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ABSTRACT: In this paper, we investigate the conditions under which a
lifted almost complex structure J on the tangent bundle TM of a manifold
M exhibits various Kählerian properties. We establish several characteriza-
tions relating the geometry of (TM, J) to the cosymplectic structure on M .
Specifically, we show that (TM, J) is Kählerian if and only if (M,η, ξ, φ)
is cosymplectic and R = 0. Similarly, we prove that (TM, J) is nearly
Kählerian under the same conditions on M . Furthermore, we present an
alternative criterion for (TM, J) to be Kählerian, involving a nearly cosym-
plectic condition on M alongside a specific curvature relation. Finally, we
demonstrate that (TM, J) is semi-Kählerian if and only if (M,η, ξ, φ) is
semi-cosymplectic with R(X,Y )φZ = 0. These results reveal intricate con-
nections between cosymplectic structures on M and Kählerian-type struc-
tures on TM , contributing to the broader understanding of almost complex
geometry on tangent bundles.
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1. Introduction

The study of almost complex and almost contact metric structures forms a central theme in differential geometry,
particularly due to their applications in both mathematical physics and complex geometry. An almost complex
structure provides a generalization of complex structures on manifolds, enabling the extension of complex analytic
techniques to real differentiable manifolds. In a similar vein, almost contact metric structures, which are defined
on odd-dimensional manifolds, offer a natural framework for examining various geometric properties that do not
necessarily require a complex structure.

An almost contact metric structure consists of a triple (ϕ, ξ, η, g), where ϕ is a tensor field of type (1,1), ξ is a
vector field, η is a 1-form, and g is a Riemannian metric. This structure provides a rich setting for studying geometric
aspects of manifolds that exhibit symmetries analogous to those in complex geometry. Almost complex structures
on the other hand, involve an endomorphism J on even-dimensional manifolds that satisfies J2 = I, where I is the
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identity map. These two structures can be combined in certain ways, allowing for new and interesting interactions
to emerge in the geometry of odd- and even-dimensional manifolds.

In recent years, researchers have focused on understanding the interplay between almost complex and almost
contact structures in various contexts, particularly in cases where almost complex structures can be constructed
over the almost contact metric structures of an underlying manifold. Such interactions often lead to the discovery
of new geometric invariants, integrability conditions, and curvature properties. Exploring these aspects not only
enriches our understanding of the individual structures but also provides insights into how complex geometry might
generalize in contexts that do not meet the usual integrability conditions.

In this paper, we investigate the properties of almost complex structures defined over almost contact metric
structures. Specifically, we explore conditions under which the almost complex structure interacts harmoniously
with the almost contact metric structure and examine the implications of these interactions for the curvature and
topology of the underlying manifold. We also present several examples to illustrate our findings and discuss potential
applications of these results in broader geometric contexts.

Our main results present significant characterizations of almost complex structures lifted to the tangent bundle
TMand their relationships with various types of cosymplectic structures on the base manifold M . Here’s a brief
overview of each result and its implications:

First Theorem: This theorem establishes that the tangent bundle (TM, J) acquires a Kählerian structure
precisely when the base manifold (M,η, ξ, φ) is cosymplectic and the curvature tensor R vanishes. This result
suggests that under these conditions, the lifted structure exhibits the rich geometric properties associated with
Kähler manifolds.

Second Theorem: Here, the nearly Kählerian condition on (TM, J) aligns with (M,η, ξ, φ) being cosymplectic
with zero curvature. The theorem implies that the nearly Kähler condition, which relaxes the integrability constraint
of the Kähler structure, still demands a flat and cosymplectic structure on the base manifold.

Third Theorem: This result provides an alternative criterion for (TM, J) to be Kählerian, involving a ”nearly
cosymplectic” condition on M along with a specific condition on the action of R relative to η. This characterization
emphasizes a more intricate relationship between the curvature and the cosymplectic structure, broadening the
scope of Kähler conditions on the lifted structure.

