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Figure 1. Geometry of incomplete conical shells and an example of their application
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Table 1. Conical shell material specifications
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Table 2. Comparison of the frequencies of the first three modes obtained from reference [1].and the proposed model for a conical shell
with a fixed end supports
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Table 3. Comparison of the frequencies of the first three modes obtained from reference [1] and the proposed model for a conical shell
with free ends
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Figure 3. Some geometric parameters and material characteristics of the FGM conical shell considering elastic support
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Table 4. Conical shell material specifications for FGM mode
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Table 5. Comparison of the dimensionless frequencies of the first to fifth modes obtained from the proposed model and
the output of the Abaqus software for.different thicknesses of the FGM conical shell under the fixed ends boundary

conditions
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Table 6. Comparison of the dimensionless frequencies of the first to fifth modes obtained from the proposed model and
the'output of Abaqus software for different thicknesses of FGM conical shell in free ends boundary conditions
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Table 7. Comparison of the dimensionless frequencies.of the first tofifth modes obtained from the proposed model
and the output of Abaqus software for different thicknesses'of FGM conical shell under simple ends boundary

conditions
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Table 8 - Comparison of the dimensionless frequency of the first mode obtained for the damaged and intact structure in different damage
scenarios for fixed and simple end supports and considering g=1
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Figure 5. Results for scenario (3) with:a simplesupport resting on an elastic bed, a. first to third mode shapes b. first, second, and third
order derivatives of the first mode shape.
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Figure 6. Third derivative values of the first mode frequency for scenario (1); a. for fixed supports ; b. for simple supports
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Figure 7. Third derivative values of the first mode frequency for scenario (2); a. for fixed supports; b. for simple supports
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Figure 8. Third derivative values of the first mode frequency for scenario (3); a. for fixed supports; b. for simple supports
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Table'9. Comparison of.the dimensionless frequency of the first mode obtained for the damaged and intact
structures in different damage scenarios for fixed and simple end supports and considering g=0.2
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Table 10. Comparison of the dimensionless frequency of the first mode obtained for the damaged and intact
structures in different damage scenarios for fixed and simple end supports and considering g=5
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Damage identification in conical shell structures using
analytical methods based on free vibration of the
structure

ABSTRACT

Structural healthsmonitoring and detection of damaged areas in a structure is essential for surveying its performance
during the.structural life.\Because not paying attention to the local damages is reduced the efficiency of the structural
performance<and could result in increasing the damaged intensity due to natural or artificial loads and consequently
collapse of entire structure. The main goal of this research is to propose a model using analytical methods and
developing it to'identify the damaged areas in conical shells made of functionally graded materials placed on an elastic
substrate. Since the mode shapes are sensitive parameters to damage presence in the elements, they are used for damage
detection process of the structure. The governing equations have been extracted based on the first-order shear theory in
Maple software. The analytical .method uses the power series to obtain the natural frequencies and mode shapes of the
structure. In order to ensure the performance of the proposed model, the results of the modeling have been verified with
the results of other references and those of the numerical model built in Abaqus software.Finally, taking into account
various types of support conditions and different stiffnesses for the substrate, the damaged elements of the conical shell
have been specified considering different damage scenarios.Investigations show the proper performance of the proposed
model in detecting the damaged area.

Keywords

Functionally graded materials (FGM), Conical® shell, Damage identification, First-order shear
deformation theory, Modal derivatives shapes:



‘54|9.$ Sy el g o5l OYolreo (&) S g

aYolee (W) 5 (VF) SYoles ;0 (VF) SVolee )05 L g jebd Slgi (6w 5l oolainl b ass 8 by e ;0 a7 jshailen

bl oo ol e WSS @ ;5 Ly o rimes bl (oo Glo BB G Sjge 4 G50 kil ph g oS>
Jﬂ‘ 4.]»)[.’.0

A (600, (X = AR I3 1) = AS U (1) D (Y (x-) ~

—BZN;Y H(x= xo)ji(i)W§*>(x— X))+ BZN;i(i “DWPP (x—x,)" 2 - BZN(;(j +1)Y 2 (x— XO)JZNO:ngv(X_ x,)'
R0 A O )" =AY 1+ DY (6 )3 W x-) =10 DU, () -
L0730 ) =5 A R, (1) =AY+, 001 DY 4 (x) -

