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ABSTRACT: We show' that every quasi-multiplier ¢ : L' (G) x L}(G) —
L'(G), where G is a locally ¢ompact gfoup, is of the form

o(f,9) = f#u*g, fg9eLl'(G),

for a unique measure u € M(G). As a consequence, we obtain a well-known
result due to Wendel. We also prove the analogues result for C*-algebras.
Moreover, we introduce the notion of quasi Jordan multipliers and prove
that each such map on a C*-algebra, as well ag'group algebra L'(G), is a
quasi-multiplier.
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1. Introduction

A linear map T from an algebra A into an A-bimodule X is called a left multiplier, (right multiplier) if for all

a,be A,
T(ab) = T(a)b, (T(ab) = aT (b)),

and T is called a multiplier if it is both left and right multiplier. This notion (at least when X\= A) is often called

a centralizer in the literature [7].

The concept of a multiplier first introduced on commutative Banach algebras‘[9], and then various versions of

multipliers such as quasi-multiplies and ¢-multipliers on Banach algebras defined.

A double multiplier is a pair (L, R), where L : A — X is a left multiplier, R : A —X is a right multiplier
and aL(b) = R(a)b for all a,b € A. The set of all double multipliers from A into X is denoted by (A, X). In

particular, 9M(A) = M(A, A).
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Each z € X induces a double multiplier (L, R;) given by
L,(a) = za, R,(a) = ax, (a € A).
A map ¢: A x A — X is said to be quasi-multiplier if for every a,b,x,y € A,
¢(az, yb) = ag(z,y)b. (1)
The collection of all quasi-multipliers from A x A into X is denoted by Q9(A, X), and we write QM(A) for

QM(A, A).
It is/showedn [1T]sthat QM(A) is a Banach space with the following norm,

6]l = sup{[|¢(a, b)

|:a,b€SA},

where Sa = {a.€ A: Jla]| = 1Th

The notion of a guasi-multiplier is a generalization of the notion of a left (right, double) multiplier on a Banach
algebra and was introduced in [3] for C*-algebras. The general theory of quasi-multipliers on a Banach algebra
with a bounded approximate identity,studied by McKennon in [11].

Since then many authors have been studied quasi-multipliers, and different results have been obtained; for
instance, see [1, 2, 6, 10] and.the references therein.

There exists another related concept of quasi-multipliers, called left (right) quasi-multiplier, which we introduce
as follows. A left quasi-multiplier (right.quasi=multiplier) is the map ¢ : A x A — X for which

d)(aa yb) = QZS(CL, y)b’ ((ZS(CLZ‘, b) = aqb(x, b)),

holds for all a,z,b,y € A, and ¢ is a quasi-multiplier if it is a left and right quasi-multiplier.
If ¢ is both left and right quasi-multipliér, then ¢ is a quasi-multiplier according to (1), but the converse is false,
in general. The next example illustrates this fact.

Example 1.1. Let

0 Z10. %22 Z3

. 0 0 24 Z5
A= 00 0 z Z1,..0,26 €C 3,

0 0 0 O

and define ¢ : A x A — A via ¢(a,b) = ba. Then, for all a,b, x5y € A,
¢(ax,yb) = ybary= 0.
On the other hand, a¢(x,y)b = ayxb = 0, hence ¢ satisfies in (1), but in general,

yax = ¢(az,y) # ad(x,y) = ayw:
Thus, ¢ is not a right quasi-multiplier.

A net {ex}rer in a Banach algebra A is a bounded approximate identity if'sup, |[ex]|’< oosand exa — a and
aey — a for every a € A. C*-algebras and the group algebras L!(G) for a locally compact group G are two
important example of Banach algebras that have bounded approximate identity, see [4].

By a result of Johnson [7], any multiplier 7' on Banach algebra A with a bounded appréximate identity is
continuous. For generalization of this result to Banach A-bimodule X, see [12, Theorem 1}.

The following result is [11, Theorem 1].

Theorem 1.1. Suppose that A is a Banach algebra with a bounded approximate identity. If p: A x A —5 X is a
quasi-multiplier of type (1), then
(i) ¢ is a left (right) quasi-multiplier,
(ii) ¢ is bilinear,
(iii) ¢ is jointly continuous.
In this paper, we characterize quasi-multipliers on group algebras and C*-algebras. We also introduce the notion

of quasi Jordan multiplier as a generalization of Jordan multiplier, and prove that every quasi Jordan multiplier on
mentioned algebras is a quasi-multiplier.
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2. Quasi-Multipliers on group and C*-algebras

Let G be a locally compact group. Then by Wendel’s theorem [4, Theorem 3.3.40], we have M(L1(G)) = M(G),
where M(G) is the Banach algebra of all complex, regular Borel measures on G with respect to the convolution
product *, and this result extended to the quasi-multipliers in [11, Corollary of Theorem 22].