Fourth Theorem: For (TM, J) to be semi-Kählerian, the base manifold M must be semi-cosymplectic, and the
curvature R(X,Y ) must satisfy R(X,Y )φZ = 0. This theorem highlights a partial integrability condition on the
curvature, providing a nuanced criterion for the semi-Kählerian property in terms of the base manifold’s structure.

These results not only deepen the understanding of lifted almost complex structures but also uncover new
connections between cosymplectic, nearly cosymplectic, and semi-cosymplectic structures. They pave the way for
exploring further geometric and topological properties of the lifted manifold (TM, J) in relation to the structure of
(M,η, ξ, φ).

2. Preliminaries

Let M be a differentiable manifold of dimension 2n + 1. Suppose η, ξ and φ be a 1−form, a vector field and a
(1, 1)−tensor respectively. (η, ξ, φ) is called an almost contact structure on M if satisfies the following conditions:

φ(ξ) = 0, η(ξ) = 1, φ2 = −I + η ⊗ ξ.

A differentiable manifold of odd dimension with an almost contact structure is called an almost contact manifold.
If a manifold M with the (η, ξ, φ) structure admits a Riemannian metric g such that

g(φX,φY ) = g(X,Y )− η(X)η(Y ),

then M is called an almost contact metric structure and g is called compatible metric. We can define two-form as
follows

Φ(X,Y ) = g(X,φ(Y )),

for all X,Y ∈ χ(M). An almost contact structure (η, ξ, φ) is said to be normal if the almost complex structure J
on M × R given by

J(X, f
d

dt
) = (φX − fξ, η(X)

d

dt
),

where f is a C∞ function on M × R is integrable, which is equivalent to the condition [φ,φ] + 2dη ⊗ ξ = 0 where
[φ,φ] denotes the Nijenhuis torsion of φ which can define as follows:

[φ,φ](X,Y ) = [X,Y ] + φ[φX, Y ] + φ[X,φY ]− [φX,φY ] + dη(X,Y )ξ.

An almost contact metric structure (η, ξ, φ) in M is said to be:
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1. Almost cosympletic if dΦ = 0 and dη = 0;
2. Cosymplectic if it is almost cosympletic and normal;
3. Semi cosymplectic if δΦ = 0 and δη = 0;
4. Nearly cosympletic if (∇Xφ)(Y ) + (∇Y φ)(X) = 0 and ∇η = 0.

An almost complex manifold M is a differentiable manifold equipped with a (1, 1) tensor J which satisfies
J2 = −I, where I is the identity. A Hermitian metric on an almost complex manifold (M,J) is a Riemannian
metric that is invariant by J ,

g(JX, JY ) = g(X,Y ).

Noting that J is negative self-adjoint with respect to g, i. e. g(X, JY ) = −g(JX, Y ). We can define fundamental
2-form as

Ω(X,Y ) = g(X, JY ).

An almost complex metric structure is said to be:

1. Almost Kählerian if dΩ = 0;
2. Kählerian if ∇J = 0;
3. Nearly Kählerian if (∇XJ)(Y ) + (∇Y J)(X) = 0;
4. Semi Kählerian if δΩ = 0.

3. Lifted Almost Complex Structure

Let (M,η, ξ, φ, g) be an almost contact metric structure and suppose we adopt Levi-Civita connection on it. Let
{ δ
δxi ,

∂
∂yi } be a basis for TM . We can define an almost complex structure on basis elements on TM :

J(
δ

δxi
) = φj

i

δ

δxj
− ηiξ

j ∂

∂yj
,

J(
∂

∂yi
) = ηiξ

j δ

δxj
+ φj

i

∂

∂yj
.

Let g be a Riemannian metric for M , the metric gs is defined by

gs = gijdx
i ⊗ dxj + gijδy

i ⊗ δyj .

It is easy to see that the following holds

∇
δ

δxj

δ

δxi

= Γh
ij

δ

δxh
− 1

2
R h

ijk yk
∂

∂yh
,

∇
∂

∂yj

δ

δxi

= −1

2
Rh

ikjy
k δ

δxh
+ Γh

ij

∂

∂yh
,

∇
δ

δxj

∂

∂yi

= −1

2
Rh

jkiy
k δ

δxh
,

∇
∂

∂yj

∂

∂yi

= 0.

