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1. Introduction

1.1. General Background and Applications

The study of Einstein manifolds, which are Riemannian manifolds characterized by the property that their Ricci
tensor is proportional to the metric, has significantly influenced the fields of differential geometry and theoretical
physics. These manifolds are of particular interest because they generalize the notionfof spaces with constant
curvature and appear naturally as solutions in General Relativity. Broadly speaking,Einstein manifolds form the
backbone of many advances in both mathematics and physics, playing a centralfrole in, the study of geometric
structures, topology, and even quantum field theories.

The exploration of fundamental groups of Einstein manifolds, which reflect the connectivity and global geometry
of these spaces, reveals deeper topological features that influence geometric behavior. Previous work by McKean and
others, particularly in the context of negatively curved and non-compact spaces, has shown that certain conditions
on the curvature of a manifold imply finiteness of the fundamental group. More recently, Wylie’s generalizations
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expanded the scope to a broader class of Einstein-type manifolds, which involve adjustments to the Ricci curvature
condition using additional parameterizations and potential functions. However, the extent to which these properties
apply in more generalized settings, such as complete non-compact Einstein-type manifolds with certain parameter
constraints, has remained an open question.

This paper extends Wylie’s results to a wider class of Einstein-type manifolds by establishing that complete
non-compact Einstein-type manifolds exhibit finite fundamental groups under specific parameter choices. This
generalization offers not only a new understanding of the topological structure of these manifolds but also reveals
implications for related geometric structures. In particular, one immediate corollary is that the sphere bundle
S M, associated with such manifolds, has a finite fundamental group. Sphere bundles over manifolds are significant
in both/mathematies,and physics; they serve as critical structures in fields ranging from fiber bundle theory to
geometric quantization in quantum mechanics.

Applications of the results presented here span several domains. In theoretical physics, Einstein-type mani-
folds are foundational to various generalizations of spacetime in relativity, where understanding the topology and
global properties of the manifeld sheds light on the nature of singularities and possible topologies of the universe.
Additionally, finite fundamental group results contribute to stability analyses in geometric flow theory, as man-
ifolds with such properties often exhibit controlled behavior under Ricci and other geometric flows. This work
also contributes to the broader framework of geometric group theory, linking manifold geometry with algebraic
properties of fundamental'groups;which has implications in the study of discrete subgroups of Lie groups and their
representations.

1.2. Historical Background
In 1968, J. Milnor [14] conjecturedsthatia complete, non-compact Riemannian manifold with non-negative Ricci
curvature has a finitely generated fundamental group, proven in dimension 3 and below. But counterexamples
have been found in dimensions 6 and 7./ This conjecture has drawn significant attention, yielding notable results for
Einstein manifolds and their generalizationsin Riemannian geometry. While this list is not exhaustive, we highlight
several impacts findings, particularly concerning complete Riemannian manifolds with bounded Ricci curvature.

The manifolds bounded below Ricci curvature are studied by J. Cheeger, and T. Colding, especially those
relevant to the collapsing of Riemannian manifolds are discussed by K. Fukaya and M. Gromov, see for instance
[6, 7, 8], [11] and [12].

To analyze diffusion processes on Riemannian manifolds, D. Bakry and M. Emery [3] introduced a generalized
Ricci tensor, defined by

Ric = Ric —Hess(In ¢), (1)

where ¢ is a smooth positive function on M. The Bakry-Emery tensor (1) has since been linked to logarithmic
Sobolev inequalities, isoperimetric inequalities, and heat semigroupsy(see [2Jofor details on these connections). J.
Lott [13] showed that a closed Riemannian manifold with a gradient-shrinking Ricci soliton has a finite fundamental
group. Similarly, A. Derdzinski [9] proved that any compact shrinking Ricci soliton has only finite conjugacy classes,
and F. Lopez and G. Rio [10] demonstrated that a compact shrinking Ricci soliton also has a finite fundamental
group. Extending these results, W. Wylie [15] proved the same for “complete? shrinking Ricci solitons.

Bidabad and Yar Ahmadi [4] further established that a complete, non-compact Riemannian shrinking Yamabe
soliton has a finite fundamental group, provided the scalar curvature is strictly bounded above. Setting ¢ = e
for a smooth function f on M, equation (1) reformulates as

Cm . 1
Ric}" = Ric+ Hess(f) — Edf ® df,
known as the m-Bakry-Emery Ricci tensor for 0 < m < oco. A triple (M, g, f), wheredf is a/real"function on M, is
called an m-quasi-Einstein manifold if it satisfies
Ricf = Ag,

for some A € R. This equation becomes particularly significant when m = oo, yielding the gradient Rigei soliton
equation. When m is a positive integer, it corresponds to the warped product Einstein metrics.
A generalization of this equation, known as an Finstein-type manifold, is given in [5] as:

aRij + BLxgij + 7 XiX; = (pS + pu(x))gij,

for real constants «, 8,7, p and p € C*°(M), where Lx denotes the Lie derivative along a vector field X, and S is
the scalar curvature. For convenience, we assume « # 0 and rewrite this equation as:

Rij + BLxgij + 7 XiX; = Nx)gij, (2)
70



A. Mohammadalipour et al., AUT J. Math. Comput., 7(1) (2026) 69-74, DOI:10.22060/AJMC.2025.23648.1278

where A\(z) = pS + p(z). For certain extensions of this work see also [1, 16, 17]. This work extends the results of
Wrylie for Einstein-type manifolds [15].

