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ABSTRACT: In this paper, we investigate the conditions under which a
lifted almost complex structure J on'the tangent bundle T'M of a manifold
M exhibits various Kéhlerian preperties. We establish several characteriza-
tions relating the geometry of (T'M, J)to the cosymplectic structure on M.
Specifically, we show that (T'M, J) is K&hlérianiif and only if (M,n,&, @)
is cosymplectic and R = 0. Similarlyy we, prove that (T'M,J) is nearly
Kéhlerian under the same conditions on M.» Furthermore, we present an
alternative criterion for (T'M, J) to be Kéhlerian] involving a nearly cosym-
plectic condition on M alongside a specific curvature relation. Finally, we
demonstrate that (T'M, J) is semi-K&hlerian if and only if\(M,n, &, ¢) is
semi-cosymplectic with R(X,Y)pZ = 0. These results revealintricate con-
nections between cosymplectic structures on M ‘and Kahlerian-type struc-
tures on T'M, contributing to the broader understanding of almost.complex
geometry on tangent bundles.
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1. Introduction

The study of almost complex and almost contact metric structures forms a central theme in differential geometry,
particularly due to their applications in both mathematical physics and compleéx geometry. An almost complex
structure provides a generalization of complex structures on manifolds, enabling the extension of complex analytic
techniques to real differentiable manifolds. In a similar vein, almost contact metric structures, which are defined
on odd-dimensional manifolds, offer a natural framework for examining various geometric properties that do not

necessarily require a complex structure.

An almost contact metric structure consists of a triple (¢,&, 7, g), where ¢ is a tensor field of type (1,1), £ is a
vector field, n is a 1-form, and g is a Riemannian metric. This structure provides a rich setting for studying geometric
aspects of manifolds that exhibit symmetries analogous to those in complex geometry.” Almost complex structures
on the other hand, involve an endomorphism J on even-dimensional manifolds that satisfies J2 = I, where I is the
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identity map. These two structures can be combined in certain ways, allowing for new and interesting interactions
tofemerge in the geometry of odd- and even-dimensional manifolds.

In recent years, researchers have focused on understanding the interplay between almost complex and almost
contact structures in various contexts, particularly in cases where almost complex structures can be constructed
over_the almost contact metric structures of an underlying manifold. Such interactions often lead to the discovery
ofmew geometric invariants, integrability conditions, and curvature properties. Exploring these aspects not only
enrichés our understanding of the individual structures but also provides insights into how complex geometry might
generalize in contexts that do not meet the usual integrability conditions.

In this paper, we investigate the properties of almost complex structures defined over almost contact metric
structures«” Specifically, we explore conditions under which the almost complex structure interacts harmoniously
with the almest contactimetric structure and examine the implications of these interactions for the curvature and
topology of the underlying manifold. We also present several examples to illustrate our findings and discuss potential
applications of these results in broader geometric contexts.

Our main results present significant characterizations of almost complex structures lifted to the tangent bundle
T Mand their relationships with warious types of cosymplectic structures on the base manifold M. Here’s a brief
overview of each result and its implications:

First Theorem: ‘This theorem establishes that the tangent bundle (T'M,J) acquires a Kéhlerian structure
precisely when the base"manifold (M,n, &, ¢) is cosymplectic and the curvature tensor R vanishes. This result
suggests that under these comditions, the lifted structure exhibits the rich geometric properties associated with
Kahler manifolds.

Second Theorem: Here, the nearly Kéhlerian condition on (7'M, J) aligns with (M, n, &, ¢) being cosymplectic
with zero curvature. The theorem implies that the nearly Kahler condition, which relaxes the integrability constraint
of the Kahler structure, still demands a flat"and cosymplectic structure on the base manifold.

Third Theorem: This result provide§ an alternative criterion for (T'M, J) to be Kéhlerian, involving a ”nearly
cosymplectic” condition on M along with a specific condition on the action of R relative to n. This characterization
emphasizes a more intricate relationshipibetween the curvature and the cosymplectic structure, broadening the
scope of Kéhler conditions on the lifted structure.

Fourth Theorem: For (TM, J) to be semi-K&hlerian, the base manifold M must be semi-cosymplectic, and the
curvature R(X,Y) must satisfy R(X,Y)pZ = 0. This theoremphighlights a partial integrability condition on the
curvature, providing a nuanced criterion for the semi-Kéahlerian preperty in terms of the base manifold’s structure.

