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1. Introduction

The origins of fractional calculus can be traced back to 1695, when Leibniz first posed the question of the meaning
of a derivative of non-integer order. Since then, numerous prominent mathematicians and scientists, including
Euler, Liouville, Riemann, and many others, have contributed to its theoretical development. Fractional calculus
has emerged as a powerful tool for modeling a wide range of complex phenomena, particularly those characterized
by nonlocal behavior and long-term memory effects. Unlike classical integer-order calculus, which often falls short
in capturing the hereditary and memory-dependent properties of certain processes, fractional calculus naturally
incorporates these effects through its nonlocal operators [20, 94, 118, 122, 133, 137, 147, 165].
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Fractional differential equations (FDEs) have therefore found applications in diverse fields involving anomalous
or memory-driven dynamics, such as wave propagation in complex media, viscoelasticity, heat conduction with
memory, anomalous diffusion, temperature control, signal processing, and solid mechanics [26, 88, 105, 121, 148].
In addition, fractional operators have been successfully employed in the analysis of chaotic dynamical systems,
providing a more accurate description of their intrinsic irregularities [21].

Due to the inherent complexity of fractional models, closed-form exact solutions are typically unattainable; as a
result, significant effort has been dedicated to developing efficient and reliable numerical methods for FDEs. While
a wide range of well-established numerical techniques exists for classical integer-order differential equations, the
design of accurate and computationally efficient methods for FDEs remains relatively limited, owing to the intrinsic
nonlocality and memory effects associated with fractional operators. This challenge has motivated scholars and
researchers to devise robust and stable numerical schemes, leading to the development of various approaches such
as spectral methods [22, 23, 24, 25, 71, 85, 186, 187], finite element method (FEM) [28, 49, 65, 90, 93, 114], finite
difference methods (FDMs) [51, 52, 54, 55, 73, 92, 101, 123, 145, 184, 194, 200], spectral element method (SEM)
[8, 185], physics-informed neural networks [14, 134], spline methods [87, 144, 156], meshless methods [2, 11, 113,
124, 131, 132] and polynomial-based methods [48, 69, 127, 128, 149, 150, 151, 152, 153].

1.1. Time–fractional diffusion equation

Time-fractional diffusion equations (TFDEs) are fundamental in modeling subdiffusive motion, which is particularly
relevant in complex systems such as glassy and disordered materials, where particle pathways are constrained by
geometric or energetic limitations. These equations are obtained from the classical diffusion equation by replacing
the first-order time derivative with a fractional derivative of order α ∈ (0, 1) in the Riemann–Liouville or Caputo
sense, effectively capturing anomalous diffusion. Unlike classical models, fractional differential equations require
fewer restrictive assumptions, preserving the essential physical characteristics of the problem. Metzler and Klafter
[121] demonstrated that fractional diffusion equations describe non-Markovian diffusion processes with memory,
while Giona et al. [68] proposed such equations for modeling relaxation phenomena in complex viscoelastic materials.

Fractional derivatives are widely employed to model anomalous diffusion, where particle spreading follows a
power-law rather than the Gaussian scaling of classical Brownian motion [121, 138]. This behavior is well character-
ized by fractional partial differential equations (FPDEs), which effectively describe a broad class of non-Markovian
random walks [110].

The TFDE is a linear fractional partial differential equation whose analytic solutions are often unavailable,
making numerical methods essential.In contrast to the classical case, its numerical approximation requires informa-
tion from all previous time layers at each time step, leading to high computational costs even in one-dimensional
problems. The complexity increases substantially for two- and three-dimensional cases, highlighting the importance
of developing stable, high-order numerical schemes [16].

The study of problems involving fractional temporal derivatives of order α ∈ (0, 1) has received considerable
attention in recent years due to their broad applicability in modeling diverse physical processes; see, for example,
[78, 104, 121].

In this review, we concentrate on the TFDE which is expressed in the following form
C
0 Dα

t u (x, y, t)− ε∆u (x, y, t) = f (x, y, t) , (x, y, t) ∈ Ω× (0, T ] ,

u (x, y, t) = g (x, y, t) , (x, y, t) ∈ ∂Ω× (0, T ] ,

u (x, y, 0) = v (x, y) , (x, y, t) ∈ Ω,

(1)

where C
0 Dα

t denotes the Caputo fractional derivative of order α ∈ (0, 1), ε > 0 is the diffusion coefficient, ∆
represents the Laplace operator, and f is the source function. The set Ω ⊂ R2 denotes the spatial domain, with
∂Ω representing its boundary, g specifying the boundary condition, and v denoting the initial condition.

1.2. A brief literature review

Eq. (1) arises in a wide range of engineering, biological, and physical processes where anomalous diffusion is
observed [18, 117, 130, 155, 178]. It is well established that classical integer-order differential equation models often
fail to adequately capture anomalous behaviors [121, 137], such as those occurring in subdiffusive and superdiffusive
phenomena.

As previously mentioned, the analytic solution of the TFDE is generally attainable only for simple initial and
boundary conditions [36, 38, 146], which makes the development of numerical methods indispensable for practical
applications. The numerical computation of fractional differential equations, however, is particularly challenging
due to the nonlocal nature of the fractional derivative, by definition, the solution at a given time depends on its entire
history. Consequently, considerable research has been devoted to the numerical solution of Eq. (1); for example,
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Li and Chen [90] provided a comprehensive review of numerical techniques for FPDEs. Shen et al. [159] solved
the TFDE using FDM and presented a detailed analysis of their methodology. Zhuang and Liu [203, 204] studied
implicit FDM for the TFDE in one and two dimensions. Lin and Xu [109] solved the TFDE utilizing the Legendre
spectral method in space and FDM for time variable. They also analyzed their proposed methodology and achieved
the accuracy of O(τ2−α + M−p), where p is the degree of polynomial. Zhao and Sun [198] proposed a box-type
method combined with L1 discretization for fractional derivative for the TFDE. Mohebbi et al. [123] proposed a
fully discrete implicit scheme in which the spatial derivative is approximated using a fourth-order compact scheme,
while the fractional derivative is discretized via the standard Grünwald–Letnikov formula. The authors in [189]
derived an unconditionally stable method by combining FDM and FEM for the TFDE. Yang et al. [182] established
a numerical scheme based on orthogonal spline collocation method and finite difference approach for Eq. (1). In [60],
the authors proposed a numerical scheme that integrates a recently developed non-polynomial collocation method
for solving FDEs with the method of lines. In [196], the authors noted that since fractional derivatives are integrals
with weakly singular kernels, discretization on a uniform mesh may result in poor accuracy. Consequently, they
investigated a compact finite difference approach of the Caputo derivative on non-uniform meshes. The authors in
[74] investigated a high-order approximation for the TFDE, employing a Grünwald–Letnikov-type formula for the
time discretization in combination with a compact finite difference scheme for the spatial discretization. Zeng et
al. [190] investigated a second-order and unconditional stable numerical algorithm combining FDM and FEM for
the TFDE. In [53], the compact FDMs of sixth- and eighth-order is investigated for TFDE. The authors in [116]
examined a spectral method based on Legendre polynomials for the numerical solution of Eq. (1). In [188], the
combination of FEM and Crank-Nicolson scheme is studied for solving Eq. (1). The authors in [30] proposed a
mixed numerical method that employs the FDM in the spatial domain and the spectral method in the temporal
domain. Li et al. [105] discussed an application of TFDE in signal smoothing and also applied explicit and implicit
FDM for solving it. Yeganeh et al. [183] constructed a numerical methodology based on local discontinuous
Galerkin (LDG) and FDM for the TFDE. Furthermore, Liu et al. [115] developed a numerical method for the
TFDE based on LDG and weighted and shifted Grünwald difference operator. In [194], the authors presented a
high-order numerical method for a class of TFDE. They reformulate the original equation to eliminate the need for
a discrete approximation of the convection term. They then apply a fourth-order compact scheme for the spatial
derivative and a second-order midpoint formula for the time Riemann–Liouville fractional derivative.Alikhanov and
Huang [17] developed and analyzed an L–type difference scheme for the Caputo fractional derivative, achieving
high-order accuracy in both space and time for the TFDE with variable coefficients. Ramezani and Mokhtari [142]
developed a scheme for the TFDE combining B-splines with FDM. Chen et al. [35] proposed an image denoising
algorithm based on the TFDE to obtain high-quality images, employing a finite difference approach for its numerical
solution. In [202], the time-fractional derivative in the TFDE is discretized using the L2 formula combined with the
sum-of-exponentials approximation. The spatial discretization is carried out using the standard Legendre spectral
method. In [12], a precise numerical estimation of the TFDE is presented using the spectral tau method based on
seventh-kind Chebyshev polynomials. Li and Ding [101] utilized a new non-uniform temporal mesh to accurately
handle the weak singularity of the solution near the initial time. To this end, they first transformed the original
problem into an equivalent integral formulation to facilitate numerical treatment. They proposed two new numerical
integration formulas developed by combining the fractional rectangle and fractional trapezoidal methods. Based on
central difference discretization in space, efficient numerical schemes were proposed.In [102], the authors addressed
challenges in TFDEs caused by initial-time solution singularities by introducing a novel splitting technique that
relaxes step-size ratio restrictions, allowing greater flexibility in nonuniform temporal meshes. They combine a
refined L2-type temporal approximation with a fourth-order compact spatial discretization to develop an efficient
and rigorously analyzed numerical scheme. Zhang et al. [192] presented a compact finite difference approach for
the TFDE and also analyze their proposed methodology using the Fourier method. Furthermore, numerous other
studies have been conducted in this field; interested readers may refer to [16, 83, 94, 164, 165, 167, 195] for further
details.

1.3. Description of present work

The present work reviews various numerical methods for solving Eq. (1). First, we introduce several approximation
techniques for the fractional time derivative, including Grünwald–Letnikov-based schemes such as the standard
Grünwald–Letnikov method and the weighted and shifted Grünwald–Letnikov formulas of second-, third- and
fourth-order accuracy.We then examine the widely used L–type approximations, including the L1, L1-2, L2-1σ,
and L1-2-3 schemes. For the spatial derivatives, different discretization techniques are considered, including the
compact FDM, the meshless multiquadric radial basis function (MQ–RBF) approach, the FEM, the SEM, spectral
methods, and the finite block method (FBM), the latter of which enables the solution of problems on irregular
domains through a mapping strategy. Furthermore, we present convergence and stability analyses for the proposed
schemes, accompanied by numerical examples that validate the theoretical results.
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1.4. The outline of paper

The paper is organized as follows. In §2, we introduce the basic notations and definitions, along with the function
spaces that provide the necessary mathematical framework. §3 presents the Grünwald–Letnikov-based formulas and
the L–type approximation schemes. In §4, we propose numerical schemes for solving the TFDE using the compact
FDM. §5 discusses meshless schemes based on the MQ–RBF approach. In §6, we develop FEM schemes, while §7
addresses SEM formulations. §8 focuses on spectral methods, and §9 introduces FBM and the mapping strategy
for complex geometries. Finally, §10 provides concluding remarks and a summary of the main findings.

2. Preliminaries

In this section, we introduce key notations and definitions that will be used in the subsequent discussions.

2.1. Basic definitions and notations

This subsection includes some definitions and notations that are useful for our theoretical claims.