1.3.4New Results
In this paper, we consider a vast extension of the above equation to the following inequality:

Rij + BLxgij +vXiX; > ANw)gi5, (3)

and call it-a wide extended Einstein-type manifold. First, we present an estimation of the distance function on an
extension of the.non-compact complete Einstein-type manifolds, as follows.

Theorem 1.1. Let (M, g) be a complete Riemannian manifold satisfying the inequality (3), then for any p,q € M
we have the following inequalities;

1. If v <.0 and M&) > Ny, for some real positive number Ay,

1
d(p,q) < max{1, E(Q(n — 1)+ Hy + Hy + 2|8[(| X |, + [X[g))}-

2. If v > 0 and A(®)= ~|z|*> Azy for some real positive number As,

A< max{l,AiQ@(n— 1)+ Hy + Hy + 218|(1X], + X))

Next, we show that the following, version of Milnor’s conjecture is true for a large extension of Einstein-type
Riemannian manifolds.

Theorem 1.2. Let (M, g) be a completefeztended Einstein-type manifold and cases (1) and (2) of Theorem 1.1
hold. Then the fundamental group (Myg) is finite.
2. An Estimation for Distance Function

Let (M, g) be a Riemannian manifold and X awvector field on M. We consider the usual norm | X |, = /g;;(x) X* X7,
at every point x € M and set

H, = max{0,sup{Ric,(ViV) :y € Bz(1),9(V.V) =1}}.
Using which we have the following lemma.

Lemma 2.1 ([15]). Let (M,g) be a complete Riemanniamymanifold and pyq € M such that d(p,q) > 1. If 6(¢) is
the minimal geodesic from p to q parameterized by the arc-length ty then

T
/ Ric(t/,0')dt < 2(n — 1) W, +H,.
0

Recall that the Cauchy-Schwartz inequality, on a Riemannian manifold (M, g), is‘given by
(X, V)2 < (X, X)g(V,Y), VX, e (M) (4)
Now we are in a position to prove the theorem 1.1.

Proof of Theorem 1.1. If the distance d(p,q) is bounded below by 1, that is; d(p,q) < 1, then we have the
assertion. Assume that T := d(p,q) > 1. Let 0 : [0,+00) — M be a minimal geodesic parameterized by the arc
length ¢ emanating from a point p and passing through ¢. Along the geodesic 6, we have

Ric(0,0') > M) — BLxg(¢',60") —g(¢', X)*. (5)
On the other hand, using lie derivative definition and metric compatibility, we have
/ / / d /
Replacing the above equation in (5), we obtain by integrating
T T T
[ Ric@.#)de = [ () =90’ X))t~ 2890,
0 0
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Let 6(0) = p and §(T') = q. Using the Cauchy-Schwartz inequality (4), we have

o (0. X@0)[ < 90/ (0), 00X (0" (1)), X (O'(1).
Singe' is parameterized by the arc length ¢, we have g(6'(t),6'(t)) = 1 and therefore
—IX1, < 9(6(0), X (6(0))) < | X1y,

—|Xlq < g(0"(T), X(0(T))) < X

Subtracting thesSe inequalities yields
—[Xlq = [X]p < g(0"(T), X (0(T))) — g(0'(0), X(6(0))) < | X1, + [ X[,
If § > 0, by multiplying —23 to.the above inequality we have
T

260X, + |X1,) < ~289(0', X)| < 28(1X1, + X1,).

If 8 < 0, by multiplying —283 tefthe abave inequality gives
T
2B(1 X1 + XTI —2ﬁ9(9'7X)‘0 < =28(1X1p + [ X1g),

from which (6) becomes

/0 Ric(0', 0/ Jit > / A(2) — (6, X)2)dt — 2|)(1 X1, + [X]). (7)

Therefore by Lemma (2.1), the inequality (7) turn$ to be
T
/ (@) —y9(0", X)*)dt S2(n — 1) + Hy Hy +2|B](1 X1, + |X]g). (8)
0

If v <0, using the assumption A(z) > A; > 0 we have

T T
MT< [ @< [ - X
0 0
and, (8) becomes
MT <2(n—1) + Hy + Hy + 2|B[(1X ], + | X]g)-
If v > 0, the equation (4) leads to g(¢’, X)? < |X|?, hence we have —yg(@3X)? > —v|X|?. Therefore

T T
/ (A(x) — [ X[?)dt < / (A(@) — 1g(0', X))t
0 0

According to the assumption (2) we have A\(z) — ~|z|? > As > 0, and (8) becomes
AT < 2(n = 1) + Hy + Hy + 2[5 (| X ], + [XT),

as we have claimed. This completes the proof of Theorem 1.1. O

3. The Fundamental Group of Einstein-type manifolds
Following the Theorem 1.1, we give a proof for the main result of this paper.