AY U, (1) (DY 2 (=g -BYY (=) D (P (x )+ BY (+D)(i+ P x ) —

V-l

BY(J+DY 2 (x-1,)) 30 (x3)! 2RS¥ - tan(d) Y. (1-+IW,(x -, ~

AZN:(j +1)Y 2 (x - X,)’ tan(¢)ZN:Wi (X=X )k Ioa)ZZN:Ui(X— X,)' + Ila)ZZN:‘Pi(X’(X— X,) =0=

A

- j+)y (AU, ), +BYY

i—j+1
j=0

+ tan(¢)'&\Ni—j+l) +

- i Zi:(j +Y (A= AU, +(B-B) ¥ + tan@[A— AW, )+ (x—x,)' =0

i=0 | j

+(i+2)(i+1)(AU,,, +B¥)

i+2 i+2

)+ (10, + 1,91

A



090 alolae
Bzz.(. =1 (x—xo)'Z—BZY i (x o)"_Nzliui(x—xo)i-l—
i‘au ) U, (6 e +D 30 DT —x,) -
‘N; IR P ) DY+ ) 2 -, -
JNZ ) )W, —xo)”—Bszo(j ) @I () -
RS g AW o) =030, G- 1 S )

(i +( +2U, ., (x =x3)' —BZY I (x —xo)ji(i +DU, (X —X,) -

gMZ J'DMZ g

Y-l

BZ(j +1)Y 172(x —xo)jZUi(x X,) +DZ(| +1)3i + 2P (x —x,) —

i=0

N N N N
DY X =xo)! 2 (1 + D)W (XEX,) —D YT (5 DY TP (x —x) YW (x —x,)' -
j=0 i=0 j=0 i=0

DY I k) tan(@) Y IV, (X —X) ~ BT DY (¢ ~x)) tan(@) YW, (x ~x,) -

—KAD WX =Xo) =KADY (i +IW 1 (x —=Xo) 10" > Ua(x =)' +1,0°> W (x —x,) =0=
=0 i=0

i=0 i=0

N .
23— +1r H(-BU,_,, ~D¥,, ~ tan(@)BW )

:_NZ Zi:(j +1Y 2 ((-B)U; ; +(-D )W) +(-B)tan(pW; ;) + (x —=x,)' =0

(i +2)(i +1)(BU,,, + DY), ) —KA (P + (i +IW,, )+ o’ (1U,#1,%) )

Yy



Pgw aJoles

AYY 0 —x,) tan(@) >0, (x - xo) A (1Y 12 x,) tan(@) U, (x —x)' +

+B ) Y X - x,)] tan(¢)ii‘1’f”(x —xo)"l—Bi(j +1Y E(x —x,) tan(¢)i‘l’f”(x —-X,) +

j=0

AREY P () KA 17 —x,) DB —x,) + KA -, (x —x,) -

i =1 j=0 i=0

_k'&ZY j+l(x _Xo)jZ(i)Ni(X _Xo)iil_AZ(j +1)Y j+2(x _Xo)jZ:\Ni(X _Xo)i -
+kWaONZWi(x =X,)’ +kwa1NZ(i)/vi(x —xo)i’1+kwa2i(i )i —IW, (x —x,)" " :—llszZwi(x -x,) =

S AYY ) k) (@)Y AL —x,) —AD DY T x —x,) @)U, (x —x,) +

i=0 j=0

BV x -x,)! tan(qﬁ)i(i +D)EH(x —x,)’ —Bi(j +Y T (x —x,)] tan(¢)i\1’i(”(x —-X,) + Yol

=0 j=0

A1+ D x,) KA 0,0 T ) KA 4,6 -,
RS RRCETRID Y REVANCE NS 3 (REVARICE B 3 N R DIRTRD S A

+kWaOZWI(x -x,) +kwali(i +IW, (x =x,) +kwa2i(i +90 +2W, ,(x -x) =0=

i+l

tan(g) Y i —j +1)(AU, ., +BYY ) - tan@)Y (1Y (AU, +BYY) )+
i=0 j=0

N i+1 i
= > KA (D)W + (i +2)(0 +IW,,, ) —KADY T < F IV, —KADY ) - (x —x,) =0
i=0 j=0 ji=0

