms with wavelet-based approaches could further enhance solution
accuracy and computational efficiency.
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