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1. Introduction

Bivariate distributions are mainly used to analyze the marginals and also to model the depéndence structure between
the two marginals. Extensive works has been done to propose different bivariate continuous distributions and to
develop their properties. Similar to the continuous univariate data, the continuous'bivariaterdata are also analyzed
quite often in practice mainly due to analytical tractability. See for example the book by Balakrishnan and Lai
[4] and the references cited therein for different bivariate probability distributions and for their various properties
and applications. Recently, Nekoukhou et al. [18] investigated some extensions of the generalized exponential
distributions, both in the univariate and bivariate cases. In addition, Nekoukhou et al. [19]\illustrated the bivariate
Rayleigh distribution and considered some interesting properties of the model.
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Recently, Mahdavi and Kundu [15] introduced a univariate class of continuous distributions. Suppose F(.)
issthe cumulative distribution function (CDF) of an absolutely continuous random variable X. The a-power
transformation (APT) of F(.), for z € R, introduced by Mahdavi and Kundu [15] has the following CDF:

oF (@) 1 .
e = if a>0,a#1
I a—1 1 ’ 1
apr(@) { F(x) if a=1. (1)

The recent authers introduced the CDF (1) directly and investigated its different properties.

In the present study, an APT distribution of a second type, denoted by APTs is firstly introduced. Then, we
study somé generalizations of APTs distributions both in the univariate and bivariate cases. More precisely, the
geometric maximum of the APTs distributions are studied. Therefore, the APTy distribution can be verified as a
special case.| These new generalizations are kind of semi-parametric family of distributions and it will be shown that
they can supply desirable applications in practice. We will see that the marginals are kind of heavy tailed weighted
distributions with a géneral structure. Some distributional properties of the marginals are studied in detail. The
APT, distribution can be used as an alternative to the well-known Weibull, gamma or generalized exponential (GE)
distributions. The CDF of the/APT5 distribution can be expressed in analytical form and therefore can also be
used quite conveniently for analyzing censored or truncated data. We will see that the hazard rate function of the
marginals can take different shapes such as increasing, decreasing, bathtub-shaped and upside-down bathtub. In
addition, it is observed that_the generation of random samples from the proposed bivariate models is very simple.
Hence, simulation experiments can be perfermed quite conveniently.

The rest of the paper is orgamized as'follows. First, in Section 2, the APT5 distribution is introduced. A class
of bivariate continuous distributions; which is indeed the class of geometric maximum of APTy distributions, is
investigated in Section 3 and somé of its important futures are studied. In this section, the marginals and some of
their important relative properties are studied.<#We will see that the APTs distributions can be verified as special
cases of the marginals. In addition, some basic properties of the bivariate class of distributions is investigated. Some
examples are also given. In Section 4, the statistical inference is done and some real data sets are also analyzed.
Finally, we conclude the paper in Section 5.

2. The APT distribution of a second type

The lifetime of a parallel (series) system with N components, in reliability studies, is defined by X = maxj<;<n X;
(miny<;<n X;), in which X; denotes the life length of the i-th (¢ =,1,2,...,N) component. In practice, the
number of components may be itself a discrete random*variable. dn recent years, many researchers have studied
such models to illustrate the characteristics and properties of<theilifetime of series and parallel systems, where
the number of components follows a certain probability distribution functien. In recent two decades, some known
continuous lifetime distributions such as the exponential, GE, gamma and Weibull have been usually compounded
with a classic discrete distribution such as the geometric and zero-truncated Poisson, which are some special cases
of the power-series family of distributions . For example, Adamidis, and Loukas [2] and Kus [10] introduced the
exponential-geometric and exponential-Poisson distributions, respectively, with decreasing failure rates. We can
also address the Weibull-Poisson distribution proposed by Hemmati et al. [8], the Weibull-geometric distribution
of Barreto-Souza et al. [5], and the extended exponential-geometric distribution of Adamidis et al. [1]. GE-power
series class of distributions given by Mahmoudi and Jafari [16] and the compoundfclass of extended Weibull power
series distributions proposed by Silva et al. [22] are other examples in this connection.

Let X1, Xs,...,Xx be independent and identically distributed (iid) random variables from an absolutely con-
tinuous CDF, say F'. In addition, suppose that N is a zero-truncated Poisson random variable, with the following
probability mass function (PMF)

e~

P(Nzn):pn:m,

neN={1,2,..1\>0. 2)

Moreover, suppose that N is independent of X;’s. If X = max{X;, Xo,..., Xn}, then we have the following result.

Theorem 2.1. Under the above conditions, the marginal CDF of X, is given by

— —aF@
G(‘T;Q,F):%, .’L‘ER, (3)

where 0 < a = e~ < 1, and F(x) = P(X > z) denotes the survival function (SF) of the random variable X .
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Proof. It is enough to note that

_ > ~ Fr(z)e A e — (AF(z))"
Gmmm=Pw<@=Zﬁﬂ<ﬂN=W%iznélwﬁ:rw”{z(7y)_%
n=1 n=1 " n=0 .
Ca- Q- F(x) a- oF (@) B
o a—1 - a—1 7

Although, in Theorem 2.1, G has been made based on 0 < a < 1, one can easily show that it can be a bona
fide/ CDF for all values of « € Rt — {1}. So, such rigorous constraint on « can be relaxed and G defined for all
values of @ € Rt — {1} in the rest of the paper. In addition, as a — 1, G(z;a, F') tends to F(z). So, we have the
following definition.