Definition 2.1. The symbol ∆ denotes the Laplace operator and is introduced by

∆ :=
∂2

∂x2
+

∂2

∂y2
.

Definition 2.2 ([20, 137, 165]). The gamma function is defined as follows

Γ(α) :=

∫ ∞

0

tα−1e−t dt,

where α ∈ R+.

Definition 2.3 ([20, 94, 133, 137, 165]). The left Riemann–Liouville fractional derivative operator for u is given
by

RL
0 Dα

t u (x, y, t) :=
∂m

∂mς

∫ t

0

Km−α (t− ς)u (x, y, ς) dς, Kα (t) :=
tα−1

Γ (α)
,

in which m ∈ N and m− 1 ≤ α < m, with t ∈ (0, T ].

Definition 2.4 ([20, 94, 133, 137, 165]). The left Grünwald–Letnikov fractional derivative operator for the func-
tion u is introduced by

GL
0 Dα

t f(t) := lim
τ→0

τ−α
N∑

k=0

(−1)k
(
α

k

)
u(x, y, t− kτ),

for a given α > 0, and t ∈ (0, T ].

Definition 2.5 ([20, 94, 133, 137, 165]). The left Caputo fractional derivative operator for the function u is
defined as

C
0 Dα

t u (x, y, t) :=

∫ t

0

Km−α (t− ς) ∂m
ς u (x, y, ς) dς,

where m ∈ N with m− 1 < α ≤ m, α > 0 and t ∈ (0, T ].

Definition 2.6 ([20, 137]). The one–parameter Mittag–Leffler function is denoted by Eα and presented as follows

Eα(t) :=

∞∑
k=0

tk

Γ(αk + 1)
, α ∈ R+.

Throughout this manuscript, two types of nodes are employed for discretization. For spatial discretization,
both uniform and Chebyshev nodes are utilized, depending on the method under consideration. In the temporal
direction, only uniform nodes are applied. The definition of Chebyshev nodes is presented as follows.

Definition 2.7 ([29, 64, 173]). The zeros of Chebyshev polynomial of degree M ≥ 1 can be computed over any
arbitrary interval (a, b) using the formula

xk =
a+ b

2
+

b− a

2
cos

(
2k + 1

2M
π

)
, (2)

for k = 0, 1, . . . ,M − 1.
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For time discretization, we assume that the temporal domain (0, T ] is uniformly partitioned as {tn}Nn=0, where

tn = nτ and τ =
T

N
denotes the time step size. The grid functions are denoted by

u (x, y, tn) = un, f (x, y, tn) = fn.

Also, we introduce the following notation, which will be useful for further sections

u (x, y, tn) = un, un+σ = σun+1 + (1− σ)un.

2.2. Function spaces

Let u be a complex measurable function on Ω. The norm of space Lp (Ω) is presented as follows [27, 31, 50, 136,
140, 158] 

∥u∥pp :=

∫
Ω

|u (x, y)|pdµ, 1 ≤ p < ∞,

∥u∥∞ := esssup
(x,y)∈Ω

|u (x, y)| .

Also, the norm of Sobolev space Hs (Ω) is defined as [27, 31, 50, 136, 140, 158]

∥u∥2Hs(Ω) :=
∑

0≤α+β≤s

∥∥∥∥ ∂α+β

∂xα∂yβ
u (x, y)

∥∥∥∥2, s > 0,

for two dimensions. It is also necessary to know the following notation

H1
0 (Ω) :=

{
u ∈ H1 (Ω)

∣∣ u|∂Ω = 0
}
.

Now, assume that ωx := {xi}Mx
i=0 and ωy := {yj}

My

j=0 are two one–dimensional partitions of the domain Ω in the x-
and y-directions, respectively. We introduce the mesh as ω := ωx×ωy. Moreover, the space of piecewise polynomials
over the partition ω is given as follows

P (ω) :=
{
u ∈ C1 (Ω) |u ∈ P ([xi−1, xi]) , i = 1, 2, . . . ,Mx

}
⊗
{
u ∈ C1 (Ω) |u ∈ P ([yj−1, yj ]) , j = 1, 2, . . . ,My

}
, (3)

where the resulting space consists of all functions that can be presented as finite linear combinations of tensor-
product basis functions of the form uxuy.

Definition 2.8 ([119, 165, 171]). The function space defined below is employed associated with the family of
Grünwald–Letnikov based formulas

Sn+α (R) :=
{
υ ∈ L1 (R)

∣∣∣∣∫ +∞

−∞
(1 + |µ|)n+α |F [υ]| dµ < ∞

}
, n ≥ 1,

where F presents the Fourier transform.

3. Numerical approximations for fractional Caputo derivative

In general, Definitions 2.3, 2.4, and 2.5 are not equivalent, as discussed in [90, 94]. However, when the function
u has sufficient regularity, that is, u ∈ Cm(Ω), then the Riemann–Liouville and Grünwald–Letnikov definitions are
equivalent. In such cases, one has

RL
0 Dα

t u (x, y, t) =
GL
0 Dα

t u (x, y, t) .

Moreover, the relationship between the Riemann–Liouville and Caputo derivatives is given by

RL
0 Dα

t u (x, y, t) =
C
0 Dα

t u (x, y, t) +

m−1∑
k=0

∂k
t u (x, y, 0)

(
tk−α

)
Γ (k + 1− α)

.

On the other side, if ∂k
t u (x, y, 0) = 0 for all 0 ≤ k < m, then the Riemann–Liouville and Caputo derivatives

coincide
RL
0 Dα

t u (x, y, t) =
C
0 Dα

t u (x, y, t) .

The Caputo derivative is often favored in modeling physical phenomena due to its compatibility with classical
initial and boundary conditions. Unlike the Riemann–Liouville derivative, which requires fractional-order initial
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terms that are difficult to interpret and measure, the Caputo derivative enables the direct incorporation of standard
initial conditions. Furthermore, the Caputo derivative of a constant is zero, consistent with classical calculus,
whereas the Riemann–Liouville derivative of a constant is singular at t = 0. These advantages make the Caputo
definition more practical for both physical modeling and numerical implementation [118, 122, 137].

While this review paper predominantly focuses on the Caputo derivative due to its compatibility with traditional
initial and boundary conditions in physical modeling, it is worth noting that other definitions—such as the Riemann–
Liouville and Riesz fractional derivatives—are widely used in the study of space-fractional and space–time fractional
partial differential equations, particularly for modeling strong non-local interactions and anomalous diffusion. These
derivatives are essential in a variety of applications, including anomalous diffusion in heterogeneous or porous media
with long-range interactions; Lévy processes and jump-diffusion models in finance and statistical physics; viscoelastic
and complex materials exhibiting power-law memory effects; turbulence modeling and geophysical flow simulations;
image and signal processing via fractional-order filters, regularization, and edge detection; wave propagation in
complex media; and transport processes in biological systems with sub- or super-diffusive behavior. High-order
numerical schemes for these operators have been developed and successfully applied in several works (see, e.g.,
[86, 118, 121, 137, 171]).

Based on these considerations, the current section focuses on the numerical approximation of the Caputo frac-
tional derivative.

3.1. Grünwald–Letnikov based approximations

In this section, the definitions given in §2.1 and the remarks at the beginning of §3 are employed to give approxi-
mations of Caputo derivative. We know that if the function u has sufficient regularity, then the Riemann–Liouville
and Grünwald–Letnikov derivatives are coincide. Moreover, if the initial integer-order derivatives vanish, then the
Riemann–Liouville and Caputo derivatives are equivalent. Hence, using Definitions 2.4 and 2.5 implies [119]

C
0 Dα

t u
n ≈ τ−α

n∑
k=0

g
(α)
k un−k, g

(α)
k = (−1)k

(
α

k

)
. (4)

The coefficients g
(α)
k can alternatively be computed using the following recursive relation

g
(α)
0 = 1,

g
(α)
k =

(
1− α+ 1

k

)
g
(α)
k−1,

k = 1, 2, . . . . (5)

The formula given in Eq. (4) is known as the standard Grünwald–Letnikov formula, which provides a first-order
accurate estimation for any α > 0. However, it has been observed that this formulation may lead to instability
in numerical schemes when applied to FDEs with 1 < α < 2 [94, 119, 137]. To mitigate this issue, the shifted
Grünwald–Letnikov formula is introduced as follows

C
0 Dα

t u
n ≈ τ−α

n+p∑
k=0

g
(α)
k un−k+p, p ∈ N, (6)

to enhance numerical stability. Tadjeran et al. [169] showed that this shifted approach, i.e. Eq. (6), is more suitable
for constructing stable numerical schemes and achieves the first-order accuracy. The best performance of the shifted

Grünwald–Letnikov approximation is achieved by minimizing the value
∣∣∣p− α

2

∣∣∣ [90, 94, 119, 129, 133]. Furthermore,

for 1 < α ≤ 2, the optimal choice is p = 1. Tian et al. [171] introduced high-order accurate approximations, weighted
and shifted Grünwald–Letnikov (WSGL) formulas, for approximating the fractional Riemann–Liouville derivative.
Wang and Vong [176] proposed a second-order accurate formula for approximating the Caputo fractional derivative
in the case 0 < α < 1. Additionally, Ji and Sun [74] developed a third-order accurate approximation for the
Caputo derivative with α ∈ (0, 1). More recently, Yan et al. [179] proposed fourth-order accurate WSGL difference
operators for 0 < α < 1. Based on these operators, they developed high-order time discretization schemes for time-
fractional Schrödinger equations. Their approach achieves improved temporal accuracy by employing higher-order
WSGL formulations for the time-fractional derivatives.These high-order methods are frequently employed in the
numerical solution of time-fractional partial differential equations. To summarize the key results and support the
derivation of our time-discrete schemes, we present the following three lemmas.
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Lemma 3.1 ([119, 120, 165, 169]). Let u ∈ S1+α (R). The first-order Grünwald–Letnikov approximation to
estimate the Caputo derivative operator is given by

C
0 Dα

t u
n = τ−α

n∑
k=0

g
(α)
k un−k +T(α)

n , n ≥ 1, (7)

where the coefficients g
(α)
k can be calculated by Eq. (5), and∣∣∣T(α)

n

∣∣∣ ≤ Cτ.

Lemma 3.2 ([165, 171, 176]). Assume that u ∈ S2+α (R). The second-order WSGL formula to approximate the
Caputo derivative is introduced as follows

C
0 Dα

t u
n = τ−α

n∑
k=0

w
(α)
k un−k +T(α)

n , α ∈ (0, 1) , (8)

for n ≥ 1. The coefficients w
(α)
k can be found applying the recursive relation

w
(α)
0 = 1 +

α

2
, w

(α)
k =

(
1− (α+ 1) (α+ 2)

2k

)
g
(α)
k−1, k ≥ 1.

Besides, it can be shown that ∣∣∣T(α)
n

∣∣∣ ≤ Cτ2.

