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Optimum Walking Design for Biped Robots Based on the Improved Inverted Pendulum
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ABSTRACT: The Spring-Loaded Inverted Pendulum (SLIP) model limits the controllability and
mobility of biped robots in walking due to its omission of the ankle joint. This paper proposes a new
walking pattern, titled “Optimized Step Design for Biped Robots Based on an Improved Inverted
Pendulum Model,” known as the Variable Spring-Loaded Inverted Pendulum with Finite-sized Foot
(VSLIP-FF) model. Inspired by human walking characteristics, an adaptive strategy for leg extension
and contraction is proposed for step planning, effectively emulating the role of the ankle joint. Finally,
we examine the position and velocity of the robot’s center of mass with the VSLIP-FF model during
walking on surfaces with varying friction. This stability and adaptability are crucial for the practical use
of biped robots on diverse terrains. Simulation results for the model in the stated conditions show that it
maintained stability on both flat and inclined surfaces with an 8% slope, exhibiting human-like behavior
and achieving longer strides in a shorter time compared to the SLIP model. Friction conditions for the
model on flat surfaces were also evaluated; based on this model’s parameters, if the friction coefficient
is greater than or equal to 0.047, the friction between the robot’s foot contact surface and the ground is
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1- Introduction

The Linear Inverted Pendulum Model (LIPM) and the
Spring-Loaded Inverted Pendulum (SLIP). While LIPM
offers simplicity and has been useful for control strategies
like ZMP and Capture Point, it falls short in handling realistic
ground interactions and dynamic events. SLIP models provide
more natural interaction with the terrain but traditionally lack
foot and ankle dynamics. To address these limitations, an
advanced SLIP model is introduced that includes a finite-sized
foot and an actuated ankle joint, enabling improved stability,
adaptability, and control. Inspired by human walking, the
model uses adaptive stiffness, ankle torque control, and a
finite state machine to manage gait phases. A Particle Swarm
Optimization (PSO) algorithm optimizes trajectories for the
center of mass and feet. This enhanced model better handles
impact forces and terrain variability, offering human-like,
stable, and flexible bipedal locomotion.

2- Mathematical modeling

During walking, the stance leg and the swing leg of the
model are denoted i E[A,B]. Here, k ; represents  the
equivalent stiffness of the legs, and /; denotes their actual
length. The contact angle & efers to the angle between
the swing leg and the ground, which determines both the
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touchdown position of the swing foot X,, and the step
length [g;zp

2- 1- Single Support Control Mode (SS1 and SS2)

In the single support phase, the horizontal and vertical
coordinates of the stance foot are denoted by X,y , while
the position of the center of mass (CoM) is represented as
X _,) . The initial single support control in state SSI is
defined by the following equations[1]:

mp, =mg + Yk, (I, —|l, ||)i,- +2.7, /|| o

Tis :_(kpl(”lA ”_ld)_kdlif‘j (2)

Here, k , and k, are the proportional and derivative
gains of the PD controller, respectively. The parameter [ d
denotes the minimum reachable leg length, which adapts
according to the desired step length. / , is the rate of change
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Fig. 1. Single Support Mode (SS1 and SS2)

inleglength, and 7, is the torque applied at the ankle joint of
leg A during the single support phase. The positive direction
for ankle torque is defined clockwise.

The secondary single support control for state SS2 is
described as follows:

mp, =mg +k, (10 _”13 ||)ig + s 3)
s |

o =(n (=)t @

In this case, 7y is the ankle torque is applied to leg B
during the single support state. The PD control gains k 2
and k,,are set equal to k, and k, respectively, for
simplification purposes[1]. All other parameters are defined
analogously. The net ground reaction force applied to the
center of mass by the spring component of the leg is given by:

F, =k, (1,~1]) 5)

2- 2- Double Support (DS) Control Mode

In the double support phase, as illustrated in Figure 2,
both feet are in contact with the ground and act as support
bases. The spring force must be distributed in such a way that
its effects are accounted for in both legs. In this phase, the
horizontal and vertical positions of the primary and secondary
feet are denoted as x,,),nd X, ), respectively[1]. The
horizontal and vertical position of the center of mass is
represented by X .,V . The double support control is applied
in the DS phase and is divided into two stages based on the
following condition:

If the condition

ky(ly=|l5|) < amg (6)
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Fig. 2. The double support

holds, where the parameter o\alphaa is used to scale
the gravitational force mgmgmg, it defines a threshold
condition for determining when force application transitions.
In essence, a\alphaa plays a key role in the timing of weight
transfer between the robot’s legs. In this study, 0=0.3 is
selected to ensure smooth and stable walking. During this
stage, bipedal locomeotion transitions naturally after ground
contact and gradually transfers the center of mass to foot B,
as governed by the following dynamic equation:

mp, =mg +k , (1, =L, Dl +k, (1~ |1, D5 7
If the condition

ky (L =[15[) = amg ®)
is satisfied, then the dynamics follow:

mp, =mg +k (I,—1 )4 +k,(l,—1,)] s +§Ld ©)

B
Toa =k sy =L )+ Ky L (10)

Here, 7, represents the ankle torque of leg B in the
double support phase. All other related parameters are defined
analogously[1]. In this stage, leg B assumes the support
role, and the torque begins to act on ankle B, providing the
mechanical force necessary to extend leg A back to its rest
length.

3- Research Findings

In the variable-stiffness loaded inverted pendulum
model with a finite-sized foot, important findings were
obtained concerning the center of mass (CoM) dynamics,


https://dx.doi.org/10.22060/mej.2025.23962.7829

A. Azimi et al., Amirkabir J. Mech. Eng., 57(4) (2025) 417-452, DOI: 10.22060/mej.2025.23962.7829

CoM position

099

| |
094+ |
| i |
. | | ,'
093

Fig. 3. Bipedal Robot Locomotion under Static and Sliding Friction Conditions

including its position, velocity, and trajectory, as well as
the forces transmitted from the feet to the CoM during a
complete gait cycle on both flat and inclined surfaces. These
results offer crucial insights into the stability and behavior
of bipedal locomotion throughout the single- and double-
support phases[2]. A key focus of the study was identifying
the boundary between static and sliding friction regions, as
this distinction significantly influences the robot’s stability
and control. The transition between these friction regimes
was determined using the friction coefficient and relevant
governing equations. If the coefficient of friction satisfies the
following condition:

0.047 < 1 (1)
Then:
fisuf, (12)

As aresult, slipping will not occur, and only static friction
will be present at the contact interface between the foot and
the ground.

However, if the coefficient of friction is as follows:

0.047 > u (13)
Then:
fi>u. (14)

Consequently, slipping will occur, and only sliding
(kinetic) friction will exist at the foot-ground interface.

Also in Figure 1, the study compares the effects of static
and sliding friction on the trajectory of the center of mass
(CoM) in a variable-stiffness inverted pendulum model with
a finite-sized foot over ten walking steps. When the friction
coefficient is high (n = 0.9), static friction prevails, preventing
slippage and allowing stable, efficient walking characterized
by longer strides and higher velocity (red curve). In contrast,
when the friction coefficient is low (u = 0.047), the robot
experiences sliding friction, leading to slippage, shorter
steps, and reduced control (blue curve). Green regions in
the trajectory graph highlight moments of slipping, where
friction is insufficient, causing deviations from normal gait
and instability. Despite this, the model demonstrates strong
adaptability, with control mechanisms that respond to slippage
by restoring balance and maintaining forward progression,
showcasing its robustness across varying surface conditions.
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6. Capture Point (CP)
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1. Linear Inverted Pendulum Model (LIPM)
2. Spring-Loaded Inverted Pendulum (SLIP)
3. Center of Mass (CoM)
4. Double Support Phase
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2. Finite State Machine (FSM)
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Fig. 1. (a) Inverted pendulum model with spring loading (b) Inverted pendulum model with a variable spring
and a leg of limited length.
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Table 1. Summary of the innovations presented in the paper.
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Fig. 2. Inverted pendulum model with a variable
spring and a constrained leg[2].
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Fig. 3. Step planning method based on the constrained-state system[2].
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Fig. 4. Single-support phase (SS1 and SS2).
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Fig. 5. Double-support phase.
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Fig. 6. Flight phase.
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Table 2. Swing foot rotation control mode|[2].
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Fig. 7. Forces exerted on the robot's sole along with the friction cone.
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Table 3. Required Parameters for Gait Trajectory Simulation.
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Fig. 9. Horizontal (x) and Vertical (y) Position of the Center of Mass (CoM) from Gait Initiation.
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Fig. 13. Forces Transmitted from the Legs to the Ankle.