Definition'2.2. /A random wariable X is said to be APT distributed of a second type (APTs) if its CDF' has the
following structure:

o F) =4 oo i a>0a#] "
15F@) if a1,

The APTy distribution will be denoted®ynAPTy (v, F) in the rest of the paper.

Remark 2.3. Under the conditions of Theorem 2.1, if Y = min{ Xy, Xo,..., Xy}, then it is easy to show that the
marginal CDF of Y is given by

of W) 1

Py (y) = , YER, (5)

oa—1
which is known as the APT distribution in the literature, introduced by Mahdavi and Kundu (2017) [15].

The PDF of the random variable X ~ APTy(c, F') becomes

f(x)aF @ log o

_ d _
‘a. F) = ca. Fy=
g(wi0,F) = = Glaza, B B2

R 6
o , z€eR, (6)

where f(.) is the corresponding PDF of F(.).
It is interesting to note that PDF (5) is a kind of weighted distribution. In fact,

_ F(x)
g(l‘;Oé?F):OEé‘(a—F{)((‘f))-, z €R, (7)

where E(afX)) = %.

3. A bivariate class of semi-parametric continuous distributions

3.1.  Definition and Interpretations

Suppose that X1, Xo,... and Y, Ya, ... are two sequences of random variables. It is@ssumed that X;’s and Y;’s are
iild APT2(c, F1) and APTs(av, F'2) random variables, respectively. In addition, X;’s and Y;’s are independent. Let
N be a geometric random variable with PMF

pn=p1-p)"", neN; 0<p<l (8)

The above geometric distribution will be denoted by GM(p) in the rest of the paper. Moreover, N«is independent
of X;’s and Y;’s. Consider the bivariate random variable (X,Y"), where

X = max{X1,Xs,...,Xn} and Y =max{Y¥7,Ys,...,Yn}.

(X,Y) defines the bivariate geometric maximum of APTy (BG in short) distributions. The following intérpretations
can be consider for the BG class of distributions.

Parallel Systems (cf. Kundu [11]): Consider two systems, say 1 and 2, each having N number of independént and
identical components attached in parallel. Here N is itself a random variable. If Xy, X5, ... denote the lifetime of

3
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the components of System 1, and in a same manner, Y7,Y5,... denote the lifetime of the components of System 2.
Then, the lifetime of the two systems becomes (X,Y).

Random Stress Model (cf. Kundu [11]): Suppose a system has two components. Each component is subject
to random number of individual independent stresses, say {Xi,Xs,...} and {Y7,Ys,...}, respectively. If N is
the number of stresses, then the observed stresses at the two components are X = max{X;,...,Xy} and ¥ =
max{Yy,« ., Yy}, respectively.

Theorem 3.1. The semi-parametric joint CDF of the BG distributions, for o € RT™ — {1}, is given by

pla — afl(r))(a - afz(y))
(@= 17 — (1 - pla - aF@)(a - aPsw)

QX,Y(xay;Q): JIER,yER, (9)

where Q0 consists of o, p and some parameters of the SFs F1 and Fy. For o = 1, the CDF of the class of BG
distributions becomes

o Tl - T}
Gy o ) = T = Fu@) - Fa(y)}

where Q* is the same as that of @ with o = 1.

Proof. The CDF of (X,Y), for @ € Rt — 41}, is given by

Qx.y (2. y) = DoP(X < 2,Y <y|N =n)P(N =n)

n=1

L [ -p)a—al@)a—af®)]"
1_pn:1

After some calculations the result is immediately ©btained. A'similar argument can be performed for case of o = 1.
|

It is interesting to note that if p = 1, then we have
Qxy(z,y;Q) = G(@ a, F1)G(y oy Fa),

i.e., X and Y become independent. Therefore, the parameter p'plays the role of the correlation parameter.
2
The joint PDF of (X,Y) can be found as ¢(x,y; 2) = ZﬁWQXy(x,y; @), and it is

(@ = 1)*fi(@) foly)aT* @20 (log a)? { (a = DE+ (1 = p)(ai aF* @) (o — aT20) }

— > 3 (10)
{(a=1)2 = (1= p)(a - ™ @) (@=ET=0) }

q(z,y; Q) =p

The BG distribution with PDF (10) will be denoted by BG(«, p, F1, F2) in the'sequel.

3.2.  Marginal distributions
Here, the marginal distributions of X and Y are discussed. We only supply the resultsdor the random variable X.
The distribution of Y, can be achieved in a same manner. First, note that the joint CDF of (X, N) is given by

Qx.n(w,n) =Y P(X <z|N =j)P(N = j)
j=1

‘ _gFi@n 1 [1=p (g — o F1 @]
_ {1_p(a_aw)}ﬂzp<a o) {1 - [ (a - TN
1*Pj=1 a—1 a—1-(1-p)la—af1@)

Hence, the marginal CDF of X, for 0 < p <1 and a € RT — {1} can be obtained as follows:

pla— o)

__ zeR, @1
a—1—(1-p)la—af(@)

Qx(z;) = nliﬂgo Qx n(z,n) =

4
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where €2, consists of «, p and the parameters of the SF F;.

The class of univariate geometric maximum of APT5 (UG in short) distributions, with CDF (11), will be denoted
by UG(a, p, F1).