—Atan2(¢)zi:(j +Y W+ LeW, 1k aW, kg a (i #IW g kpa, (i + D3+ 20,

j=0

Luls 50,90 cavs 4 gl aalal jo el oais ools oo (X 9o bl jo aligy lgftl abai) L alais Joo> oS> &Yolre
: ..\.».:—‘ &° Cawds ) Yol )9L.> @‘5.1 S S8 l) aS Cldal ool colatl] (\ <) 9 (\Y‘) Yol )‘ SHye

Yy



Ro i=0 i Ro i=0
B (1 + 1y (x -x ) B LD Y )
. A(i+1)ui+1+ﬁco%@)ui+5%i+
:NX:;B(i+l) ), g Coslg) 1) (x=x0)
Wi+l R Wi

<

=B (xxe) T+ BEED R x,)

500;(¢)i i(X)(X ~X,) =M, ZBi(i +1)Y (KX, )t
5 CORS(@i I( _Xo)i +§Sln(¢)i |(X _XO)' +

i=0 0 i=

I§C(§(¢)u i +I§% +

B (I +1)U i+l+

RV

vf

(x —xo)i

ol doles

-l

B dJolas

O-all



AW o ddoleo

o’ ! Sl

(for seiwd) Alie ;o oolaiwl 050 05 51 sin

for i from 0 to N do

Equation_1[i]:=evalf(simplify((i+2)*(i+1)*(Aa*U[i+2]+Ba*F[i+2])-sum((-
cos(phi)/Rb)*(j+1)*(i-j+1)*(Aa*Uli-j#1]+Ba*F[i-j+1]),j=0..i+1)-sum((j+1)*(-
cos(phi)/Rb)*(j+2)* (Aa*U[i-j]+Ba*Fli-j]),J=0..i)+tan(phi)* Ab*sum(-(-cos(phi)/Rb)*(j+1)*(i-
j+1)*WI[i-j+1],j=0..i+1)-Aa*tan(phi)*sum((j+1)*(-cos(phi)/Rb)(j+2)*WT[i-
j1,J=0..i)+omega”2*10*U[i]+omegat2*I1*F[i]));

Equation_2[i]:=evalf(simplify((i+2)*(i+1)*(Ba*U[i+2]+Ca*F[i+2])-sum((-
cos(phi)/Rb)*(j+1)*(i-j+1)*(Ba*U[i-j+1]+Ca*FJi-j+1]),j=0..i+1)-sum((j+1)*(-
cos(phi)/Rb)*(j+2)*(Ba*U[i-j]+Ca*F[i-j]),j=0«)*tan(phi)*Bb*sum(-(-cos(phi)/Rb)*(j+1)*(i-
j+1)*WI[i-j+1],j=0..i+1)-Ba*tan(phi)*sum((j+1)*(=cos(phi)/Rb)*(j+2)*WT[i-j],j=0..1)-
k*Ac*(F[i]+(i+1)*W[i+1])+omega™2*11*U[i]+omega”2*12*FIi]));

Equation_3[i]:=evalf(simplify(tan(phi)*sum((-cos(phi)/Rb)*(J+1)*(i-j+1)*(Ab*U[i-
j+1]+Bb*F[i-j+1]),j=0..i+1)-tan(phi)*sum((-cos(phi)/Rb)"(j*+2)*(j+1)* (Aa*U[i-j] +Ba*F[i-
iD.j=0..1)-k*Ac*sum((-cos(phi)/Rb)(j+1)*F[i-j],j=0..i)-k* Ac*sum((=cos(phi)/Rb)*(j+1)*(i-
JH1)*WIi-j+1],j=0..i+1)+k*Ac*(i+1)*F[i+1]+k*Ac*(i+1)*(i+2)*W[i+2]-Aa*tan(phi)2*sum((-
cos(phi)/Rb)*(j+2)*(j+1)*WT[i-j],j=0..i)+omega"2*10*WTIi]));

end do:
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