Wesmention that by [8, Theorem 6.3], the map ¥ — p* v is w*-continuous for each p € M(G) and p — pxv
is w*-continuous for each v € M(G).

Define ¢ : L'(G) x L'(G) — L*(G) by

o(f.g9)=fruxg, f.g€L'(G), (2)

where p € M(G) is afixed element. Then clearly, ¢ is a quasi-multiplier.
Next,we characterize quasi-multipliers on L!(G).

Theorem)2.1. Let'G be aylocally compact group and ¢ : L*(G) x LY(G) — LY(G) be a quasi-multiplier. Then

¢(f.9)=Ffxpxg, f.geL'(q),
for some unique elementqt € M(G).

Proof. By Theorem 1.1,@ isjointly continuous and hence it is bounded. Let {ex}es be a bounded approximate
identity in L'(G), thenthe net {&(ex, ex)}rcr is bounded and we may assume that it converges to u € M(G) with
respect to the w*-topology.

For each f,g € L'(G), we have ¢(f x ey, ex x g) tend to ¢(f,g) in the norm topology because ¢ is continuous.
From the separate w*-continuity of convolutiomproduct in M(G), we get

O(f xexserxg) = fxplex,en) xg — fxpuxg,

in the w*-topology. Consequently, ¢(fyg) = f . usgafor every f,g € LY(G). If uy € M(G) was another element
such that ¢(f,g) = f % p1 * g, then

fr(p—m)xg=0,
for all f,g € L'(G), thus also for all f,g € M(G). Since M(G) is unital, we obtain y = y;, and the proof is
complete. 0

As a consequence, we get a brief proof for the following remarkable result due to Wendel, [13, Theorem 1].

Corollary 2.2. Let G be a locally compact group and T L1 (G) — L'(G) be a multiplier. Then there erists a
unique element pn € M(G) such that

T(f)=fxp=pxf. JE€L(G).
Proof. Define ¢ : L}(G) x L*(G) — LY(G) via ¢(f,g) = T(f * g). Then ¢ is a quasi-multiplier and it is jointly
continuous. By Theorem 2.1, there is a unique p € M(G) such that
T(f*g)=d(f.9)=Ffxp*g, fgeL' (G
Let {ex}rer be a bounded approximate identity in L'(G). Replacing g by {ex}aer, we get
T(f)=fxp feLY(G).
Similarly, T'(f) = pu* f for all f € L}(G). O

There are two naturally defined products on the second dual space A** of a Banach algebra A, which we denote
by O and <, respectively. Thise products are defined by

OV = limlima; - b;, YOO =limlima; -b;, O,¥ € A™,
i g 7 i

where {a;, };cr and {b;};cr are nets in A that converge in the w*-topology, to ® and ¥, respectively. The Banach
algebra A is said to be Arens regular if 00U = UG on the whole of A**. Tt is shown [4] that every C*-algebra A
is Arens regular.

We regard A as a closed subalgebra of both (A**,0J) and (A**,{), and A is w*-dense in A**. We referthe
reader to [4] for a full discussion of these products.

Now we can formulate the following result.
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Theorem 2.3. Let A be a C*-algebra and ¢ : A x A — A be a quasi-multiplier. Then there is a unique element
& €A™ such that
¢(a,b) = alb, a,be A.

Note that Theorem 2.3 shows that for each C*-algebra A, Q9(A) may be embedded in the enveloping von
Neumann algebra A**.
From' Theorem 2.3, we get the next result which characterize multipliers on C*-algebras.

Corollary 2.4. Let A be a C*-algebra and T : A — A be a multiplier. Then there exists a unique element & € A**
such that
T(a)=al =&a, acA.

Let "A befa Banach algebra with a bounded approximate identity {ex}rcr, and let ¢ : A x A — A be a
quasi-multiplier.
(i) Define Si: A — A by=S(b) = lim) ¢(ex,b), then we have

S(yb) = lim ¢(ex, yb) = limg(ex, y)b = S(y)b, b,y € A,
hence S is a left. multiplier:
(ii) Define T': A — A, by T(a) =1imy ¢(a, ey), then we get
T(ax) = liin plax,ey) = liin ap(xz,en) =aT(z), a,x€ A,

so T is a right multiplier.
(iii) By letting a =y = ey, and & = b =, in (1), respectively, we arrive at

ofe.b) SWHo(r,e0)b, and Gla.y) = limag(es. ).
Therefore, limy, ¢(a, )b = limy ad(ey, b)for all a;b € A, and hence
aS(b)= liin ag(exyb).= liin ¢(a,ex)b=T(a)b,

Consequently, (S,T) € M(A). Therefore, welproved the following result.