It, must be mentioned that the marginal CDF of X can also be achieved directly from (9), as y — oco. In
addition, for a fixed value of x, as p — 0, we conclude that P(X > x) — 1. Therefore, it can be considered as a
heavystailed distribution.

If p = 1, the distribution of X coincides with an APTy(a, F';) distribution, whose CDF is given by (3). This
means that for values of p close to 1, the behaviour of the PDF of the random variable X is quite similar to that
of APTy(ais F'1) distribution. Therefore, some basic distributional properties of the APTy(c, F1) distribution can
be studied withsthe choice of p =1 in a UG(«, p, F';) distribution.

The following result indicates that the class of UG distributions is closed under geometric maximum.

Theorem 3.2. If {U; : i > 1} is a sequence of iid UG(a, p1, F1) random variables, M ~ GM(ps), and moreover
U;’s and' M are independent, then U = max{Ui,...,Un} has a UG(c, p1p2, F1) distribution.

Proof. It is seen that
P(U<w) =Y _ P(U; <u,...,Uy <ulM =m)P(M =m)
m=1
pipa(a — aF1(®))
a=1— (1 —pipo)(a — aFr(@)’

which adapts the CDF of the UG («, pupasF 1) distribution. O

Theorem 3.3. If &, is the v-th quantile of 'a UG\ family of distributions, then it satisfies

Fi(6) = log (%) Jloga.

Proof. The result is straightforward and hence the details are avoided. 0

The PDF of the random variable X ~ UG(a, p, F'1), say g(®; 1), can be obtained as

d
q(z; Q)= %Q(x;ﬂl),

where Q(xz; Q) is given by (11). More precisely, we see that

q(x; Q1) = w(z; Qp)g(x; o, F1), (12)
where g(z;a, F1) is given by (6), and
pla—1)*

{a -1-01-p)(a— afl(I))}Q'

w(x; Q) =

The weight function w(zx;€2;) increases from (o — 1)p to %, as z varies from —ooe:to co.

From now on, without loss of generality, we assume that F1 is the SF of a lifetime distribution. So, the hazard
rate function of a UG(«, p, F'1) distribution, denoted by hya(.), is

hva(z) = w*(@)hapr,(z), = >0, (13)

where

pla—1)
a—1-(1-p)(a—afr@)

w' (@) = (14)

and hapr, () is the hazard rate function of the random variable X ~ APTy(c, F'1) and is given by

N (x)ozfl(z) log «
hAPT2 (x) - afl(m) —1

, x>0. (15)

In the next theorem, it will be shown that for 0 < a < 1, a UG(a, p, F'1) distribution has an increasingthazard
rate (IHR) function, provided that Fy is IHR.
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Theorem 3.4. For 0 < a <1, a UG(«a,p, F1) distribution is IHR if Fy is IHR.

Proof. For 0 < a < 1, one can easily show that w*(x), given by (14), is a positive and increasing function of z.
So, “Lw*(z) > 0. In addition, hapr,(z) can also be written as

_ o Fi(@)a™®
hAPTz ("E) - h(fE) Oéfl(m) 1 (log 04)7
where h(z) = 7);11((?) is the hazard rate function of f;. Hence, we see that
d d Fi(z)al @) d Fy(z)aF@
—hupr, (z) = (—h(z)) ———(1 h(z)(1 —_—.
T, (2) = (o h(e) 5 loga) + h(x)(loga) 7T DS

F1 is THR, means that %h(:v) > (0. Moreover, for 0 < a < 1, af1@ _1 < 0and log @ < 0. In addition, in view of the

fact that for any’a >0, a — 1 >loga (logarithm is to the base e), one can conclude that 1 — af1®) 4 log af1(®) <0,

Fi(z)a F1(2)

which yleldb that %= 1[,1(7I)1
() Y @) hapn, (@) + 0 (@) e hapr, (2) > 0
drve\ ) = APT, d APT: .

That is the UG distribution is THR. (]

< 0. Therefore, we see that —h ApT, () > 0, and

Although the above theorem yields that, under some conditions, the UG distribution is IHR, it can also have
decreasing, bathtub-shaped and upside-down bathtub hazard rates, which will be illustrated by means of some
examples.

Theorem 3.5. A UG(«, 1, F1) distribution is log-conver, if > 1 and Fy has a log-convex PDF.

Proof. If f is log-convex, then its corresponding SK; F, is also log-convex (see, [17, pp. 101] ). On the other hand,
F is convex (see, [17, pp. 690] ) and hence, for a/> 1,

d? — d? d? —
I log g(z; 0, F) = T2 log f1(z) + (loga)ﬁFl(x) >0,

which completes the proof. O

The joint density function of (X, N), say ¢(x,n), is given by

—= n—1
a(z,n) = np(a — 1) " (loga)(1 - )" fife)a™ e ™ @}
Therefore, after some calculations, it follows that

np(l _p)n—l(a _ afl(z))n—l - )

P(N=n|X=1z)= Wiz )@ 1T np* (1 —p*)A ",

F1(2)
where p* =1 — % and n € N. It is clear that {N = n|X = x} = N*+ 1 where N* is a negative
binomial random variable whose PMF is

P(N*=n)=(n+1)p* (1—p*)", neNy={0,1,2,...}.
Therefore, one can immediately conclude that

—p* o — —p)(a— 1@
E(N:n|X:x):E(N*+1):¥+1= a1+$z;5aa171<z>§' (16)

The above conditional expectation will be useful in developing the expectation-maximization (EM)“algorithm, in
order to obtain the estimates of the UG parameters.