Lemma 3.3 ([74, 165, 171]). The third-order WSGL formula to approximate the Caputo derivative is presented
as follows

C
0 Dα

t u
n = τ−α

n∑
k=0

λ
(α)
k un−k +T(α)

n , α ∈ (0, 1) , (9)

for n ≥ 1. The coefficients λ
(α)
k can be found by the following recursive relation

λ
(α)
0 = ϱ1g

(α)
0 , λ

(α)
1 = ϱ1g

(α)
1 − ϱ2g

(α)
0 , λ

(α)
k = ϱ1g

(α)
k − ϱ2g

(α)
k−1 + ϱ3g

(α)
k−2, k ≥ 2,

in which

ϱ1 = 1 +
17

24
α+

1

8
α2, ϱ2 =

11

12
α+

1

4
α2, ϱ3 =

5

24
α+

1

24
α2.

Furthermore, if u ∈ S3+α (R), then the following bound is true∣∣∣T(α)
n

∣∣∣ ≤ Cτ3.

Lemma 3.4 ([179]). Suppose that u ∈ S4+α (R). The fourth-order WSGD approximation for the Caputo deriva-
tive can be obtained using the following formulation

C
0 Dα

t u
n = τ−α

n∑
k=0

ϑ
(α)
k un−k +T(α)

n , α ∈ (0, 1) , (10)

for n ≥ 1. The coefficients ϑ
(α)
k can be computed by the following recursive relation

ϑ
(α)
k = θ1g

(α)
k − θ2g

(α)
k−1 + θ3g

(α)
k−2 − θ4g

(α)
k−3, k ≥ 3,

where
ϑ
(α)
0 = θ1g

(α)
0 , ϑ

(α)
1 = θ1g

(α)
1 − θ2g

(α)
0 , ϑ

(α)
2 = θ1g

(α)
2 − θ2g

(α)
1 + θ3g

(α)
0 .

The coefficients θ1, θ2, θ3 and θ4 are given by

θ1 =
α3 + 11α2 + 40α+ 48

48
, θ2 =

3α3 + 27α2 + 62α

48
, θ3 =

3α3 + 21α2 + 28α

48
, θ4 =

α3 + 5α2 + 6α

48
.

Additionally, the following estimation holds ∣∣∣T(α)
n

∣∣∣ ≤ Cτ4.
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Another approach is presented in [51], where two different second-order numerical differentiation formulas are

derived for the Caputo derivatives C
0 Dα

t u(x, t) (0 < α < 1) and C
0 D

β
t u(x, t) (1 < β < 2) at the point tk+1/2.

By applying these formulas to time-fractional mixed sub-diffusion and diffusion–wave equations and combining
them with a fourth-order compact scheme for the spatial derivative, the author obtains a difference scheme with
convergence order O(τ2 + h4), significantly improving the accuracy of existing algorithms for the same type of
equations. For further details, the interested reader may refer to [51].

3.2. L–type approximations

A traditional and important approach to approximate the fractional derivatives is to use the interpolation technique.
The mentioned idea gives us the L–type approximations for fractional derivatives. For instance, consider the Caputo
derivative for 0 < α < 1 as follows [94, 165]

C
0 Dα

t u (x, y, t) =
1

Γ (1− α)

∫ t

0

∂ςu (x, y, ς)

(t− ς)
α dς.

If the function u (x, y, ς) is approximated on each subinterval [tk−1, tk] by a linear interpolation polynomial, then
the L1 approximations or L1 formula will be obtained. It can be proved that this approximation has the accuracy of
2−α [62, 63, 77, 100, 108, 133, 166, 188, 198]. Gao et al. [63] introduced an approximation for the Caputo derivative,
known as the L1-2 formula, based on a quadratic interpolation over three consecutive time points tk−2, tk−1, and
tk for the function u(x, y, ς) on each subinterval [tk−1, tk]. They demonstrated that the resulting approximation
achieves an accuracy of order 3−α. Building on a similar concept, Alikhanov [16] proposed the L2-1σ formula, also
referred to as the Alikhanov scheme, which considers a time level at n + σ. He also established that this scheme
attains the same accuracy order of 3− α. Furthermore, Alikhanov developed a second-order difference scheme for
TFDEs. Similarly, Lv and Xu [116] employed function interpolation at three points, tk−1, tk and tk+1, to construct
a high-order scheme for the Caputo derivative, which attains a convergence rate of 3− α. On the other side, Li et
al. [91] also developed a high-order approximation for the Caputo derivative, achieving a convergence rate of 3−α.
As a continuation of their research, Cao et al. [33] proposed a (4−α)th-order accurate algorithm for approximating
the Caputo-type fractional derivative. Subsequently, Li et al. [95] further extended this work by developing a high-
order algorithm with a local truncation error of O(τ r+1−α), where r denotes the degree of interpolation. Mokhtari
and Mostajeran [126] proposed a modification of the L1-2 formula by developing a new approximation based on
a third-degree interpolation technique at four points: tk−3, tk−2, tk−1, and tk. The resulting scheme, referred to
as the L1-2-3 formula, was shown to achieve a local truncation error of order O(τ4−α). Another class of existing
methods in the literature is based on B-spline interpolation. For further details and developments in this direction,
the interested reader is referred to [144].

In the following sections, and to summarize the preceding discussion, we focus exclusively on four L–type
approximation schemes: the L1, L1-2, L2-1σ, and L1-2-3 schemes. The corresponding lemmas for each methodology
are presented below.

Lemma 3.5 ([90, 94, 165]). The L1 formula for approximating Caputo fractional derivative with 0 < α < 1, is
presented as follows

C
0 Dα

t u
n =

(
a
(α)
0 un −

n−1∑
k=1

(
a
(α)
n−k−1 − a

(α)
n−k

)
uk − a

(α)
n−1u

0

)
+T(α)

n , n ≥ 1,

or equivalently
C
0 Dα

t u
n = C

0 D
α
t u

n +T(α)
n , (11)

where

C
0 D

α
t u

n :=

n∑
k=1

a
(α)
n−kδu

k, δuk := uk − uk−1,

and the coefficients ak are given by

a
(α)
k =

τ−α

Γ (2− α)

(
(k + 1)

1−α − k1−α
)
. (12)

Moreover, if u ∈ C2[0, T ], then the following bound is true∣∣∣T(α)
n

∣∣∣ ≤ Cτ2−α.
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Lemma 3.6 ([63, 165]). Let α ∈ (0, 1). The L1-2 formula for estimating Caputo derivative is given as follows

C
0 Dα

t u
n =

(
c
(α)
0 un −

n−1∑
k=1

(
c
(α)
n−k−1 − c

(α)
n−k

)
uk − c

(α)
n−1u

0

)
+T(α)

n ,

or
C
0 Dα

t u
n = C

0 D
α
t u

n +T(α)
n , (13)

where

C
0 D

α
t u

n :=

n∑
k=1

c
(α)
n−kδu

k, δuk := uk − uk−1.

The coefficients c
(α)
n−k can be presented as follows

c
(α)
k =

τ−α

Γ (2− α)


a
(α)
0 + b

(α)
0 , k = 0,

a
(α)
k + b

(α)
k − b

(α)
k−1, 1 ≤ k ≤ n− 2,

a
(α)
k − b

(α)
k−1, k = n− 1,

for n ≥ 1, and if n = 0, then c
(α)
0 = 1. The coefficients a

(α)
k and b

(α)
k are given by Eq. (12) and

b
(α)
k =

1

2− α

(
(k + 1)

2−α − k2−α
)
− 1

2

(
(k + 1)

1−α
+ k1−α

)
, k ≥ 0, (14)

respectively. Additionally, if u ∈ C3[0, T ], then ∣∣∣T(α)
n

∣∣∣ ≤ Cτ3−α.

Lemma 3.7 ([16, 61, 165]). Assume that σ = 1 − α

2
and α ∈ (0, 1). The L2-1σ approximation for Caputo

derivative is introduced by
C
0 Dα

t u
n+σ = C

0 D
α
t u

n+σ +T
(α)
n+σ, (15)

in which

C
0 D

α
t u

n+σ :=

n∑
k=0

c
(n)
n−kδu

k, δuk := uk+1 − uk.

The coefficients c
(n)
n−k can be presented as follows

c
(n)
k =

τ−α

Γ (2− α)


a
(σ,α)
0 + b

(σ,α)
1 , k = 0,

a
(σ,α)
k + b

(σ,α)
k+1 − b

(σ,α)
k , 1 ≤ k ≤ n− 1,

a
(σ,α)
k − b

(σ,α)
k , k = n,

for n ≥ 1, and for n = 0, we have c
(0)
0 =

τ−α

Γ (2− α)
σ1−α. The coefficients a

(σ,α)
k and b

(σ,α)
k are also formulated as

follows

b
(σ,α)
k =

1

2− α

[
(k + σ)

2−α − (k − 1 + σ)
2−α

]
− 1

2

[
(k + σ)

1−α
+ (k − 1 + σ)

1−α
]
, k ≥ 1.

a
(σ,α)
0 = σ1−α, a

(σ,α)
k = (k + σ)

1−α − (k − 1 + σ)
1−α

, k ≥ 1.

Moreover, if u ∈ C3[0, T ], then the following estimate holds for the error term∣∣∣T(α)
n

∣∣∣ ≤ Cτ3−α.

Lemma 3.8 ([16]). Under the assumptions of Lemma 3.7, the following equality is true

u (x, y, tn+σ) = σu (x, y, tn+1) + (1− σ)u (x, y, tn) +O
(
τ2
)
.
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Lemma 3.9 ([126, 143, 154]). The L1-2-3 formula for Caputo fractional derivative is defined as follows

C
0 Dα

t u
n =

(
d
(α)
0 un −

n−1∑
k=1

(
d
(α)
n−k−1 − d

(α)
n−k

)
uk − d

(α)
n−1u

0

)
+T(α)

n , n ≥ 1,

or equivalently
C
0 Dα

t u (x, tn) =
CDα

Nun +R(α)
n , 0 < α < 1, (16)

where the notation CDα
Nun is defined by

CDα
Nun :=

n∑
k=0

d
(α)
n−kδu

k, δuk := uk − uk−1.

The coefficients d
(α)
n−k can be computed by

d
(α)
k =

τ−α

Γ (2− α)



a
(α)
k + b

(α)
k + c̃

(α)
k , k = 0,

a
(α)
k + b

(α)
k − b

(α)
k−1 + c̃

(α)
k − 2c̃

(α)
k−1, k = 1,

a
(α)
k + b

(α)
k − b

(α)
k−1 + c̃

(α)
k − 2c̃

(α)
k−1 + c̃

(α)
k−2, 2 ≤ k ≤ n− 3,

a
(α)
k + b

(α)
k − b

(α)
k−1 − 2c̃

(α)
k−1 + c̃

(α)
k−2, k = n− 2,

a
(α)
k − b

(α)
k−1 + c̃

(α)
k−2, k = n− 1,

for n ≥ 4. For n = 1, it is d
(α)
0 =

τ−α

Γ (2− α)
, for n = 2

d
(α)
0 =

τ−α

Γ (2− α)

(
a
(α)
0 + b

(α)
0

)
, d

(α)
1 =

τ−α

Γ (2− α)

(
a
(α)
1 − b

(α)
0

)
,

and then for n = 3

d
(α)
k =

τ−α

Γ (2− α)


a
(α)
k + b

(α)
k + c̃

(α)
k , k = 0,

a
(α)
k + b

(α)
k − b

(α)
k−1 − 2c̃

(α)
k−1, k = 1,

a
(α)
k − b

(α)
k−1 + c̃

(α)
k−2, k = 2,

where the coefficients a
(α)
k and b

(α)
k are given by Eqs. (12) and (14) respectively, and also the coefficients c̃

(α)
k can

be calculated as follows

c̃
(α)
k =

1

(2− α) (3− α)

(
(k + 1)

3−α
+ 2k3−α

)
− 1

2− α
k2−α − 1

6

(
(k + 1)

1−α
+ 2k1−α

)
, k ≥ 0.