Fifth-Order Bézier Curve for Foot Trajectory
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Fig. 14. Swing Foot Trajectory During the Initial Single-Support Phase
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Fig. 15. Swing Foot Trajectory During the Secondary Single-Support Phase.
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Walking Simulation without Damping
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Fig. 17. Horizontal (x) and Vertical (y) Position of the Center of Mass (CoM) from Gait Initiation
on Inclined Surfaces.
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Table 4. Required Parameters for Simulating Gait Trajectories on Inclined Surfaces.

e Josgase ailge oo fosgase ailge
AQA/FEYA Ky UM g/(m.s7%)

\ kax no L2/ (m)
AAA/FEYA Kpa 0 lp2/ (m)
Voo kaz A he/(m)
Yay/Aayy Kps \ ly/(m)
V- IOAY kas AL ly/(m)
! Xeo/(m.s™1) [-5mv] 6/(rad)

A\ Zeo/ (M) FOVFAUYFYVO ka/(kN.m™1)

Zeo/(m.s™1) [-50] kp/(kKN.m™1)

(F Jgi2 )il Sleylie ccanl 008 )5 (VW) US55 a5 el
plaS 2 Job (VA) JS5 Ballae i (1) by 5l oalatl b (9i8]
JolS 6 )l3,5pl5 452 Sy el VSLIP-FF s ;5 1, &l cslal,
b gl g e 8 L odd (oI5 osSne SSgl o 1 08 dsulons
bl Jsbo S oo Jos puitie (b b (28 plgis 4 ol gaoe o5l
@l &8 gl il 390 551 B wbige Gl 5 Sl Cglie yob 4,

Db Ol ej b (pled Sl (8L slaSsd 9 39 pald
Il 6)brpl S sl B g AL Job ol 1A) S5 4 a2 9l
sl a8ly I3 L o 4y s o sk (55 52 (5550l sl
s §) sl o ol (el ol (638 s lsse Ll o 4 oS
Gl B sl s A b Job o5 a8 anlie (S Sl 3 %00
by a8 ol ade @ jbcwi zolaw g9y o oyx8)0ly cls o (g 09y aidly
B il plo & Cond ddgl BT SO 51 40 gy loj ey
5 O i gloj @ae B sl cuns A Gl Jsb 05 0
9 b 4 0l 3909 lp oy sl & bl Sl 5 whie G
P03y 4y ymie XS (o0 I (poled (ej b St ©jg0 4 2EASS
Spdiebs b ol el 3Slee g9 cnl Dsde B sl o0
e bads jglate &y il gglaw sl VSLIP-FF Jao ity ez 0

@ e S ye oy bl Gl el by S Gonen 5 )l
2 ol Oglite (2IEAST 93 5 (2EAST S 5B G w2y JB ok

£8y

Db g da & (5l pplS

chw b poda Ol a8 e o lis X Couxdas pd calesy il
bis 1) do5 B (8l CBlLodl (g (e 9 99500 5}l sl
Ologs ool 3o LS 1) loyg> Slug oS LY Hgome S (o0
S 2l Bl Job )3 p2 50 390 (bl oaimlis
o Yl (lBaSs o3 o A 5 glajh e IS s ppr 0
&S o o (Bl ol o job 4 (93508 Sl aioly gy 0 ol
st g (555 (5 by Lo Sl byl (550 i ool
Ol cpl ol ssalio JBY jeome 1Sl )5 (2,05 Liuli8l .l
DS o g pa8 o Lp 3y 1 ol rdans o oLl

T gohaw 4 Cund jbcad gohw (o) S)brpl o 2
5 dgui oo (ABAST 90 51 d)lg iy pAU L by oS ded o odnlie
S ypplE 5l iy o) Gl o adel aBASS ST s (souw
cel s, plas cwl ool Jolaid] ogs 4 (b b b awsldo (o 1)
5 9 2SS S5 il 1y 095 gy bl 4 e 550 05
odely P o 1y yoagd (g)lul wlen by U s Jane o84S
(S odiad i gadee (pl g3 &S S lais bl polaw (g9
p& ;> VSLIP-FF Juao VU (g)lub g Jols bis g (gl ke
el g Sl aw 595 p 5)P el

Q,’.’é)ol) oAb Ay CoM gowws &l le).g TRWEWR )g..)Lb..A



leg A & B(m)
1 —*F——\\\I\ T T N\ T T T
0.98 [ . - i
= \\7_4 S it
£096 Bl -
8) legA
2 094 - o8]
{@)]
2
092 - —
09 | | | | | | |
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8
time(s)
IS ol 59 )l 512l S Gl B g A S Jsb NA U
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Fig. 19. Horizontal and Vertical Gait Velocity of the Center of Mass on Inclined Surfaces.
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Fifth-Order Bézier Curve for Foot Trajectory
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Fig. 21. Swing Foot Trajectory During the Initial Single-Support Phase (SS1).
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Fifth-Order Bézier Curve for Foot Trajectory
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Fig. 22. Swing Foot Trajectory During the Secondary Single-Support Phase.
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