Here, we make the following note in regards to the famous structural stress-strength parameter. The stress-
strength parameter R = P(X > Y) and its estimation is an attractive component reliability measurey which is
widely used in the statistical literature, reliability context, medical, economic, and other related fields. Suppose
that the random variable X is the strength of a component which is subjected to a random stress Y. The component
fails whenever X < Y and there is no failure when X > Y. In the next theorem, we obtain this quantity for a
UG(a, 1, F) distribution.
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Theorem 3.6. Let X ~ UG(a1,1,F) and Y ~ UG(ao, 1, F) be two independent lifetime random variables. The
stress-strength parameter R = P(X >Y) is given by

042(041 — 1) 10g Qo — (0[2 — 1) log (e5]
R— (a1 — 1)(ag — 1)(log a1 + log aa)

fOOO fX(l’)Fy(.’ﬁ)dl’, a] = Qg = 1.

, ap,a0 € RT — {1}

Proof. It is'sufficient to calculate
R=PX>Y)= / g(z; a1, F)G(z; az, F)dz, (17)
0

where g(&; a1, F) and G(x; ay, F) are the probability density and cumulative distribution functions of the UG(as, 1, F)
and UG(ap, 1, F) distributions, respectively. Using F'(x) = t, the last integral is simplified and the result immedi-
ately obtained. O

Remark 3.7. In the above theorem, if a3 = ao, then R = %

3.3. BG distributions

Here, some properties “of the BG class) of distributions are investigated. First of all, note that if (X,Y) ~
BG(a,p, F1, Fs), then X ~ UG(a, psF1) and Y ~ UG(a, p, Fa).

In the following, we want todllustrate that the class of BG distributions, similar to the marginals, is closed
under geometric maximum. More precisely, weshave the following result whose proof is avoided.

Theorem 3.8. Let {(U;,V;) :i > 1)} bedd sequence of iid BG(a,p1, F1, F2) random variables, and M ~ GM(py),
0 < p2 < 1. In addition, M is independent of(U;, V;)’s. If we consider the random variables

U:maX{Ul,UQ,...,UM} and V:HlaX{Vl,VQ,...,VM},
then (U, V) ~ BG(a, p1pa, F1, F3).

Now, suppose thet (X,Y) ~ BG(a,p, F1, F2). The joint PDFof (X,Y, N), say q(z,y,n), is given by

w2 {(1 - p)(a— aF )& — PO Pifa) o y)aT o0 log )

= 1
q(x,y,n) VT (18)
Therefore, we have
2 n=1 12— 3
PN = nX = 2,y = ) = L&op:m) _ e (@.y) U= 1)° — ale.y)] ,
q(z,y) (o= 1)@ {(a —1)2 + a(2,y)}
where
a(z,y) = (1 = p)(a - o) (a — a’>W). (19)
Using the fact that if M ~ GM(1 — p), then E(M3) = (p? + 4p + 1)/(1 — p)3, we obtain
2

1—b2(.’13,y) ’

where b(z,y) = a(z,y)/(a — 1)%
Nelsen (2006) [20] indicated that every bivariate CDF, say Qx,y, with continuous marginals, say/@ x and Qy,
corresponds a unique copula function C' : [0,1]*> — [0, 1] such that, for (z,y) € R?,

Qxy(z,y) = C(Qx(z), Qy (v))-

Equivalently, the copula C(u,v) can be obtained from the joint CDF, as

C(u,v) = Qx vy (Q% (u), Q3 (v)).
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Theorem 3.9. If (X,Y) ~ BG(a,p, F1, Fa), then its corresponding copula is

uv

C(u,v) = . 21

R e [0 2y

Proof. Letius consider Qx () = v and Qy (y) = v. Then, we sce that o — o1(@) = % and o — a2(¥) =
pi(%%. Hence, after some calculations the result is immediately obtained, and the details are avoided. (I

The ¢opulasof the class of BG distributions, given by (21), is known as Ali-Mikhail-Haq (AMH) copula, with
parameter (1 — p), see Ali et al. (1978). The recent authors investigated some interpretations of the above copula
in terms of bivariate odds ratio.

Suppose the random wariables X and Y have an absolutely continuous joint CDF. Let us recall the following
definitions from Nelsen (2006).

Definition 3.10. Ifffor allx, P(X > z|Y = y) is a non-decreasing function of y, then X is stochastically increasing
mY.

Definition 3.11. If for all(z,y) € R?>, P(X < 2,Y <y) > P(X < z)P(Y < y), then X and Y are positively
quadrant dependent (PQD).

Definition 3.12. If for all z, P(X < z|Y'< y) is a non-increasing function of y, then X is left tail decreasing
(LTD) in Y.

Definition 3.13. A function f : R? — Y8 saidto be total positivity of order two (TP), if for all (z,y) € R2,
f(z,y) > 0 and whenever 1 < xa, andfy; < Yo

(@t 1) f(@2,92) > f(z1,92) f(22,91)-
In addition, (X,Y) is said to be TPy, if its joint ODF is TPy,
Therefore, the following properties can be established for a BG class of distributions.
Theorem 3.14. If (X,Y) ~ BG(a,p, F1, F3), then X is stochastically increasing in Y and vice versa.