These results not only deepen the understanding of lifted”almost complex structures but also uncover new
connections between cosymplectic, nearly cosymplectic, and semi-cosymplectic structures. They pave the way for
exploring further geometric and topological properties of'the lifted mianifold (7'M, J) in relation to the structure of

(M,n,&, ).

2. Preliminaries

Let M be a differentiable manifold of dimension 2n + 1. Suppose' ), £ and ¢ be a 1—form, a vector field and a
(1,1)—tensor respectively. (1,&, ) is called an almost contact structure on M if satisfies the following conditions:

e(€) =0, =1, ¢*=-T+n®¢

A differentiable manifold of odd dimension with an almost contact structure is called an almost contact manifold.
If a manifold M with the (7, £, ¢) structure admits a Riemannian metric g such that

9(pX,9Y) = g(X,Y) —n(X)n(Y),

then M is called an almost contact metric structure and g is called compatible metric. We/can define.two-form as
follows
(X, Y) = g(X, ¢(Y)),

for all X,Y € x(M). An almost contact structure (n,&, ) is said to be normal if the almost complex structure J

on M x R given by
d d

where f is a C* function on M x R is integrable, which is equivalent to the condition [, ¢] + 2dn ® & = 0 where
[, ¢] denotes the Nijenhuis torsion of ¢ which can define as follows:

[, 0](X,Y) = [X, Y]+ ¢[pX, Y] + ¢[X, Y] — [0 X, oY ] + dn(X, Y)¢.
An almost contact metric structure (1, &, @) in M is said to be:
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1. Almost cosympletic if d® = 0 and dn = 0;

2. Cosymplectic if it is almost cosympletic and normal;

3. Semi cosymplectic if §® = 0 and én = 0;

4. Nearly cosympletic if (Vx¢)(Y) 4+ (Vyp)(X) =0 and Vi = 0.

An.almost complex manifold M is a differentiable manifold equipped with a (1,1) tensor J which satisfies
J? = =1, where I is the identity. A Hermitian metric on an almost complex manifold (M,.J) is a Riemannian
metric that is invariant by J,
9(JX,JY) = g(X,Y).

Noting that Jis.negative self-adjoint with respect to g, i. e. g(X,JY) = —¢g(JX,Y). We can define fundamental
2-form as

QX,Y) = g(X, JY).
An almost complex metzic structure is said to be:

1. Almost*Kéahlerian if dQ = 0;

2. Kaéhlerian if VJ = 0;

3. Nearly Kéahlerian if (VxJ)(Y) + (VyJ)(X) = 0;
4. Semi Kéhlerianyif 6§ = 0.

3. Lifted Almost Complex Structure

Let (M,n,¢,¢,g) be an almost contact metric structure and suppose we adopt Levi-Civita connection on it. Let
{ 621., 6’21-} be a basis for TM. We can,define an almost complex structure on basis elements on T'M:

) 1) 0
J(éx = % oxd —7725 Byf
0 1) 0

B
J(ayz) ”715 6:6] <)07, 8y~7

Let g be a Riemannian metric for M, the metric ¢° is defined by
9° = gudz’ © da? 444,58y" @ 5y’
It is easy to see that the following holds

5 ) 1 0
\v&TZ] :Fh.7_~ h, k_ Y
o Uegh 27TRT gyh’
2 1 0 0
ayd h k h
Vi = gt s LR G
[ 1 0
zd h k
Vi = g
2
vy =0

ay?

Theorem 3.1. Let J be a lifted almost complex structure on TM. Then (T Myd)'is Kahlerian if and only if
(M, n,&,¢) is cosymplectic and R = 0.

Proof. Let (M, J) be Kéhlerian. We calculate (V.J) on basis elements,

6 8 h i k 5 1 h ¢h o)
§ 6 0
k l h
— ;€ {—* ar¥ 55+ zka h} ij{%’k&Th—nkﬁ o
+ Rzgly {kahf‘f‘ ka h}
9. 0 4 0 h 0 Ly hy 0 0
(Vﬁj)(@) = 8:01'(”]5 )5 h +n;€ {Fikﬁ ) Ry By h} &w( 873/’1

) 4] 5 0
+@§{_§Rllkyl(5 Rtl zka h}+ Rzljy {@k(;x ka }_ Z{mﬁhw—hﬂaﬁ@}-
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& ol pn 6 1 Y h

(Voo J)(55) = Q%le szh T3 Ry {wké et 5y"}
1o} k 1 h ! g

(V ‘])(ax])—%f( 3 kuy)ﬁ'

By.above equations we have

1
ol + §{Rijzk77k§h + ;" Ry =0, (1)
1
(ijh)li + §{<P§Rz‘k-lh - ‘pZRijlk}yl =0, (2)
1
(Wjﬁh)li + *{Wszuj - thilk}yl =0, (3)

90?\1 {7715 Rzkl + kahR zl]}yl =0,
(W?R i — PRR jli) =0,
k" RY;y' = 0.