Proof of Theorem 1.2. Let M be the universal covering of (M, g), with the smooth covering map p : M —s M.
Let (M ;) be a Riemannian manifold, where g := p*g is the Riemannian pullback metric of g. Assume that é(t) is
a geodesic starting from the point & = 6(0) on M, where 0(t) = p(A(t)). Recall that (M, §) and (M, g) are locally
isometric, therefore f(t) is also a geodesic on M. Since M is a complete manifold, the parameter ¢ in the geodesié

6(t) can be extended to t € [—o0,00]. Being locally isometric, make (t) extendible, as well. Hence (M, §) is a
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geodesically complete manifold. Letting X = p*X, since the projection p : (M, g) — (M, g) is locally isometric,
(3) implies
p*(Rij + BLxgij + 7 XiX;) = p" (AN (2)gij)-
Linearity of p* leads to
P Rij + Bp*Lxgij + 0" Xip* X; > p*A()p* gij-

Denoting Rij = p*R;; and using the Lie derivative property p*Lxg;; = £ ¢Gij, we have
Rij + BLxgi; +7XiX; 2 Mp(#))3i;- (9)

Recall that a deck transformation h : M — M is an isometry such that, po h = - p. Hence the group of all deck
transformations on M is isometric to the fundamental group of M. Let h € 71 (M) be a deck transformation on
M. Note that B(p,1) and B(h(p),1) are isometric, and thus Hj = Hp,5). Also |X|5 = \X|h(,;). Hence Theorem 1.1
implies that

d(p, h(7)) < max{1, 3 [(n — 1) + Hy +26|X]5]},

where A can be replaced by A6t A, for both cases mentioned in Theorem 1.1. Therefore, the set p~1(x), where
x = p(Z), is bounded.” The geodesically completeness and the Hopf-Rinow’s theorem yields that the closed and
bounded subset p~'(z) of Mis compact. On the other hand, since the set p~'(z) is discrete, so it is finite. By
connectedness assumption of M the fundamental group 71 (M, z) are isomorphic. Since M is a universal covering
and (M, z) is in bijective relationswith p1(x), w1 (M) is finite and consequently the first de Rham cohomology
group vanishes H}n (M) = 0. This completes the proof of Theorem 1.2. O

Corollary 3.1. Any complete non-compactiEinstein-type manifold, satisfying the conditions of Theorem 1.1, is of
finite fundamental group and the de Rham cohomology group vanishes.

Let us denote the sphere bundle by SM := |J#S, My where S, M := {v € T, M| g(v,v) = 1}. We have The
xeM
following corollary.

Corollary 3.2. Let (M, g) be an n-dimensional (n > 2) Riemannian manifold satisfying the assumptions of The-
orem 1.2. The sphere bundle SM has finite fundamental’group and the de Rham cohomology group HL%R(SM)
vanishes.

Proof. By a method similar to the proof of Theorem 1.1 and recalling the exactness of the following homotopic
sequence of the fibre bundles (SM, 7, M, S"1):

C = (S™TY) — o (SME) —ty (M) —= - -

since 7 (M) = 7 (8" 1) = 0, we have m (SM) = 0. Let p, : SM — SM/be a covering map which implies that
SM is the universal covering manifold of SM. Since p~!(x) is a finitesset for all x € M, p;t(y) = Uzep-1(a) SeM
is compact and discrete. Thus p; *(y) is a finite set, for all y € S, M. Hence the proofiis complete. 0

In summary, we have investigated the fundamental groups of a broad class.of Einstein-type manifolds, extending
classical results concerning Milnor’s conjecture to new geometric structures:” Einstein=type manifolds, as generaliza-
tions of Einstein metrics, Ricci solitons, almost Ricci solitons, and (m-)quasi Einstein manifolds, are of fundamental
interest in both geometry and physics due to their varied applications and conneetions to important topics like
diffusion processes, isoperimetric inequalities, and geometric flows.

The primary result, Theorem 1.2, establishes that Milnor’s conjecture holds for a wide ramge of ‘complete non-
compact Einstein-type manifolds, demonstrating that these spaces have a finitely generated fundamental group
under certain parameter conditions. This work builds upon and extends the results of Wylie [15] by proving similar
topological properties for a broader class of Einstein-type manifolds.

These findings underscore the strength of Einstein-type metrics in exploring fundamental'geemetriesand topo-
logical properties, especially within the framework of finite fundamental groups. Moreover, the insights gained here
open avenues for further research on the role of Einstein-type structures in the stability of geometric flows, the
topology of associated bundles, and their applications in theoretical physics and differential geometry.

As it’s mentioned earlier, Einstein-type manifolds are a generalization of Einstein metrics, Ricci solitensgalmost;
Ricci solitons and (m-)quasi Einstein manifolds. Theorem 1.2 states that Milnor’s conjecture is true for a wide
extension of Einstein-type manifolds. This work extends the results of Wylie for Einstein-type manifolds, [15].
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