Furthermore, if u ∈ C4[0, T ], then the following estimate is hold∣∣∣T(α)
n

∣∣∣ ≤ Cτ4−α.

The table below summarizes typical convergence orders, stability properties, and computational complexity for
the mentioned numerical schemes used to discretize Caputo derivative. It includes the L-type temporal methods
and WSGL formulas, plus related high-order techniques for comparison.

High-order numerical schemes for non-local fractional operators, such as L-type methods for time-fractional
derivatives and Grünwald–Letnikov based operators for space-fractional derivatives, face significant implementa-
tion challenges due to their intrinsic history dependence and global coupling. In time-fractional problems, methods
like L1, L2-1σ, and higher-order L-type schemes require storing all previous time levels to evaluate the fractional
derivative, leading to O(N2) computational cost and memory usage for N time steps, which becomes particularly
burdensome in long-time simulations or multidimensional problems [16, 79]. Similarly, space-fractional operators
involve dense or Toeplitz-like matrices, as the fractional Laplacian couples all spatial points, resulting in high mem-
ory and computational demands that grow rapidly with the number of grid points in multiple dimensions [171, 162].
Strategies to mitigate these costs include fast convolution techniques such as sum-of-exponentials approximations
for temporal history terms, fast fourier transform-based matrix-vector products for Toeplitz structures in space,
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Table 1: Comparison of L-type schemes.

Scheme Convergence Stability Computational Complexity

L1 O(τ2−α) (smooth) / O(τ) (nonsmooth) Unconditional
O(N2) direct; O(N logN) with fast
convolution method.

L1-2 O(τ3−α) Unconditional
Same as L1; fast history techniques
recommended.

L2-1σ O(τ2) Unconditional
Same as L1; sum-of-exponentials reduces
memory and complexity.

L1-2-3 O(τ4−α) Unconditional Same as L1.

Table 2: Comparison of GL and WSGL schemes.

Scheme Convergence Stability Computational Complexity

Standard Grünwald–Letnikov O(τ) Unstable for α ∈ (1, 2)
O(N2) direct; O(N logN) with fast
convolution.

Shifted Grünwald–Letnikov O(τ) Improved stability
O(N2) direct; O(N) with optimized
recurrence.

WSGL (2nd order) O(τ2) Unconditional Fast convolution yields O(N logN).

WSGL (3rd order) O(τ3) Unconditional Same as second-order WSGL.

WSGL (4th order) O(τ4) Unconditional Same as second-order WSGL.

and low-rank or hierarchical matrix compression [76, 162]. Despite these advances, achieving both high-order accu-
racy and computational efficiency remains challenging, particularly for multi-dimensional problems with complex
geometries and irregular meshes, requiring careful algorithm design and trade-offs between accuracy, stability, and
memory usage.

Based on these considerations, the following flowchart guides the selection of an appropriate numerical method.
In the upcoming sections, we investigate the TFDE by applying the aforementioned methods to discretize the

Caputo derivative. Additionally, we review various approaches for the spatial discretization.

4. Compact finite difference method for TFDEs

In this section, we employ the lemmas introduced in §3.2 and §3.1 for the temporal discretization, while adopting
the fourth-order compact finite difference scheme for the spatial discretization. To this end, we first define uniform
partitions in both the temporal and spatial directions as follows

tn = nτ, τ =
T

N
, N ∈ N, n = 0, 1, 2, . . . , N,

and

xi = a+ ihx, hx =
b− a

Mx
, Mx ∈ N, i = 0, 1, 2, . . . ,Mx,

yj = a+ jhy, hy =
b− a

My
, My ∈ N, j = 0, 1, 2, . . . ,My.

In addition, the second-order midpoint formulas in x- and y-directions are presented as [29, 64, 139, 163]

∂2
xui,j =

ui+1,j − 2ui,j + ui−1,j

h2
x

+O
(
h2
x

)
, ∂2

yui,j =
ui,j+1 − 2ui,j + ui,j−1

h2
y

+O
(
h2
y

)
, (17)

where u (xi, yj , t) = ui,j . The following compact operators are also introduced by

Hxui,j :=

(
I +

h2
x

12
∂2
x

)
ui,j , Hyui,j :=

(
I +

h2
y

12
∂2
x

)
ui,j , (18)

and also denote
Hui,j = HxHyui,j , Lui,j =

(
∂2
xHy + ∂2

yHx

)
ui,j . (19)
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Start

High temporal ac-
curacy required?

L1 Method
Smoothness: u ∈ C2[0, T ]

Accuracy: O(τ2−α)

Solution very
smooth (u ∈ C4)?

L1-2-3 / 4th-order WSGD
Smoothness: u ∈
C4[0, T ] or S4+α(R)
Accuracy: O(τ4−α)

Moderate accuracy
sufficient (O(τ3−α))?

L1-2 / L2-1σ
Smoothness: u ∈ C3[0, T ]

Accuracy: O(τ3−α)

Problem on R or re-
quires GL weights?

WSGL / WSGD 1st–4th order
Smoothness: u ∈ Sp+α(R),

for p = 1, 2, 3, 4
Accuracy: O(τp)

End

No

Yes

Yes

No

Yes

No

Yes

No

Figure 1: Flowchart guiding the selection of numerical methods for approximating Caputo fractional derivatives based on desired
accuracy, solution smoothness, and computational considerations.

Now, suppose that u ∈ C6,6
x,y (Ω). Then, as shown in [72, 197], the following fourth-order accurate compact finite

difference approximations hold:

Hx
∂2ui,j

∂x2
= ∂2

xui,j +O
(
h4
x

)
, Hy

∂2ui,j

∂y2
= ∂2

yui,j +O
(
h4
y

)
. (20)

With these results and the notations previously introduced, we are now prepared to derive the matrix formulation
of the compact difference scheme.

4.1. Numerical methodologies

4.1.1. Grünwald–Letnikov based schemes

Let us consider Eq. (1). By applying the first-order accurate Grünwald–Letnikov approximation from Eq. (7)
to the time-fractional derivative, and utilizing the second-order finite difference formula given in Eq. (17) for the
spatial direction, one obtains

τ−αg
(α)
0 un

i,j − ε
(
∂2
xIy + ∂2

yIx
)
un
i,j +O (τ) +O

(
h2
x

)
+O

(
h2
y

)
= fn

i,j − τ−α
n∑

k=1

g
(α)
k un−k

i,j .
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Utilizing the compact difference operator results

τ−αg
(α)
0 Hun

i,j − εLun
i,j +T(n) = Hfn

i,j − τ−α
n∑

k=1

g
(α)
k Hun−k

i,j , (21)

where ∣∣∣T(n)
∣∣∣ ≤ C

(
τ + h4

x + h4
y

)
.

Dropping the truncation error and rewriting Eq. (21) in the matrix form, concludes

AUn = F (n), 1 ≤ n ≤ N, (22)

in which
A = τ−αg

(α)
0 H − εL,

F (n) = HFn − τ−α
n∑

k=1

g
(α)
k HUn−k,

and
L =

(
Dx ⊗ H̄

)
+
(
H̄ ⊗Dy

)
, H = H̄ ⊗ H̄. (23)

Also,

H̄ =



10

12

1

12
0 · · · 0

1

12

10

12

1

12

. . .
...

0
1

12

10

12

. . . 0

...
. . .

. . .
. . .

1

12

0 · · · 0
1

12

10

12


, Dx =

1

h2
x



−2 1 0 · · · 0

1 −2 1
. . .

...

0 1 −2
. . . 0

...
. . .

. . .
. . . 1

0 · · · 0 1 −2


, Dy =

1

h2
y



−2 1 0 · · · 0

1 −2 1
. . .

...

0 1 −2
. . . 0

...
. . .

. . .
. . . 1

0 · · · 0 1 −2


.

Applying the second-order WSGL approximation Eq. (8), along with the spatial discretizations given in Eqs.
(17)–(20), to Eq. (1), yields

τ−α
n∑

k=0

w
(α)
k Hun−k

i,j − εLun
i,j +T(n) = Hfn

i,j , (24)

with the error term ∣∣∣T(n)
∣∣∣ ≤ C

(
τ2 + h4

x + h4
y

)
.

Neglecting the error and rewriting Eq. (24) in the following matrix form

AUn = F (n), 1 ≤ n ≤ N, (25)

where
A = τ−αw

(α)
0 H − εL,

F (n) = HFn − τ−α
n∑

k=1

w
(α)
k HUn−k,

and the matrices H and L are presented by Eq. (23). Similarly, for the third-order WSGL formula, one has

τ−α
n∑

k=0

λ
(α)
k Hun−k

i,j − εLun
i,j +T(n) = Hfn

i,j ,

where ∣∣∣T(n)
∣∣∣ ≤ C

(
τ3 + h4

x + h4
y

)
,

and by omitting the error the following matrix form can be obtained

AUn = F (n), 1 ≤ n ≤ N, (26)
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in which
A = τ−αλ

(α)
0 H − εL,

F (n) = HFn − τ−α
n∑

k=1

λ
(α)
k HUn−k.

Applying fourth-order WSGL approximation gives the following scheme

τ−α
n∑

k=0

ϑ
(α)
k Hun−k

i,j − εLun
i,j +T(n) = Hfn

i,j ,

where the truncation error can be estimated as∣∣∣T(n)
∣∣∣ ≤ C

(
τ4 + h4

x + h4
y

)
,

and if we drop the truncation error, the following system can be concluded

AUn = F (n), 1 ≤ n ≤ N, (27)

with the following LHS matrix and RHS vector

A = τ−αϑ
(α)
0 H − εL,

F (n) = HFn − τ−α
n∑

k=1

ϑ
(α)
k HUn−k.

4.1.2. L–type schemes

In this section, we focus on the derivation of difference schemes based on the L–type approximations. By substituting
Eq. (11) and Eqs. (17)–(20) into Eq. (1), we obtain

n∑
k=1

b
(α)
n−kδHuk

i,j − εLun
i,j +T(n) = Hfn

i,j ,

where the truncation error satisfies ∣∣∣T(n)
∣∣∣ ≤ C

(
τ2−α + h4

x + h4
y

)
.

Neglecting the truncation error and performing standard algebraic manipulations, we arrive at the following matrix
formulation

AUn = F (n), 1 ≤ n ≤ N, (28)

where
A = a

(α)
0 H − εL,

F (n) = a
(α)
0 HUn−1 −

n−1∑
k=1

a
(α)
n−kδHUk +HFn,

and matrices H and L are previously defined by Eq. (23). Following a similar procedure as in the previous case,
we derive a difference scheme based on the L1-2 approximation. By substituting Eq. (13) and Eqs. (17)–(20) into
Eq. (1), we obtain

n∑
k=1

c
(α)
n−kδHuk

i,j − εLun
i,j +T(n) = Hfn

i,j ,

where the truncation error satisfies ∣∣∣T(n)
∣∣∣ ≤ C

(
τ3−α + h4

x + h4
y

)
.