Theorem 3.1. Let J be a lifted almost complex structure on TM . Then (TM, J) is Kählerian if and only if
(M,η, ξ, φ) is cosymplectic and R = 0.

Proof. Let (M,J) be Kählerian. We calculate (∇J) on basis elements,

(∇ δ

δxi
J)(

δ

δxj
) =

∂

∂xi
(φh

j )
δ

δxh
+ φk

j {Γh
ik

δ

δxh
− 1

2
R h

ikl y
l ∂

∂yh
} − ∂

∂xi
(ηjξ

h)
∂

∂yh

− ηjξ
k{−1

2
Rh

ilky
l δ

δxh
+ Γh

ik

∂

∂yh
} − Γk

ij{φh
k

δ

δxh
− ηkξ

h ∂

∂yh

+
1

2
R k

ijl y
l{ηkξh

δ

δxh
+ φh

k

∂

∂yh
}.

(∇ δ

δxi
J)(

∂

∂xj
) =

∂

∂xi
(ηjξ

h)
δ

δxh
+ ηjξ

k{Γh
ik

δ

δxh
− 1

2
R h

ikl yl
∂

∂yh
}+ ∂

∂xi
(φh

j

∂

∂yh

+ φk
j {−

1

2
Rh

ilky
l δ

δxh
+ Γh

ik

∂

∂yh
}+ 1

2
Rk

iljy
l{φh

k

δ

δxh
− ηkξ

h ∂

∂yh
} − Γk

ij{ηkξh
δ

δxh
+ φh

k

∂

∂yh
}.
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(∇ ∂

∂yi
J)(

δ

δxj
) = −1

2
φk
jR

h
kliy

l δ

δxh
+

1

2
Rk

jliy
l{φh

k

δ

δxh
− ηkξ

h ∂

∂yh
}

(∇ ∂

∂yi
J)(

∂

∂xj
) = ηjξ

k(−1

2
Rh

kliy
l)

δ

δxh
.

By above equations we have

φh
j|i +

1

2
{R k

ijl ηkξ
h + ηjξ

kRh
ilk}yl = 0, (1)

(ηjξ
h)|i +

1

2
{φk

jR
h

ikl − φh
kR

k
ijl }yl = 0, (2)

(ηjξ
h)|i +

1

2
{φh

kR
k
ilj − φk

jR
h
ilk}yl = 0, (3)

φh
j|i −

1

2
{ηjξkR h

ikl + ηkξ
hRk

ilj}yl = 0,

(φk
jR

h
kli − φh

kR
k
jli)y

l = 0,

ηkξ
hRk

jliy
l = 0.

By (1) and (2) we have φh
j|i = 0 and (ηjξ

h)|i = 0, which means M is cosymplectic.

By (2) we have R(X,φY )Z = φ(R(X,Y )Z) and by (3) we have φ(R(X,Y )Z) = R(φX, Y )Z). On the other hand,
for a cosymplectic manifold we have R(φX, Y )Z = −R(X,φY )Z, which is contradiction Thus we get R = 0. □

Theorem 3.2. Let J be a lifted almost complex structure on TM . Then (TM, J) is nearly Kählerian if and only
if (M,η, ξ, φ) is cosymplectic and R = 0.

Proof. Let (TM, J) be a nearly Kählerian manifold, then by the same way we obtain the following

φh
j|i + φh

i|j +
1

2
{ηjξkRh

ilk + ηiξ
kR h

jlk }yl = 0,

(ηiξ
h)|j + (ηjξ

h)|i −
1

2
{φk

jR
h

ikl + φk
iR

h
jkl }yl = 0, (4)

(ηjξ
j)|i −

1

2

{
φk
jR

h
ilk − 2φh

kR
k
ilj + φk

iR
h
klj

}
yl = 0, (5)