Proof. Y is stochastically increasing in X, iff for any v € [0,1]4C(u, ) is a concave function of u; see Nelsen

. In case of Ali-Mikhail-Haq copula, in view of the fact that LZU) < 0, the result is obtained. (]
2006). 1 f Ali-Mikhail-H l f the fact that 250

Theorem 3.15. If (X,Y) ~ BG(a,p, F1,F3), then X and Y are PQD:

Proof. First note that PQD property is a copula property. In addition, X andd are PQD iff their copula satisfies
C(u,v) > uv, for all values of (u,v) € [0,1] x [0, 1], which one can easilyashow'that the corresponding copula of the
BG distribution justifies. Hence, the result is immediately obtained. O

Theorem 3.16. If (X,Y) ~ BG(a,p, F1,Fs), then X is LTD in'Y.

Proof. First note that LTD property is a copula property. In addition, X is LTD in Y4iff for any v € [0, 1],
C(u,v)/v, is non-increasing with respect to v, which one can easily show that the corresponding copula of the BG
distribution justifies. Hence, the result is immediately obtained. O

Theorem 3.17. If (X,Y) ~ BG(«a,p, F1, F3), then (X,Y) has TPy property.

Proof. First note that TPs property is a copula property. In addition, the joint CDF of (X,Y) is TPy iff Ali-
Mikhail-Haq copula is TPy. Now, for u; < us and vy < vs, it is seen that

(1 —=p)(uz —u1)(ve —v1) >0 if C(ug,v1)C(ug,vs) > C(u1,v2)C(usz,v1).

Hence, the result follows. O
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Figure 1: PDE plots of BGW (e, p, a1, 81, a2, B2) distributions.

3.4. Ezapmle: Bivariate G-Wewbull distribution

Let Fi(x) = e #1*"" and Fa(y) = € 7% correspond to the Weibull SFs for # > 0 and y > 0, respec-
tively. By inserting these SFs into Eg. (9), a new. bivariate G-Weibull distribution, which will be denoted by
BGW(«, p, a1, f1, a2, B2), is obtained. The BGW («, p, &y, 1, a2, B2) distribution can be reduced to bivariate-G
exponential and bivariate-G Rayleigh distributions, when'ee; = as = 1 and a1 = a = 2, respectively.

Figure 1 illustrates the PDF plots of BGW(«, p, a1, f1, @g, B2) distributions for some possible values of their
parameters. Many researchers such as Basu [6], Puri and Rubin [21] and Kundu and Gupta [13] considered the
bivariate hazard rate function as a scalar quantity. The scalar hazard rate function, for a bivariate random variable
(X,Y) with the joint PDF f(z,y) and the joint CDF #(z,y), is défined as

f(z,y) (2, y)
h(z,y) = = = , 22
)= ) ~ T (o) D @)
where F(z) and F(y) are the marginal CDFs. Since the above definition of bivariate hazard rate function does

not uniquely determine the joint PDF, the joint bivariate hazardirate function, defined by Johnson and Kotz [9], is
usually considered as

(o). o) = (~ 50 Fov0). = low Pl (29

The scalar hazard rate function of the BGW(«, p, a1, f1, g, B2) distribution, using/(22), is

_ QBGW(% y) _ QBGW(% y)
Qpaw(z,y)  1-Qx(z) — Qy(y) + Qpawi@,y)’

where, Qpew (z,y) and gpaw (¢, y) are, respectively, the CDF and PDF of a BGW distribution. In addition, @ x ()
and Qy (y) are the corresponding marginals which can be obtained by (11). The scalar hazard rateyfunctions of
BGW distributions have been illustrated by Figure 2.

Based on

heaw (,y)

0 — 0 _
((hl(xvy)7h2(xay)) = (awlogQBWG(xﬂy)v%IOgQBWG(xay)> )

the plots of the joint hazard rate functions of the BGW distributions have been illustrated by Figure 3.
The marginal PDF of a BGW distribution, i.e., the univariate-G Weibull distribution with parameters «, pf o
and f1, is denoted by UGW(«, p, a1, 51) and is given by

pla = Dasfrz® 1 exp(—p1a )a(715") log

5 , x>0. (24)
{a=1—(1-p)(a—axp(=Fize))}

qUGW(m; &, P, 041751) =

9
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Figuren2:The scalar hazard rate function plots of BGW(a, p, a1, 81, a2, B2) distributions.
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Figure 3: The joint hazard rate function plots of BGW(a, p, a1, B1, a2, B2) distributions.

The hazard rate function of a UGW(q, p, a1, 81) distribution is also given by.

pla —aifiz* " exp(—fz*)a™PC A log a

a—1—(1-p)(a—axp(=Fiz*1))(qexp(=frz1) _q)° & )

hvaw (@; o, p, a1, Br) =

The plots of the density and hazard rate functions of a UGW(a, p, a1,1) distribution have been“illustrated by
Figure 4.

Since, in a UGW model, the hazard rate function can be decreasing, increasing, bathtub-shaped and upside-
down bathtub, it is quite appropriate for analyzing different lifetime data. In Figure 4, e.g., in the case offae = 0.5,
p = 0.5 and a; = 1.5, it is seen that the hazard rate function of the UGW distribution is increasing andsthese
graphical results confirm the proof of Theorem 3.4 and get our stamp of approvals. This is so because when a7 > 1,
the Weibull distribution is IHR.