Dropping the truncation error term, the resulting matrix formulation becomes

AUn = F (n), 1 ≤ n ≤ N, (29)
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where
A = c

(α)
0 H − εL,

F (n) = c
(α)
0 HUn−1 −

n−1∑
k=1

c
(α)
n−kδHUk +HFn.

The matrices H and L are defined as in Eq. (23). Similarly, for the L2-1σ scheme, by substituting the corresponding
relations into Eq. (1), we obtain

n∑
k=0

c
(n)
n−kδHuk

i,j − εLun+σ
i,j +T(n+σ) = Hfn+σ

i,j ,

where the truncation error satisfies ∣∣∣T(n+σ)
∣∣∣ ≤ C

(
τ2 + h4

x + h4
y

)
.

Discarding the truncation error term, the matrix form of the scheme becomes

AUn+1 = F (n+σ), 0 ≤ n ≤ N − 1, (30)

with
A = c

(n)
0 H − εσL,

F (n+σ) = c
(n)
0 HUn −

n−1∑
k=0

c
(n)
n−kδHUk + ε (1− σ)LUn + σHFn+1 + (1− σ)HFn.

Now, using the L1-2-3 formula to approximate the Caputo derivative in Eq. (1), one concludes

n∑
k=1

d
(α)
n−kδHuk

i,j − εLun
i,j +T(n) = Hfn

i,j ,

with the associated truncation error bounded by∣∣∣T(n)
∣∣∣ ≤ C

(
τ4−α + h4

x + h4
y

)
.

Omitting the truncation error, the scheme can be expressed in matrix form as

AUn = F (n), 1 ≤ n ≤ N, (31)

where
A = d

(α)
0 H − εL,

F (n) = d
(α)
0 HUn−1 −

n−1∑
k=1

d
(α)
n−kδHUk +HFn.

4.2. Theoretical claims

In this section, we present the stability and convergence theorems corresponding to the derived numerical schemes.
Since the proofs of these theorems are well-established in the literature and the underlying ideas are similar across
various works, we omit the detailed proofs and instead refer the reader to the relevant references. It is important
to note that the solvability of these compact differences schemes can be found in the corresponding references.

Theorem 4.1 ([34, 37]). The compact difference scheme (22) is unconditionally stable.

Following the same idea, given in Refs. [34, 37, 75, 165], the following theorems can also be proved.

Theorem 4.2 ([75, 165, 179]). The compact difference schemes (25), (26) and (27) are unconditionally stable
to the initial values.

Theorem 4.3 ([34, 37]). Let Un be the approximate solution of exact solution un, obtained by scheme (22), and
u(x, y, t) ∈ S1+α(R). Hence, there exists a constant C > 0, independent of τ , hx and hy such that

∥un − Un∥ ≤ C
(
τ + h4

x + h4
y

)
, 1 ≤ n ≤ N.
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Theorem 4.4 ([165]). Assume that Un is the estimation of the analytic solution un, computed by scheme (25),
and u(x, y, t) ∈ S2+α(R). Therefore, there exists a positive constant C, independent of τ , hx and hy with

∥un − Un∥ ≤ C
(
τ2 + h4

x + h4
y

)
, 1 ≤ n ≤ N.

Theorem 4.5 ([74, 75]). If Un is obtained by solving the system, given in Eq. (26), and u(x, y, t) ∈ S3+α(R),
then there exists a C > 0, independent of τ , hx and hy such that

∥un − Un∥ ≤ C
(
τ3 + h4

x + h4
y

)
, 1 ≤ n ≤ N.

Theorem 4.6 ([74, 179]). Suppose that Un is the numerical solution generated by the scheme described in Eq.
(27), and let u(x, y, t) ∈ S4+α(R). Then, there exists a constant C > 0, independent of τ , hx, and hy, such that

∥un − Un∥ ≤ C
(
τ4 + h4

x + h4
y

)
, 1 ≤ n ≤ N.

In what follows, we present the stability and convergence theorems of L–type schemes.

Theorem 4.7 ([62, 165, 204]). The implicit difference scheme, given by (28) is unconditionally stable.

Theorem 4.8 ([16, 94, 141, 165]). The implicit difference schemes, introduced by (29), (30) and (31) are un-
conditionally stable.

Theorem 4.9 ([62, 165, 204]). Suppose Un is computed by Eq. (28), and u ∈ C2[0, T ]. Therefore, there exists a
C > 0, independent of τ , hx and hy such that

∥un − Un∥ ≤ C
(
τ2−α + h4

x + h4
y

)
, 1 ≤ n ≤ N.

Theorem 4.10 ([165]). Let u ∈ C3[0, T ] and Un, which is obtained by Eq. (29) is the approximation of un. Then,
there exists a positive constant, say C, independent of τ , hx and hy subject to

∥un − Un∥ ≤ C
(
τ3−α + h4

x + h4
y

)
, 1 ≤ n ≤ N.

Theorem 4.11 ([16, 165]). If u ∈ C3[0, T ] and Un, found by Eq. (30) is the estimation of un, then there exists
a positive C, independent of τ , hx and hy with

∥un − Un∥ ≤ C
(
τ2 + h4

x + h4
y

)
, 1 ≤ n ≤ N.

Theorem 4.12. Assume u ∈ C4[0, T ] and Un is the solution of system (31). Thus, there exists a positive constant
C, independent of τ , hx and hy such that

∥un − Un∥ ≤ C
(
τ4−α + h4

x + h4
y

)
, 1 ≤ n ≤ N.

4.3. Numerical tests

This section presents a series of numerical experiments to validate the theoretical results established in §4.2. All
simulations are performed using MATLAB R2024b on a Windows 11 Pro (64-bit) system equipped with an Intel(R)
Core i5 (11th generation) processor running at 2.40 GHz and 8 GB of RAM. In all tests of this manuscript, the
temporal and spatial discretizations are chosen such that the number of time steps and spatial nodes are equal, i.e.,
N = M . To evaluate the accuracy of the numerical scheme, the computational order (CO) is computed using the
following formula

CO ≈
log

(
Ei

Ei+1

)
log

(
hi

hi+1

) ,

where Ei and Ei+1 denote the L2-errors corresponding to successive spatial step sizes hi and hi+1, respectively.

Example 4.1. In this test, we consider the spatial domain Ω = [−5, 5]2 with spatial step size h =
10

M
, where

Mx = My = M , and set T = 1. The exact solution is given by

u(x, y, t) = tp sech(x) sech(y),
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and the corresponding source term is

f(x, y, t) =

(
Γ(p+ 1)

Γ(p+ 1− α)
tp−α − 2tp

[
tanh2(x) + tanh2(y)− 1

])
sech(x) sech(y).

Tables 3–10 report the numerical results for different scenarios. Table 3 presents the results for Eq. (1) solved using
scheme (22) for α = 0.1, 0.5, 0.9, demonstrating agreement with the theoretical convergence order (TCO) predicted
by Theorem 4.3. Table 4 shows the results for scheme (25) with α = 0.2, 0.5, 0.8, also confirming the TCO from
Theorem 4.4. Table 5 reports the results for scheme (26) with α = 0.25, 0.5, 0.75, achieving the expected third-order
accuracy predicted by Theorem 4.5; a visual illustration corresponding to M = 64 and α = 0.25 is provided in
Fig. 2. There is also Table 6 which reports the findings for scheme (27) with α = 0.3, 0.6, 0.9, achieving the expected
fourth-order accuracy provided by Theorem 4.6.

Table 3: Numerical findings for Example 4.1 with p = 2 and ε = 0.1.

α = 0.1 α = 0.5 α = 0.9

M L2 CO L2 CO L2 CO

4 2.6256× 10−2 − 4.1362× 10−2 − 5.7732× 10−2 −
8 5.3295× 10−3 2.3006 1.2608× 10−2 1.7140 2.0770× 10−2 1.4749

16 1.1147× 10−3 2.2573 5.5879× 10−3 1.1739 1.0208× 10−2 1.0248

32 5.5717× 10−4 1.0005 2.8829× 10−3 0.9548 5.2633× 10−3 0.9557

64 2.8600× 10−4 0.9621 1.4669× 10−3 0.9747 2.6743× 10−3 0.9768

TCO 1.0000 1.0000 1.0000

Table 4: Numerical findings for Example 4.1 with p = 3 and ε =
1

√
4π2

.

α = 0.2 α = 0.5 α = 0.8

M L2 CO L2 CO L2 CO

4 3.3368× 10−2 − 3.0165× 10−2 − 3.0561× 10−2 −
8 6.0465× 10−3 2.4643 5.5323× 10−3 2.4469 5.8105× 10−3 2.3949

16 4.1030× 10−4 3.8813 6.3130× 10−4 3.1315 1.0289× 10−3 2.4975

32 5.2135× 10−5 2.9763 1.4282× 10−4 2.1441 2.6047× 10−4 1.9819

64 1.2460× 10−5 2.0650 3.6234× 10−5 1.9788 6.6613× 10−5 1.9673

TCO 2.0000 2.0000 2.0000

Table 5: Numerical findings for Example 4.1 with p = 4 and ε = 0.01.

α = 0.25 α = 0.5 α = 0.75

M L2 CO L2 CO L2 CO

4 4.1107× 10−3 − 6.5936× 10−3 − 9.9828× 10−3 −
8 6.1895× 10−4 2.7315 8.5852× 10−4 2.9411 1.2825× 10−3 2.9605

16 6.0885× 10−5 3.3457 1.0044× 10−4 3.0955 1.6746× 10−4 2.9371

32 5.8256× 10−6 3.3856 1.2677× 10−5 2.9862 2.2104× 10−5 2.9214

64 6.9579× 10−7 3.0657 1.6185× 10−6 2.9695 2.8482× 10−6 2.9562

TCO 3.0000 3.0000 3.0000

Similarly, Table 7 displays results for scheme (28) with α = 0.35, 0.65, 0.95, verifying the TCO from Theorem 4.9.
Table 8 shows results for scheme (29) with α = 0.25, 0.45, 0.65, matching the TCO of Theorem 4.10. Table 9
presents results for scheme (31) with α = 0.01, 0.45, 0.99, confirming the TCO predicted by Theorem 4.12. Finally,
Table 10 contains results for scheme (30) with α = 0.2, 0.4, 0.7, achieving the second-order accuracy predicted by
Theorem 4.11.
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Figure 2: Visual representation of solution density and surface linked to Table 5 for α = 0.25 and M = 64.

Table 6: Numerical results for Example 4.1 with p = 4 and ε = 0.5.

α = 0.3 α = 0.6 α = 0.9

M L2 CO L2 CO L2 CO

4 7.0142× 10−2 − 4.7846× 10−2 − 3.3093× 10−2 −
8 1.0585× 10−2 2.7282 7.9172× 10−3 2.5953 5.6603× 10−3 2.5476

16 4.8579× 10−4 4.4456 4.2758× 10−4 4.2107 3.6083× 10−4 3.9715

32 2.2685× 10−5 4.4205 1.9959× 10−5 4.4211 1.6897× 10−5 4.4164

64 1.3927× 10−6 4.0258 1.2236× 10−6 4.0278 1.0343× 10−6 4.0300

TCO 4.0000 4.0000 4.0000

Table 7: Numerical findings for Example 4.1 with p = 1 + α and ε = 0.01.