φh
j|i −

1

2

{
ηjξ

kR h
ikl + 2ηkξ

hRk
ilj

}
yl = 0, (6)

(ηjR
h
kli + ηiR

h
klj)ξ

kyl = 0,

Then by (5) and (6), M is cosymplectic and from (4) we have R(X,φY )Z = R(φX, Y )Z, but in a cosymplectic
space R(X,φY )Z = −R(φX, Y )Z which is contradiction. Thus in a lifted nearly Kähler space R = 0. □

Theorem 3.3. Let J be a lifted almost complex structure on TM . Then (TM, J) is Kählerian if and only if
(M,η, ξ, φ) is nearly cosymplectic and

η(R(X,Y )Z)η(K)− η(R(X,K)Z)η(Y ) + η(R(Y,K)Z)η(X) = 0.

Proof. By definition of fundamental 2-form we have

Ω(
δ

δxi
,

δ

δxj
) = g(

δ

δxi
, J(

δ

δxj
) = Φji,

Ω(
δ

δxi
,

∂

∂yj
) = g(

δ

δxi
, J(

∂

∂yj
) = ηiηj ,

Ω(
∂

∂yi
,

∂

∂yj
) = g(

∂

∂yi
, J(

∂

∂yj
) = Φji.

Thus for basis elements we have

dΩ(δi, δj , δk) = δiΩ(δj , δk)− δjΩ(δi, δk) + δkΩ(δi, δj)− (Rh
ijlΩ(∂h, δk)−Rh

iklΩ(∂h, δj) +Rh
jklΩ(∂h, δi))y

l

=
∂

∂xi
(Φkj)−

∂

∂xj
Φki +

∂

∂xk
Φji + (Rh

ijlηk −Rh
iklηj +Rh

jklηi)ηhy
l = 0, (7)

186

U
N

C
O

R
R
E
C
T
E
D
 P

R
O

O
F



A. Sadighi et al., AUT J. Math. Comput., 7(2) (2026) 183-188, DOI:10.22060/AJMC.2024.23677.1285

dΩ(δi, δj , ∂k) =
∂

∂xi
(ηjηk)−

∂

∂xj
(ηiηk)− Γh

ikηjηh − Γh
jkηiηh −Rh

ijly
l = 0, (8)

dΩ(δi, ∂j , ∂k) =
∂

∂xi
(Φkj)− Γh

ijΦkh − Γh
ikΦhj = Φkj|i = 0,

dΩ(∂i, ∂j , ∂k) = 0.

Thus by (7) dΦ = 0 and by (8) dη = 0 which means (M,η, ξ, φ) is almost cosymplectic. By the second part of (7)
we have η(R(X,Y )Z)η(K)− η(R(X,K)Z)η(Y ) + η(R(Y,K)Z)η(X) = 0. □

Theorem 3.4. Let J be a lifted almost complex structure on TM . Then (TM, J) is semi Kählerian if and only if
(M,η, ξ, φ) is semi cosymplectic and R(X,Y )φZ = 0.

Proof. Let (TM, J) be semi Kählerian. By direct calculation on basis elements we obtain

(∇Ω)(
δ

δxk
) = gij{(∇ δ

δxi
Ω)(

δ

δxj
,

δ

δxk
) + (∇ ∂

∂yi
Ω)(

∂

∂yj
,

δ

δxk
)}

= gij{Φkj|i}+
1

2
ξiηh{R h

ikl −R h
ilk }yl = 0, (9)

(∇Ω)(
∂

∂yk
) = gij{(∇ δ

δxi
Ω)(

δ

δxj
,

∂

∂xk
) + (∇ ∂

∂yi
Ω)(

∂

∂yj
,

∂

∂xk
)}

= gij{ηjηk}|i +
1

2
R h

kli φi
hy

l = 0. (10)

By first part of (9) and (10) we get (M,η, ξ, φ) is semi cosymplectic. From the second part of (9)) we obtain

η(R(ξ, Y )Z) = η(R(ξ, Z)Y ),

and by (10) one concludes R(X,Y )φZ = 0. □
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