Proposition 2.5. Let A be a Banach algebra with a bounded approzimate identity. Then I' : QIMM(A) — M(A)
defined by T'(¢) = (S,T) is linear and one to one.

Next we show that I' is continuous. To see this, first note that ||(S37)| = sup{||S||,||T||}. On the other hand,
by the above argument S(b) = li/I\n @(ex, b). Since ey is bounded and@ is jointly continuous by Theorem 1.1, we get

15O = lim [[g(ex, )| < [ alfflexlllBl < cllgijllel
Thus, ||S]| < ¢||¢||. Similarly, | T]| < ¢||¢]|, and hence

T = 165, D)l < clll,

for all ¢ € QM (A). Therefore, T is a continuous.

It should be pointed out that the map f: A — QIM(A) defined by f(a)(z,y) = xayis linear and one to one.
Moreover,

1f (@) (2, y) || = llzayll < [lz[llal[[y],
therefore,
£ (@)l = sup{[|f(a)(z,y)| : z,y € Sa} < [la]|.
So f is continuous. For each a € A, f(a) € QM(A) and hence by Proposition 2.5, there exists«(iS,T) € M(A) such
that I'(f(a)) = (S,T). Indeed,
S(y) =lim f(a)(ex,y) = limeray, y & A.

Since {ex}aer is a bounded approximate identity, we obtain S(y) = ay = L4 (y).

Similarly, T'(x) = R, (x) for all € A and hence I'(f(a)) = (L4, Ra). It is known that the map A : A< M(A)
defined by A(a) = (L4, R,) for all a € A is a continuous homomorphism, and so we get the following result.

Proposition 2.6. Let A be a Banach algebra with a bounded approximate identity, and ', f and A be as above.
Then
(i) Tof=A,
(ii)) To f is a continuous homomorphism,
(iii) T is a continuous map.
We do not know that under what condition the map I" : Q9(A) — M(A) is surjective.
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3. Quasi Jordan multipliers

A linear map T from an algebra A into an A-bimodule X is called a left Jordan multiplier (right Jordan multiplier)
if for all a € A,

T(a®) = T(a)a, (T(a®) = aT(a)).

LT is'both left as well right Jordan multiplier, then it is called a Jordan multiplier.

Clearly, every multiplier is a Jordan multiplier, however, there exists Jordan multipliers that are not multipliers,
see [5, Example 2.6]. For more information of Jordan multiplier, see [14].

Next wedntroduce the concepts of quasi Jordan multiplier as a generalization of Jordan multiplier.

Definition 3.1. The bilinear map ¢ : A X A — X s called a right quasi Jordan multiplier (left quasi Jordan
multiplier) if
¢(a”,b) = ap(a,b), (4(a,b®) = ¢(a,b)b),

for all a,b € A.[If ¢ is left and right quasi Jordan multiplier, then it is natural to call ¢ a quasi Jordan multiplier.

A={|:28 2’02:| Zl,ZQE(C}.

Then X = C is an A-bimodule with the following actions:

Example 3.1. Let

aAd=0, da=MXz, AeC, a€A.
Define ¢ : Ax A — X by
21 2 w1 W2
¢({0 0]’[0 0])_22“’2'

Then ¢(a,b?) = ¢(a,b)b for all a,b € A, and so ¢ is a left quasi Jordan multiplier, but it is not a left (right)
quasi-multiplier. Note that ¢(a?,b) # 0, in general, while ag(a,b) = 0 for every a,b € A.

Proposition 3.2. If every Jordan multiplier T.: A — X 18 a multiplier, then every quasi Jordan multiplier
¢:AxA— X is a quasi-multiplier.

Proof. Suppose that ¢ is a right quasi Jordan multiplier, then
#(a?,b) = ap(a,b), a,be Ad
Let ag € A be a fixed element and T : A — X be a linear map defined by T(a) = ¢(a, ag). Then
T(a?) = ¢(a* ao) = ag(a,ap) = al(a), Fa € A,

and thus, T'(ax) = aT'(z) for all a,x € A. This means that ¢(azx, ap) = ad(x, ap). Since.ap € A was assumed be an
arbitrary, so ¢ is a right quasi-multiplier. Similarly, we can prove the left version. ([

From Proposition 3.2, [15, Theorem 2.3] and [15, Theorem 2.11], we deduce the next results.
Corollary 3.3. Let A be a C*-algebra. Then each quasi Jordan multiplier ¢ : A X A —= X i8 a quasi-multiplier.