α = 0.3 α = 0.6 α = 0.9

M L2 CO L2 CO L2 CO

4 4.6011× 10−3 − 1.5292× 10−2 − 4.5476× 10−2 −
8 1.1595× 10−3 1.9885 5.1159× 10−3 1.5797 1.8614× 10−2 1.2887

16 3.0344× 10−4 1.9340 2.0957× 10−3 1.2876 9.4081× 10−3 0.9844

32 9.8452× 10−5 1.6239 8.6466× 10−4 1.2772 4.7015× 10−3 1.0008

64 3.1962× 10−5 1.6231 3.4899× 10−4 1.3089 2.3115× 10−3 1.0243

TCO 1.6500 1.3500 1.0500

Table 8: Numerical findings for Example 4.1 with p = 3− α and ε =
25

10000
.

α = 0.25 α = 0.45 α = 0.65

M L2 CO L2 CO L2 CO

4 1.9138× 10−3 − 3.1471× 10−3 − 3.8156× 10−3 −
8 2.6012× 10−4 2.8792 4.7143× 10−4 2.7389 7.1920× 10−4 2.4074

16 3.1110× 10−5 3.0637 7.4464× 10−5 2.6624 1.4467× 10−4 2.3137

32 4.3412× 10−6 2.8412 1.2695× 10−5 2.5523 2.9439× 10−5 2.2969

64 6.5231× 10−7 2.7345 2.1662× 10−6 2.5510 5.8734× 10−6 2.3255

TCO 2.7500 2.5500 2.3500

5. Meshless method for TFDEs

Numerous studies have explored the application of meshless methods for solving PDEs and FPDEs; refer to, for
example, [3, 4, 5, 11, 39, 43, 44, 45, 58, 111, 124, 125]. In this section, we focus on the implementation of a meshless
method for solving Eq. (1) using radial basis functions (RBFs).
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Table 9: Numerical findings for Example 4.1 with p = 4− α and ε =
1

4000
.

α = 0.1 α = 0.45 α = 0.99

M L2 CO L2 CO L2 CO

4 8.4326× 10−5 − 7.5087× 10−4 − 2.2129× 10−3 −
8 1.6230× 10−5 2.3773 9.8080× 10−5 2.9365 4.0400× 10−4 2.4535

16 1.7239× 10−6 3.2350 9.3646× 10−6 3.3887 5.0797× 10−5 2.9915

32 9.1887× 10−8 4.2296 8.5887× 10−7 3.4467 6.3779× 10−6 2.9936

64 5.6248× 10−9 4.0300 7.6390× 10−8 3.4910 7.9004× 10−7 3.0131

TCO 3.9900 3.5500 3.0100

Table 10: Numerical findings for Example 4.1 with p = 3− α and ε = 0.1.

α = 0.2 α = 0.4 α = 0.7

M L2 CO L2 CO L2 CO

4 2.2081× 10−2 − 1.9384× 10−2 − 1.4906× 10−2 −
8 4.2221× 10−3 2.3868 3.6825× 10−3 2.3961 2.8461× 10−3 2.3888

16 3.2138× 10−4 3.7156 3.2843× 10−4 3.4870 2.8517× 10−4 3.3191

32 4.0535× 10−5 2.9870 5.6413× 10−5 2.5415 5.3335× 10−5 2.4186

64 9.8450× 10−6 2.0417 1.4246× 10−5 1.9855 1.3708× 10−5 1.9600

TCO 2.0000 2.0000 2.0000

A meshless method is characterized by the absence of a predefined mesh to discretize the domain. Instead, it
constructs a system of algebraic equations over the entire problem domain using scattered nodes [111]. According
to [111], meshless methods employ sets of nodes distributed within the interior and along the boundaries of the
domain to represent the problem domain and its boundary. These nodes are not connected by any mesh structure,
and no prior information about the connectivity among nodes is required for interpolation or approximation of
unknown field variables.

Among the various types of RBFs discussed in the literature [44, 160], we employ the multiquadric (MQ) RBF
in this study, defined by

ϕ(r) =
√

1 + (cr)2,

where c > 0 is a shape parameter and r is the Euclidean distance between nodes [161].

5.1. Numerical schemes

In this section, we implement the meshless method for solving Eq. (1) based on the Grünwald–Letnikov approxi-
mation and L–type formulas. Beginning with the application of Eq. (7), the time-fractional differential equation
takes the form

τ−α
n∑

k=0

g
(α)
k un−k − ε∆un +T(α)

n = fn, (32)

where τ is the time step size, and T
(α)
n accounts for the truncation error. To approximate the solution using a

meshless RBF approach (Kansa method), we define the MQ–RBF as [44, 81, 82]

φj(x) =

√
∥x− xj∥2 + c2,

and equivalently in terms of the distance rij between the node xi and center xj

φ(rij) =

√
∥xi − xj∥2 + c2 =

√
1 + r2c2,

where c > 0 is the shape parameter. Using the RBF approximation, the numerical scheme becomes

τ−α
n∑

k=0

g
(α)
k

M∑
j=1

cn−k
j φ(rij)− ε

M∑
j=1

cnj ∆φ(rij) = fn.
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After rearranging and isolating the unknown coefficients at the current time level n, we obtain the following discrete
scheme

τ−αg
(α)
0

M∑
j=1

cnj φ(rij)− ε

M∑
j=1

cnj ∆φ(rij) = fn − τ−α
n∑

k=1

g
(α)
k

M∑
j=1

cn−k
j φ(rij).

This system can be compactly written in matrix form as

ACn = F (n), 1 ≤ n ≤ N, (33)

where A is the coefficient matrix composed of RBF and Laplace evaluations, Cn is the vector of unknown coefficients
at time step n, and F (n) is the modified RHS incorporating both the source term and the memory contributions
from previous time steps. Similarly, if one applies second-order WSGL, then

M∑
j=1

cnj

(
τ−αw

(α)
0 φ (rij)− ε∆φ (rij)

)
= fn − τ−α

n∑
k=1

w
(α)
k

M∑
j=1

cn−k
j φ (rij),

or equivalently in matrix form
ACn = F (n), 1 ≤ n ≤ N. (34)

Moreover, for third-order WSGL, one obtains

M∑
j=1

cnj

(
τ−αλ

(α)
0 φ (rij)− ε∆φ (rij)

)
= fn − τ−α

n∑
k=1

λ
(α)
k

M∑
j=1

cn−k
j φ (rij),

or in matrix form
ACn = F (n), 1 ≤ n ≤ N. (35)

Additionally, by employing fourth-order WSGL, one concludes

M∑
j=1

cnj

(
τ−αϑ

(α)
0 φ (rij)− ε∆φ (rij)

)
= fn − τ−α

n∑
k=1

ϑ
(α)
k

M∑
j=1

cn−k
j φ (rij),

or in its compact form
ACn = F (n), 1 ≤ n ≤ N. (36)

By substituting Eq. (11) into Eq. (1) and using the Kansa method, we get the following discretization

M∑
j=1

cnj

(
a
(α)
0 φ (rij)− ε∆φ (rij)

)
= a

(α)
0

M∑
j=1

cn−1
j φ (rij)−

n−1∑
k=1

a
(α)
n−k

M∑
j=1

δckjφ (rij) + fn,

and its corresponding matrix form is
ACn = F (n), 1 ≤ n ≤ N. (37)

Now, using L1-2 method gives

c
(α)
0

M∑
j=1

cnj φ (rij)− ε

M∑
j=1

cnj ∆φ (rij) = c
(α)
0

M∑
j=1

cn−1
j φ (rij)−

n−1∑
k=1

c
(α)
n−k

M∑
j=1

δckjφ (rij) + fn,

which implies the following matrix form

ACn = F (n), 1 ≤ n ≤ N. (38)

Following the same procedure for L2-1σ approximation and utilizing Lemma 3.8 yield

c
(n)
0

M∑
j=1

cn+1
j φ (rij)− εσ

M∑
j=1

cn+1
j ∆φ (rij) = c

(n)
0

M∑
j=1

cnj φ (rij)−
n−1∑
k=0

c
(n)
n−k

M∑
j=1

δckjφ (rij)

+ ε (1− σ)

M∑
j=1

cnj ∆φ (rij) + σfn+1 + (1− σ) fn.

(39)
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The compact matrix form of Eq. (39) can be presented as follows

ACn+1 = F (n+σ), 0 ≤ n ≤ N − 1. (40)

Finally, for L1-2-3 approximation one obtains

M∑
j=1

cnj

(
c
(α)
0 φ (rij)− ε∆φ (rij)

)
= c

(α)
0

M∑
j=1

cn−1
j φ (rij)−

n−1∑
k=1

c
(α)
n−k

M∑
j=1

δckjφ (rij) + fn,

with the matrix form
ACn = F (n), 1 ≤ n ≤ N. (41)

5.2. Numerical examples

Example 5.1. We now perform a second test on the spatial domain Ω = [−5, 5]2 with step size h = 10
M , where

Mx = My = M , and set T = 1. The exact solution is

u(x, y, t) = tp sin(x+ y),

with corresponding source term

f(x, y, t) =

(
Γ(p+ 1)

Γ(p+ 1− α)
tp−α + 2tp

)
sin(x+ y).

Tables 11–18 summarize the numerical results for various schemes and parameter settings. For the Grünwald–
Letnikov formula (22), we take p = 2, ε = 1, and α = 0.2, 0.5, 0.75 (Table 11). For the second-order WSGL scheme
(25), we use p = 3, ε = 0.1, and α = 0.1, 0.5, 0.8 (Table 12). For the third-order WSGL scheme (26), we set
p = 4, ε = 0.01, and α = 0.15, 0.55, 0.85 (Table 13); and for the variant (27), we choose p = 5, ε = 0.001, and
α = 0.25, 0.55, 0.85 (Table 14).

For the L1 method (28), we choose p = 2 − α, ε = 1/
√
4π2, and α = 0.3, 0.5, 0.8 (Table 15). For the L1-2

approximation (29), we select p = 2+ α, ε = 1/
√
8π2, and α = 0.3, 0.6, 0.9 (Table 16). For the L2-1σ formula (30),

the parameters are taken as p = 3+ α, ε = 1/
√
16π2, and α = 0.25, 0.5, 0.75 (Table 17). At the end, for the L1-2-3

scheme (31), we put p = 4−α, ε = 0.01, and α = 0.1, 0.5, 0.9 (Table 18). Fig. 3 illustrates the results from Table 18
for α = 0.5 and M = 40.
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Figure 3: Representation of density and surface of approximate solution associated with Table 18 for α = 0.5 and M = 40.

6. Finite element method for TFDEs

In this section, we present the FEM for solving Eq. (1). To begin, it is essential to define the finite element space
used in the formulation [40, 41, 80, 94].

Suppose Th is a quasi-uniform triangulation of the domain Ω, such that

Ω̄ =
⋃

K∈Th

K,
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Table 11: Errors for Example 5.1 with p = 2 and ε = 1.