By (1) and (2) we have gpg?li =0 and (1;¢"); = 0, which means M is cosymplectic.
By (2) we have R(X, 9Y)Z'= p(R(X,Y)Z)sand by (3) we have p(R(X,Y)Z) = R(¢X,Y)Z). On the other hand,
for a cosymplectic manifold we have R(@pX,Y)Z = —R(X, ¢Y)Z, which is contradiction Thus we get R=0. O

Theorem 3.2. Let J be a lifted almost complex structure on TM. Then (TM,J) is nearly Kdhlerian if and only
if (M,n,&,) is cosymplectic and R = (.

Proof. Let (T'M, J) be a nearly Kéhlerian'manifold, then by the same way we obtain the following

1
ol + ol + §{nj§thilk + " Ry y' =0,

1
(m&h)u + (Ujéh) i §{<P§Rmzh + Sﬁijkzh}yl =0, (4)
(njgj ) {90] ilk Q@kR ilj + 901 hklj} yl = 0’ (5)
ol — 3 {771‘5 Ry + 2np" RE 30 = 0, (6)

(i RMy; + miRly )€y =0,

Then by (5) and (6), M is cosymplectic and from (4) we have R(X;pY)Z = R(¢X,Y)Z, but in a cosymplectic
space R(X,9Y)Z = —R(¢pX,Y)Z which is contradiction. Thus in alifted nearly Kéhler space R = 0. O

Theorem 3.3. Let J be a lifted almost complex structure on TM. Then (T'M,J) issKdhlerian if and only if
(M,n, &, ¢) is nearly cosymplectic and

n(R(X,Y)Z)n(K) = n(R(X, K)Z)n(Y) + n(R(Y, K) Z)n(X) =0:

Proof. By definition of fundamental 2-form we have

0 ) 1) 1)
Q(@» @) = Q(Q»J(w) =&y,
6 0 1) 0
(@7 aiyj) = g(@“}(ayﬂ) NiNj»
o o9, 9 0

(87;“ (nyj) = g(aTJia J(aTjj) =y

Thus for basis elements we have

265, 65, 0k) = 08285, 0k) — 6;204, 0k) + 5k2(0:,65) — (R";120n, 0k) — R4, 65) + R";11 20, 6Ny

0 0 0

O a7 kT 5E O + (R — Rlymy + RYami)mny’ =0, (7)
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0 0

d€¥(0:, 65, 0k) = 55 (n5m%) = 55 (Mi7k) = Cininn — Thninn — Ry’ =0, (8)
0

dQ(6:,0;,01) = @(cbkj) — T} ®pn — L)@y = Py = 0,

dQ(0;,0;,0%) = 0.

Thas by (7) d® = 0 and by (8) dn = 0 which means (M, 7, &, ¢) is almost cosymplectic. By the second part of (7)
we have n(R(X,Y)Z)n(K) — n(R(X, K)Z)n(Y) + n(R(Y, K)Z)n(X) = 0. O

Theorem 3.4. Let J be a lifted almost complex structure on TM. Then (T M, J) is semi Kahlerian if and only if
(M5 &, p)iis semivcosymplectic and R(X,Y )pZ = 0.

Proof. Let (TM, J) be semi Kahlerian. By direct calculation on basis elements we obtain

(VQ)((;;L]C) = g’]{(V%LQ)(%7 %) + (V%Q)(%7 %)}

5 1.
= g"{Pp i} + §£Znh{Riklh — Ry} =0, (9)

(VQ)(%) = g”{(va)(%’ %) + (Va%lg)(aiij %)}

ij 1 i
= g7 {nim}i + §Rklih90hyl =0. (10)
By first part of (9) and (10) we get (M, ng€, ) is'semi cosymplectic. From the second part of (9)) we obtain

n(R(§,¥94) = n(R(E, 2)Y),
and by (10) one concludes R(X,Y)pZ = 0. O
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