Corollary 3.4. Let G be an abelian locally compact group and A = L'(G). Then edch quasi Jordan multiplier
¢:AxA— X is a quasi-multiplier.

For a,x,b € A, we set

Aq(a,z,b) = ad(x,b) — xp(a,b).

We say that an element w € A is a left (right) separating point of A-bimodule X if the condition wx =0
(zw = 0) for all x € X implies that z = 0.

If A is unital with unit e4 and X is unitary, i.e., eqx = x = xe4, then w = ey4 is a left (right) separating point
of X.

Theorem 3.5. Let A be a commutative algebra. If A has a left separating point w for A-bimodule X, then every
right quasi Jordan multiplier ¢ : A x A — X is a right quasi-multiplier.
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Proof. We intend to prove that Aq(a,z,b) =0 for all a,z,b € A. Let
#(a,b) = ad(a,b), a,bec A.
Replacing a by a + = we get

2¢(ax,b) = ap(z,b) + zp(a,b), a,z,b€ A. (3)
Interchanging = by zy in (3), we obtain
2¢(axy, b) = ag(zy,b) + zyd(a,b). (4)
Plugging (3)dnto (4) to get
4¢(axy,b) = a(mgb(% b) + yo(x, b)) + 2zyd(a,b). (5)
Replacing a by  and z by a in (5), we have
4¢(axy,b) = x(aqb(y, b) + yo(a, b)) + 2ay¢(x,b). (6)

Comparing (5)‘and (6), we arrive at
yAi(a,z,0) =0, a,b,x,y€ A.

Interchanging y by w in the above equality, and since w is a left separating point of X, we get Aq(a,z,b) = 0.
Hence, a¢(z,b) = xd(apb)for all ajx, bie A. Therefore, it follows from (3) that ¢ is a right quasi-multiplier. O

The next result follows from Theorem 3.5.

Corollary 3.6. Let A be a commutativetunital algebra. Then every quasi Jordan multiplier ¢ : Ax A — A is a
quasi-multiplier.

Lemma 3.7. Let ¢: A x A — X be a/right quasizJordan multiplier. Then
dlaxb #bza,y) = axd(b,y) + bxo(a,y),
for all a,b,z,y € A.
Proof. Suppose that ¢(a?,y) = a¢(a,y) forall afy € A. Replacing a by a + x we get

¢lax +wa,y) =\ad(z,y) + 2d(ayy), a,z,y € A. (7)
Replacing x by ax + xa in (7), we arrive at
d(a’x + 2axa + ra,y) = ap(ax™ va,y) +lax + xa)d(a,y). (8)

Using (7) and (8), we obtain
p(aza,y) = axd(a,y),« a,z,y € A.
Setting a + b instead of a in the above equality, we get

¢(axa + bxb + axb + bxa,y) = (ax + bx)(¢(a,y) + ¢(b,y)),
for all a,b,z,y € A. From the above two equality we reach the describe identity. O
As usual we write [a, b] for the commutator ab — ba.
Theorem 3.8. Assume that ¢ : A x A — X is a right Jordan quasi-multiplier. <Then
cf(a,c,b) = [c,alp(c,b) + ¢([a,cle,b), a,b,ce A, (9)
where f(a,c,b) = ¢(ac,b) — ap(c,b).
Proof. By Lemma 3.7, we have

cf(a,z,b) = cp(ax,b) — cap(x,b)
= co(ax,b) + xad(c,b) — xad(c,b) — cagd(x,b)
= co(ax,b) + zagp(c,b) — ¢(xac + cax,b) + ¢(acx,b) — Pp(acz, b)
cop(azx,b) + zagd(c,b) — ¢p(xzac + aczx,b) + ¢(acx — caz,b)
= co(az,b) + zad(c,b) — xp(ac, b) — aco(x,b) + ¢([a, c|x, D).
Replacing x by ¢, we get cf(a, ¢,b) = [¢,a]d(c,b) + ¢([a, c|c, b), for all a,b,c € A. dJ

From Theorem 3.8, we have the next result.

Corollary 3.9. Let ¢ : A x A — X be a quasi Jordan multiplier. If A is unital and X is unitary, then ¢ s a
quasi-multiplier.
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