α = 0.2 α = 0.5 α = 0.75

M L2 L2 L2

10 1.8390× 10−2 1.2186× 10−2 1.0823× 10−2

20 3.0385× 10−3 5.5427× 10−3 7.9493× 10−3

30 1.3470× 10−3 3.8676× 10−3 5.6337× 10−3

40 9.6419× 10−4 3.0322× 10−3 4.3831× 10−3

Table 12: Errors for Example 5.1 with p = 3 and ε = 0.1.

α = 0.1 α = 0.5 α = 0.8

M L2 L2 L2

10 2.8778× 10−2 7.0118× 10−3 9.9216× 10−3

20 1.2380× 10−2 4.2786× 10−3 5.1830× 10−3

30 2.3297× 10−3 2.0059× 10−3 2.9367× 10−3

40 4.1180× 10−4 4.8339× 10−4 7.9861× 10−4

Table 13: Errors for Example 5.1 with p = 4 and ε = 0.01.

α = 0.15 α = 0.55 α = 0.85

M L2 L2 L2

10 1.1098× 10−3 8.4495× 10−3 1.7309× 10−2

20 1.0771× 10−3 1.5891× 10−3 3.7762× 10−3

30 3.7592× 10−4 3.6697× 10−4 6.3488× 10−4

40 9.1784× 10−5 6.7768× 10−5 9.2121× 10−5

Table 14: Errors for Example 5.1 with p = 5 and ε = 0.001.

α = 0.25 α = 0.55 α = 0.85

M L2 L2 L2

10 1.3064× 10−4 4.3496× 10−4 8.7019× 10−4

20 2.5874× 10−5 3.5319× 10−5 6.6263× 10−5

30 1.0949× 10−5 9.1292× 10−6 1.4149× 10−5

40 4.7564× 10−6 3.4935× 10−6 4.7196× 10−6

Table 15: Errors for Example 5.1 with p = 2− α and ε =
1

√
4π2

.

α = 0.3 α = 0.5 α = 0.8

M L2 L2 L2

10 7.2273× 10−3 5.6233× 10−3 5.0851× 10−3

20 1.7065× 10−3 1.8590× 10−3 3.3024× 10−3

30 5.9611× 10−4 8.4713× 10−4 2.1210× 10−3

40 2.4712× 10−4 5.1089× 10−4 1.5650× 10−3

Table 16: Errors for Example 5.1 with p = 2 + α and ε =
1

√
8π2

.

α = 0.3 α = 0.6 α = 0.9

M L2 L2 L2

10 6.0139× 10−3 3.7952× 10−3 4.1994× 10−3

20 1.4410× 10−3 1.1328× 10−3 1.5947× 10−3

30 5.0032× 10−4 4.0747× 10−4 7.0118× 10−4

40 1.8430× 10−4 1.5442× 10−4 3.7996× 10−4
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Table 17: Errors for Example 5.1 with p = 3 + α and ε =
1

√
16π2

.

α = 0.25 α = 0.5 α = 0.75

M L2 L2 L2

10 1.5276× 10−2 3.0009× 10−3 7.3277× 10−3

20 6.9786× 10−3 2.8942× 10−3 3.5375× 10−3

30 1.7735× 10−3 1.7887× 10−3 2.1211× 10−3

40 3.6042× 10−4 4.5759× 10−4 5.8550× 10−4

Table 18: Errors for Example 5.1 with p = 4− α and ε = 0.01.

α = 0.1 α = 0.5 α = 0.9

M L2 L2 L2

10 8.4475× 10−4 4.0935× 10−4 4.3396× 10−4

20 2.8827× 10−4 1.7096× 10−4 1.0846× 10−4

30 1.1786× 10−4 7.2538× 10−5 4.5843× 10−5

40 4.8458× 10−5 3.0551× 10−5 1.9532× 10−5

where h denotes the mesh size, defined as
h := max

K∈Th

{diam(K)}.

We then define the finite element space as

Sh
M :=

{
s ∈ C

(
Ω̄
)∣∣ s|K ∈ Ph

M (K) ,∀K ∈ Th, s|∂Ω = 0
}
,

where Ph
M (K) denotes the space of polynomials of degree at most M on each element K, and Sh

M ⊂ H1
0(Ω).

6.1. Variational weak forms

In the current section, we apply the notations given above to derive the weak form. By substituting Eq. (7) into
Eq. (1), we arrive at Eq. (32). The variational weak formulation of Eq. (32) is: find a un ∈ H1

0 (Ω), such that(
τ−α

n∑
k=0

g
(α)
k un−k, sn

)
− ε (∆un, sn) +

(
T(α)

n , sn
)
= (fn, sn) , ∀sn ∈ Sh

M .

Then there exists a Un ∈ Ph
M (Ω) with(

τ−α
n∑

k=0

g
(α)
k Un−k, sn

)
− ε (∆Un, sn) = (fn, sn) , ∀sn ∈ Sh

M . (42)

On the other hand, for second-order WSGL approximation, one can conclude(
τ−α

n∑
k=0

w
(α)
k Un−k, sn

)
− ε (∆Un, sn) = (fn, sn) , ∀sn ∈ Sh

M . (43)

Substituting Eq. (9) into Eq. (1) results

τ−α
n∑

k=0

λ
(α)
k un−k − ε∆un +T(α)

n = fn. (44)

The weak formulation of Eq. (44) is: finding a un ∈ H1
0 (Ω), such that(

τ−α
n∑

k=0

λ
(α)
k un−k, sn

)
− ε (∆un, sn) +

(
T(α)

n , sn
)
= (fn, sn) , ∀sn ∈ Sh

M . (45)

Therefore, there exists a Un ∈ Ph
M (Ω) subject to(

τ−α
n∑

k=0

λ
(α)
k Un−k, sn

)
− ε (∆Un, sn) = (fn, sn) , ∀sn ∈ Sh

M . (46)
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The same reasoning for the fourth-order WSGL results the following scheme(
τ−α

n∑
k=0

ϑ
(α)
k Un−k, sn

)
− ε (∆Un, sn) = (fn, sn) , ∀sn ∈ Sh

M . (47)

Next, we will find the weak forms for L–type schemes. Using L1 formula for Eq. (1) gives

n∑
k=1

a
(α)
n−kδu

k − ε∆un +T(α)
n = fn, (48)

The weak form of Eq. (48) is to find a un ∈ H1
0 (Ω), such that(

n∑
k=1

a
(α)
n−kδu

k, sn

)
− ε (∆un, sn) +

(
T(α)

n , sn
)
= (fn, sn) , ∀sn ∈ Sh

M , (49)

thus there exists a Un ∈ Ph
M (Ω), with(

n∑
k=1

a
(α)
n−kδu

k, sn

)
− ε (∆Un, sn) = (fn, sn) , ∀sn ∈ Sh

M . (50)

Similarly, if one applies the L1-2 approximation (13), then the following scheme can be obtained(
n∑

k=1

c
(α)
n−kδu

k, sn

)
− ε (∆Un, sn) = (fn, sn) , ∀sn ∈ Sh

M . (51)

Using Eq. (15) for Eq. (1) leads to

n∑
k=0

c
(n)
n−kδu

k − ε∆un+σ +T
(α)
n+σ = fn+σ, (52)

The weak form of Eq. (52) is to find a un+σ ∈ H1
0 (Ω), such that(

n∑
k=0

c
(n)
n−kδu

k, sn+σ

)
− ε

(
∆un+σ, sn+σ

)
+
(
T

(α)
n+σ, s

n+σ
)
=
(
fn+σ, sn+σ

)
, ∀sn+σ ∈ Sh

M . (53)

Then, one has

∃Un+σ ∈ Ph
M (Ω) ϶

(
n∑

k=0

c
(n)
n−kδU

k, sn+σ

)
− ε

(
∆Un+σ, sn+σ

)
=
(
fn+σ, sn+σ

)
, ∀sn+σ ∈ Sh

M . (54)

Applying the same procedure to the L1-2-3 formula yields the scheme below(
n∑

k=1

d
(α)
n−kδu

k, sn

)
− ε (∆Un, sn) = (fn, sn) , ∀sn ∈ Sh

M . (55)

6.2. Stability and error analysis

There are some key lemmas presented as follows. These lemmas will be useful for further analysis in upcoming
sections.

Lemma 6.1 ([74, 171, 176]). For the set of coefficients
{
λ
(α)
k

}∞

k=0
, appeared in Eq. (9), N ∈ N and

[
u0 u1 . . . uN

]T ∈
RN+1, the following property holds

N∑
n=0

(
n∑

k=0

λ
(α)
k un−k

)
un ≥ 0.

Moreover, the mentioned property is true for
{
g
(α)
k

}∞

k=0
,
{
w

(α)
k

}∞

k=0
and

{
ϑ
(α)
k

}∞

k=0
in Eqs. (7), (8) and (10),

respectively.
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Lemma 6.2 ([15, 61, 175]). The following inequality can be easily concluded for any Vn ∈ P(λ),(
CDα

NVn,Vn
)
≥ 1

2
CDα

N∥Vn∥2.

Lemma 6.3 ([59, 106, 107]). Suppose that T > 0 and there is a constant ϑ, independent of τ , with ϑ ≥
∑N−1

l=0 ϑl,

in which {ϑl}N−1
l=0 , is a nonnegative sequence. Let the sequences {un}Nn=0, {wn}Nn=1 and {vn}Nn=1 be nonnegative

and satisfy the following relation

CDα
N (un)

2 ≤ un (vn + wn) +

n∑
l=1

ϑn−l

(
ul
)2

, n ≥ 1,

then

un ≤ Eα (2ϑtαn)

(
2u0 + 2 max

1≤k≤n

k∑
l=1

κ
(k)
k−lv

l +
2tαn

Γ (1 + α)
max

1≤k≤n
wk

)
, n ≥ 1,

where the coefficients κ
(k)
k−l are the discrete kernels and Eα is the Mittag–Leffler function.

Lemma 6.4 ([107, 112, 175]). Let {υn}Nn=0 and {νn}Nn=0 be two nonnegative sequences, satisfying
C
0 D

α
t υ

σ ≤ ζ1υ
1 + ζ2υ

0 + ν0,

C
0 D

α
t υ

n+σ ≤ ζ1υ
n+1 + ζ2υ

n + ζ3υ
n−1 + νn,

where ζ1, ζ2 and ζ3 denote three positive constants that are independent of τ . Then there exists τ∗ > 0, such that
0 < τ ≤ τ∗, and

υn ≤ Eα (2ζtαn)

(
6υ0 +

12tαn
Γ (1 + α)

max
0≤l≤n

νl
)
, ζ = 6ζ1 +

c
(n)
0 ζ2

c
(n)
0 − c

(n)
1

+
c
(n)
0 ζ3

c
(n)
1 − c

(n)
2

,

for n ≥ 1.

To establish the convergence of the FEM, we require the H1–orthogonal projection operator. Specifically, we define
the projection operator ΨM : Hq+1 (Ω) → Sh

M (Ω), such that [45, 77, 191]

(∇un,∇sn) = (∇ΨMun,∇sn) , ∀un ∈ Hq+1(Ω), q ≥ 1, ∀sn ∈ Sh
M . (56)

Lemma 6.5 ([170, 174, 191, 193]). For the defined orthogonal projection operator (56), the following estimate
holds

∥u−ΨMu∥ ≤ Chl+1 ∥u∥ , ∀u ∈ H1
0(Ω) ∩Hq+1(Ω),

in which l := min{M, q}, and C is a constant depending on u and its derivatives but independent of the mesh size
h.