Remark 3.18. The UGW(«, p, aq, B1) distribution, similar to the bivariate case, can be reduced to the univariate-G
exponential and univariate-G Rayleigh distributions, when ap =1 and ay = 2, respectively.

10
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Figure 4: Density (left) and hazard rate fumetion (right) of UGW(«, p, a1, 31) distributions for 31 = 1 and some other parameters
values.

4. Statistical inference

In this section, we demonstrate how to employ the EM type algorithms in order to estimate the unknown parameters
of the bivariate G-Weibull distributions.

Let {(x1,y1),- -+, (Tm,ym)} be a bivariate sample®f size m from the BGW distribution with parameters vector
Q = (a,p, a1, a9, B1, B2)T. It must be mentioned that generatifig random samples from a BGW distribution is quite
simple. More precisely, the following algorithm can help us for that purpese:

1. Generate n from the GM(p) distribution.

2. Generate x1,...,x, from the UGW(a, 1, a1, 81) distribution and y,. .., y, from the UGW(q, 1, o, B2) dis-
tribution.

3. Compute the desired (x,y) as ¢ = max{x1,...,z,} and y = max{ys, ..., yn}.

It is obvious that computing the MLEs, using the direct likelihood function maximization, involves a six-
dimensional optimization process. So, to avoid that we propose to treat this model as an incomplete data problem
and use the EM algorithm. Along with (X,Y"), suppose we also observedthe associated yvalue of N. Therefore,
{(z1,91,m1), -+, (Tim, Ym, nm) } performs the complete observations.

The complete log-likelihood function of @ = (a, p, a1, a2, f1, B2), using (18), is given by

2(©2) = m{logp + log a1 + log 1 + log s + log B2 + 2loglog a} + Z(nl = 1)log(1 — p)

i=1
+ Z(nz — 1) log(a — a@P(=Ar1zi™t)y 4 Z(m — 1) log(ax — a®P(=F20:%2))
+(an—1)Y loga; — i)y a4 (az — 1)) logy; — B2y i
i=1 i=1 i=1 i=1
+ Z(exp (—=B12;*) + exp(—f2y;*?) log a — Z 2n; log(a — 1),
i=1 1=1

which is free of ineffective constants.

11
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A A (k) ~ (K
Suppose Q) = (d(k)7ﬁ(k)a dl(k), 022(k), 51( ), 52( )) is the current estimate of €, in the k*" iteration. Using (20),
and considering ﬁi(k) = EBE(N;|X; =2, Y; = ys; Q(k)), it follows that the conditional expectation of the log-likelihood
function, Q(2|2®)), based on complete data, has the following structure:

Q™)) = m {logp + log a + log B1 + log az + log B + 2loglog a} + Y ~(11;*) — 1) log(1 — p)
i=1
+ Z(ﬁi(k) — 1) log(a — a®P(=ArE®)y 4 Z(m — 1) log(a — *P(=P2:"2))
=t m m = m (26)

+ (1 —1) Zlogwi — b Z%‘al + (a2 — 1)Zlogyi — B2 Zyiaz
i=1 i=1 i=1
+ Zexp (—B12;*) + exp(—f2y;*?) log a — Z 213, log(a — 1).

Now, we propose the following EM-type algorithm:

E-step: Given Q = Q® _ comipute ﬁi(k) for i =1...m, using (20).
CM-step 1: Update p* by maximizing (26) w.r.t. p, which yields that

pUHD = mm*(k)~ (27)
2 i
i=1
CM-step 2: Obtain a;**+1) as the solution of the following equation (w.r.t. a;):

- a@P(=B12i"1) o1 ey (B4 1) log () log (z; " oy log () — aq Braz;® log () + 1
Z(ﬁi(k)—l)ﬁl p(—Bi;"4) log (@) log ( )+Z 1log (2;) — a1y g (i)

a — qexp(—Biz;*1)

i=1 i=1 a1
m (28)
— Z Ba; % exp (—f12;%) log (z;) loga = 0.
i=1
o~ (k1) .5 (k+1) . . .
CM-step 3: Fix da; and obtain [ as the solution®f the following equation (w.r.t. 51):
aq(F+1) 1 1 1
i( w )acxp(*,glxi 1 )xial(H )eXp(—ﬂll'ial(kJr ))log Z By PG
i=1 " o — qexp(=Brae T
» Z log(a)xia(kﬂ) eXp(_ﬁlxial(kﬂ)) —0.
i=1
CM-step 4: Obtain as**+1) as the solution of the following equation (Wirt. as):
i( 5 (k) _ 1)ﬂlanP(fﬁlzial)l’ialeXp(—Bl:cio‘l) log (a) log () . i a1 log (i) —@1Bra;% log (7;) + 1
— K a — qexp(—pf1zi°1) — oq
i=1 1;1 (29)
— Z Bx;** exp (—Frz;“Y)log (z;)log a = 0.
i=1
o~ (k1) . 5 (k+1) . . .
CM-step 5: Fix dy and obtain [ as the solution of the following equation (w.r.t. SB2)t
m g (D)
Z( (k) l)aexp(iﬂlwi 1 )xial(kH) exp(— ﬁlxzal(kH)) log (« Z Bra;” W
i=1 " o — qep(—fraer )
B+ L (k)
— Zlog(a)xi exp( By )=0.
i=1
CM-step 6: Update &%) by optimizing the following constrained actual log-likelihood function
< - X ) (k1) 5 (k+1)
atk+) = argmgXZIOgQBGW ($i,yi;p(k+1),0¢»a1(k+1) LD 6y s B2 ) . (30)

i=1

12
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When the absolute difference between the two consecutive log-likelihood values is less than 1073, the algorithm
is stopped.

A similar procedure can be performed to estimate the parameters of the UGW distribution, which in order to
sake_ of brevity the details are avoided.

4.1. 48imulated examples and data analysis for BGW distributions

Here, we firstly present some simulation results to indicate how the proposed EM algorithm works. We generate
samples of sizes m =50, 100 and 200 from the BGW distributions for an arbitrary sets of parameters such as
a=05m=0.5 a1 =02, 81 =1, ag = 0.2 and B3 = 1. The average estimates (AEs) of the parameters, and the
mean/squared errors (MSEs) of the estimates have been reported in Table 2 based on 500 repetitions.

Table 1: AEs (MSEs) of the MLEs based on 500 repetitions from the BGW distribution.

Parameter m = 50 m = 100 m = 200
a=0.5 0.4683 (0.0092) 0.4702 (0.0089) 0.4789 (0.0086)
p =05 0.5175 (0.0852) 0.5081 (0.0671) 0.5077 (0.0482)
apr=0.2 0.3431 (0.0422) 0.3208 (0.0289) 0.3004 (0.0209)
b1 = 1.3707 (0.8868) 1.2308 (0.5521) 1.1789 (0.4108)
o= 0.2 0.3571 (0.0458) 0.3265 (0.0307) 0.2905 (0.0171)
Bo = 143013 (0.8412) 1.2033 (0.5494) 1.2655 (0.4178)

It is seen that the introduced EM algorithm works quite well and it can be used quite effectively for data analysis
purposes.

In the following, for comparing‘purpeses, we will consider another simulated data set drawn from the modified
Sarha-Balakrishnan singular bivariate’ (MSBSB) distribution studied by Kundu and Gupta [12]. Indeed, the last
authors generated a sample of size 30 freom an MSBSB distribution. This data set has been presented in Table 2.

Table 2: Generated data from an MSBSB distribution by Kundu and Gupta (2010).

No. T Y l No. x Y
1 0.418 0.424 16 0.885 0.791
2 0.106 0.851 17 0.049 0.200
3 1.147 1.147 18 1.088 1.128
4 0.529 1.795 19 1.453 1.155
5 0.446 0.446 20 0.878 0.878
6 0.326 0.326 21 0.945 0.945
7 0.205 0.205 22 0.850 0.850
8 1.106 1.106 23 0.354 0.354
9 0.435 0.973 24 0.345 2.308
10 0.935 0.850 25 1.198 0.620
11 0.362 0.645 26 0525 0.504
12 0.257 1.464 27 0.548 0.548
13 1.608 1.608 28 2.837 1.057
14 0.628 0.628 29 0.212 1.697
15 0.351 0.351 30 2.356 1.348

Now, we fit the BGW distribution to this data set. The parameters involved have been estimated by means of
the reliable proposed EM algorithm. To deal with these data, which can be considered as a real data set for the
BGW distribution in some sense that they have been produced from another bivariate distribution, we started the
algorithm with different initial guesses and observed that the EM algorithm converged to the same point. Figure 5
represents the behaviour of the profile log-likelihood function of o in a BGW distribution.

Table 3 contains the MLEs, the associated 95% confidence intervals which have been constructed by means of a
bootstrap method, Akaike information criterion (AIC) and estimated log-likelihood value for the fitted BGW.and
MSBSB distributions. From the results presented in Table 3, it is obvious the BGW distribution givessa better
performance w.r.t. the MSBSB distribution. Moreover, we consider the capacity of the marginals and report'the
corresponding results, in Table 4, based on the Kolmogorov-Smirnov test statistic and its corresponding p-value.
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Figure 51 The profile log-likelihood plot of parameter o in a BGW model regarding the data of Table 5.

Although the data hayve beenfgenerated from an MSBSB distribution, based on the p-values reported in Table 4,
one cannot reject the statement<that states a BGW distribution can adapt with these data.

Table 3: Fitting computations for BGW and MSBSB distributions.

model ¥ MIFEs, (Confidence Intervals) 1 AIC
BGW <4 =100.4600 (98.0829, 102.8369) - 35.7265  83.4529
p = 0.0232 (0:0229, 0.0234)
a1=0.8657 (0.8629, 0.8683)
B1= 2:0091 (2.0013, 2.0169)
a,=1.1851 (1.1813; 1.1889)
Ba=1.7987 (1.7925, 1.8048)

MSBSB a1 = 1.5725 (1.0367, 2.8692) - 64.8079  137.7958
dy= 3.1405 (1.7187, 4.7924)
3= 1.9585 (1.3833, 3.8839)
A= 1.0932 (0.7640, 1.4650)

Table 4: Fitting results of the marginals.

Variable Model K-S  p-value

X UGW(100.4600, 0.0232, 0.8657, 2.009L)..0:1098  0.8244
Y UGW/( 100.4600, 0.0232, 1.1851, 1.7987) 0.1177  0.7568

Now, we want to analyze a real data set obtained from the National Basketball\Association franchise Boston
Celtics during the second half of the 2001 - 2002 session. This data set consists of three star, players (Antoine
Walker, Paul Pierce, Kenny Anderson) on a basketball team and represents the game times for each player’s with
second personal foul for a particular game, in which all three players have participated-and committed at least two
fouls at the end. It is expected that once a player committed at least two fouls, the player might be out of the game
for some times and, hence, the foul rate of the other star players might change. Kvam and Pena [14], Deshpande
et al. [7] and Asha et al. [3] considered these data. The data set has been presented in Table 5.

Regarding Kvam and Pena [14], once a star player committed two fouls, the foul rate of the other star players
changes. So, the last authors assumed that the three star players compose a system, whereas Deshpande'et al. [7]
assumed that any two star players compose a system. Similar to the last authors, we assume that any.two star
players compose a system. So, we analyze the data set with the assumption that three different systems; including
as System I (Player I and Player II), System II (Player I and Player III) and System III (Player II and Player III),
exist.

We fit the BGW distribution to System I, System II and System III. In order to sake of brevity, the'results
are summarized in Table 6. The confidence intervals, presented in this table, have been obtained by means of
a bootstrap method. We also test the marginals for each system. The results of fitting the marginals such as
the K-S test statistics and their corresponding p-values have been reported in Table 7. Based on the p-values
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Table 5: Time until second foul for the three star players in 28 games of Boston Celtics 2001-2002.

Player I Player I  Player III Player I Player I  Player 111

Game (Pierce) (Walker) (Anderson) || Game (Pierce) (Walker) (Anderson)
1 21.02 30.22 43.43 15 42.06 23.21 45.36
2 24.25 45.54 17.19 16 28.51 33.59 16.2
3 6.555 19.47 23.28 17 34.56 32.53 40.44
4 15.35 16.37 25.4 18 40.33 15.35 28.33
5 39.08 30.32 43.53 19 27.56 46.21 28.05
6 16.2 4.16 39.52 20 9.54 36.21 28.12
7 34.59 46.44 16.33 21 27.09 11.11 23.33
8 19.1 38.4 20.17 22 40.36 33.21 17.04
9 28.22 37.43 25.41 23 41.44 36.28 19.13
10 32 45.52 39.11 24 32.23 8.17 41.27
1 11.25 19.09 11.59 25 7.53 37.31 13.43
12 17.39 25.43 2251 26 28.34 35.58 41.48
13 2847 31.15 241 27 26.32 28.02 29.33
14 23.42 31.28 40.03 28 30.47 40.4 42.13

reported in Table 7, it is obvious.that the UGW distributions fit the marginals quit well. So, one cannot reject the
statement that states the BGW distribution gives satisfactory fits to these joint data. In addition, based on the
log-likelihood values and AICs, pregented indTable 6, one can see that System I has recieved the best fit from the

BGW distribution.

Figure 6 represents the unimodality of the profile-log-likelihood function of « in the fitted BGW distributions

to each system.

Table 6:

Fitting computations for the BGW distribution for Basketball data.

Model |

MLEs (Confidence Intervals) l

AIC

Player I and Player 11

System 1

! 211.322

& =0.2728 (0.2630, 0:2826)
p =0.3487 (0.3451, 0.3524)
1 =1.8585 (1.8568, 1.8603)
B1= 0.0042 ( 0.00414°0.0042)
y=1.9733 (1.9715, 1.9752)
Ba= 0.0021 (0.0021, 0.0021)

434.643

Player I and Player IIT

System 11

! -2147966

& =0.4627 (0.4476, 0.4778)
p = 0.3731 (0.3692, 0.3770)
1= 2.0034 (2.0016, 2.0053)
B1= 0.0022 (0.0022, 0.0022)
i,=1.8937 (1.8917, 1.8958)
$2=0.0028 (0.0028, 0.002)

435.932

Player II and Player III
System III

! -216.492

& =0.1023 (0.0998, 0.1049)
H =0.9864 (0.9859, 0.9869)
1=2.1726 (2.1706, 2.1746)
Br= 0.0008 (0.0008, 0.0008)
(i5=1.8646 (1.8620, 1.8672)
o= 0.0028 (0.0027, 0.0028)

444.9846

15



V. Nekoukhou et al., AUT J. Math. Comput., 7(1) (2026) 1-18, DOI:10.22060/AJMC.2024.23495.1261

Table 7: Marginal computations for the Basketball data.

System Variable K-S statistic p-value

System I Player I (X) 0.1089 0.8585
Player II (Y) 0.1319 0.6665

System 1T Player 1(X) 0.1075 0.8685
Player IIT (V') 0.1768 0.3079

System III Player II(X) 0.1462 0.5395
Player IT1(Y) 0.1835 0.2681
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Figure 6: The profile-log-likelihood function of «a in fitted BGW distributions to each system.

5. Conclusions

In this paper, some new univariate and bivariate family of semi-parametric distributions were discussed. In the
univariate case, the family of UG distributions was introduced and some of its important futures were studied.
Specially, the behaviour of the hazard rate function was investigated. In addition, the APT distribution of a second
type, was studied as a special member of the UG family of distributions.

In the bivariate case, the BG family of distributions were discussed motivated by thefact that it provides greater
flexibility in order to analyze various bivariate data. Different aspects of this family.of bivariate distributions, which
are important in their own sake, were investigated. We also saw that the introduced EM algorithm had a good
performance to estimate the parameters of the distributions of this bivariate family.
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