We are now ready to study the theorems associated with the obtained schemes.

Theorem 6.6. Let Ũn ∈ Ph
M (Ω) be an approximation of Un. The fully-discrete schemes (42), (43), (46) and (47)

are unconditionally stable.

Proof. The proof is presented only for (46); the same reasoning applies to (42), (43) and (47).First, it is required
to introduce the following round-off error equation

En := Un − Ũn. (57)

Subtracting (
τ−α

n∑
k=0

λ
(α)
k Ũn−k, sn

)
− ε

(
∆Ũn, sn

)
= (fn, sn) ,

from Eq. (46) yields (
τ−α

n∑
k=0

λ
(α)
k En−k, sn

)
− ε (∆En, sn) = 0.
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Set sn = En, then one has (
τ−α

n∑
k=0

λ
(α)
k En−k, En

)
− ε (∆En, En) = 0.

By using the Green’s theorem, it can be concluded that(
τ−α

n∑
k=0

λ
(α)
k En−k, En

)
+ ε (∇En,∇En) = 0. (58)

Summing Eq. (58) over n from 1 to N yields

τ−α
N∑

n=1

(
n∑

k=0

λ
(α)
k En−k, En

)
+ ε

N∑
n=1

(∇En,∇En) = 0. (59)

Adding τ−αλ
(α)
0

(
E0, E0

)
to both sides of Eq. (59) leads to

τ−α
N∑

n=0

(
n∑

k=0

λ
(α)
k En−k, En

)
+ ε

N∑
n=1

(∇En,∇En) = τ−αλ
(α)
0

(
E0, E0

)
. (60)

From Lemma 6.1, the first term on the LHS of (60) is nonnegative, so dropping it and by setting ϱ1 = τ−αλ
(α)
0 , we

obtain

ε

N∑
n=1

∥∇En∥2 ≤ ϱ1
∥∥E0

∥∥2.
The use of Poincaré inequality results in

ε∥∇En∥2 ≥ ε

CΩ
∥En∥2.

Finally, simplifying the recent result gives

∥En∥ ≤
√

ϱ1CΩ

ε

∥∥E0
∥∥ ,

and the proof is finished. □

Theorem 6.7. Let Ũn ∈ Ph
M (Ω) be the estimate solution of the fully-discrete schemes (50), (51) and (55). Then

these schemes are unconditionally stable.

Proof. The proof is given only for (50). Others follow the same idea. By considering (57) and subtracting(
C
0 D

α
t Ũ

n, sn
)
− ε

(
∆Ũn, sn

)
= (fn, sn) ,

from Eq. (48) results in (
C
0 D

α
t En, sn

)
− ε (∆En, sn) = 0.

By following the same argument given in the proof of Theorem 6.6, it is evident that(
C
0 D

α
t En, En

)
+ ε (∇En,∇En) = 0. (61)

By employing Lemma 6.2 for the first term, we deduce that

1

2
C
0 D

α
t ∥En∥2 + ε∥∇En∥2 ≤ 0.

An application of the Poincaré inequality implies

C
0 D

α
t ∥En∥2 ≤ 2ε

CΩ
∥En∥2,

and the use of Lemma 6.3 leads to

∥En∥ ≤ 4ε

CΩ
E0Eα (2ζtαn) ≤

4ε

CΩ
E0Eα (2ζT ) ,

which finishes the proof. □
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Theorem 6.8. Suppose that Ũn ∈ Ph
M (Ω) is the estimate solution of the fully-discrete scheme (54). Hence this

scheme is unconditionally stable.

Proof. This proof follows the same steps as in the proof of Theorem 6.7 at the n+ σ level, up to the point where
the following relation is derived

C
0 D

α
t

∥∥En+σ
∥∥2 ≤ 2ε

CΩ

∥∥En+σ
∥∥2.

Then by utilizing Lemma 6.4, we obtain

∥En∥ ≤ 12ε

CΩ
E0Eα (2ζtαn) ≤

12ε

CΩ
E0Eα (2ζT ) ,

which fulfills the proof. □

Theorem 6.9. Assume that Un ∈ Ph
M (Ω) is the approximation of un, obtained by Eq. (46), and u(x, y, t) ∈

S3+α(R) with U0 = ΨMu0. Therefore, there exists a positive constant C, independent of τ and h such that

∥un − Un∥ ≤ C
(
τ3 + hl+1

)
, 1 ≤ n ≤ N.

Proof. Subtracting Eq. (46) from Eq. (45) and denoting

vn := un −ΨMun, wn := Un −ΨMun,

then it follows that (
τ−α

n∑
k=0

λ
(α)
k

(
vn−k − wn−k

)
, sn

)
− ε (∆ (vn − wn) , sn) +

(
T(α)

n , sn
)
= 0.

By using the Green’s theorem, one has(
τ−α

n∑
k=0

λ
(α)
k

(
vn−k − wn−k

)
, sn

)
+ ε (∇ (vn − wn) ,∇sn) +

(
T(α)

n , sn
)
= 0.

Considering Eq. (56) and rearranging the terms, the following expression is obtained(
τ−α

n∑
k=0

λ
(α)
k wn−k, wn

)
+ ε (∇wn,∇wn) =

(
τ−α

n∑
k=0

λ
(α)
k vn−k, wn

)
+
(
T(α)

n , wn
)
. (62)

Summing Eq. (62) for n from 1 to N results

τ−α
N∑

n=1

(
n∑

k=0

λ
(α)
k wn−k, wn

)
+ ε

N∑
n=1

(∇wn,∇wn) = τ−α
N∑

n=1

(
n∑

k=0

λ
(α)
k vn−k, wn

)
+

N∑
n=1

(
T(α)

n , wn
)
. (63)

By adding τ−α
(
λ
(α)
0 w0, w0

)
to both sides of Eq. (63), we can deduce that

τ−α
N∑

n=0

(
n∑

k=0

λ
(α)
k wn−k, wn

)
+ ε

N∑
n=1

(∇wn,∇wn) = τ−α
(
λ
(α)
0 w0, w0

)
+ τ−α

N∑
n=1

(
n∑

k=0

λ
(α)
k vn−k, wn

)

+

N∑
n=1

(
T(α)

n , wn
)
.

(64)

By using Lemma 6.1, one can conclude that the first term on the LHS of Eq. (64) is nonnegative. Since w0 = 0,
Eq. (64) can be rewritten as follows

ε

N∑
n=1

∥∇wn∥2 ≤
N∑

n=1

∥∥∥∥∥τ−α
n∑

k=0

λ
(α)
k vn−k

∥∥∥∥∥ ∥wn∥+
N∑

n=1

∥∥∥T(α)
n

∥∥∥ ∥wn∥.

Employing the Poincaré and ε–Young inequalities leads to

ε

CΩ

N∑
n=1

∥wn∥2 ≤ 1

2ε21

N∑
n=1

∥∥∥∥∥τ−α
n∑

k=0

λ
(α)
k vn−k

∥∥∥∥∥
2

+
ε21
2

N∑
n=1

∥wn∥2 + 1

2ε22

N∑
n=1

∥∥∥T(α)
n

∥∥∥2 + ε22
2

N∑
n=1

∥wn∥2. (65)
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By putting ε21 = ε22 =
2ε

3CΩ
, Eq. (65) can be presented as follows

ε

3CΩ

N∑
n=1

∥wn∥2 ≤ 3CΩ

4ε

N∑
n=1

∥∥∥∥∥τ−α
n∑

k=0

λ
(α)
k vn−k

∥∥∥∥∥
2

+
∥∥∥T(α)

n

∥∥∥2
.

A direct application of Lemma 6.5 results

∥wn∥2 ≤ 9C2
Ω

4ε2

(
C̃2h2l+2 max

1≤n≤N

∥∥C
0 Dα

t u
n
∥∥2 + max

1≤n≤N

∥∥∥T(α)
n

∥∥∥2) ,

which implies the following result
∥wn∥ ≤ C

(
τ3 + hl+1

)
.

Finally, by utilizing the triangle inequality, one can easily complete the proof. □

Theorem 6.10. If Un is obtained by solving the system, presented by Eq. (42) (Eq. (43)) ((Eq. (47))), and
u ∈ S1+α(R) (u ∈ S2+α(R)) ((u ∈ S4+α(R))) with U0 = ΨMu0, then there exists a C > 0, independent of τ and h
for n ≥ 1

∥un − Un∥ ≤ C
(
τ + hl+1

)
.
(
∥un − Un∥ ≤ C

(
τ2 + hl+1

)
.
) ((

∥un − Un∥ ≤ C
(
τ4 + hl+1

)
.
))

Proof. The proof of this theorem is similar to the proof of Theorem 6.9. □

In the following, we give the convergence theorems of L–type formulations.

Theorem 6.11. Assume u ∈ C2[0, T ], and Un ∈ Ph
M (Ω) is the approximation of exact solution of Eq. (1), obtained

by Eq. (50) with U0 = ΨMu0. Therefore, there exists a positive constant C, independent of τ and h such that

∥un − Un∥ ≤ C
(
τ2−α + hl+1

)
, n = 1, 2, . . . , N.

Proof. By subtracting Eq. (50) from Eq. (49) and introducing

vn := un −ΨMun, wn := Un −ΨMun,

then one has (
C
0 D

α
t (vn − wn) , sn

)
− ε (∆ (vn − wn) , sn) +

(
T(α)

n , sn
)
= 0.

Using the projection operator, defined by Eq. (56) and assuming sn = wn, then one can obtain the following
expression (

C
0 D

α
t w

n, wn
)
+ ε (∇wn,∇wn) =

(
C
0 D

α
t v

n, wn
)
+
(
T(α)

n , wn
)
.

Employing Lemma 6.2 and applying the Cauchy and ε–Young inequalities lead to

1

2
C
0 D

α
t ∥wn∥2 + ε∥∇wn∥2 ≤ 1

2ε21

∥∥C
0 D

α
t v

n
∥∥2 + ε21

2
∥wn∥2 + 1

2ε22

∥∥∥T(α)
n

∥∥∥2 + ε22
2
∥wn∥2. (66)

Multiplying both sides of Eq. (66) by 2 and setting ε21 = 1 and ε22 =
2ε

CΩ
, then Eq. (66) can be given as

C
0 D

α
t ∥wn∥2 ≤ ∥wn∥2 +

∥∥C
0 D

α
t v

n
∥∥2 + CΩ

2ε

∥∥∥T(α)
n

∥∥∥2.
From Lemmas 6.5 and 6.3, it can be deduced that

∥wn∥ ≤ C
(
τ2−α + hl+1

)
,

and an application of triangle inequality fulfills the proof. □

Theorem 6.12. Suppose Un is computed by Eq. (51), and (Eq. (55)), and u ∈ C3[0, T ] (u ∈ C4[0, T ]), U0 = ΨMu0.
Then there exists a C > 0, independent of τ and h for n ≥ 1

∥un − Un∥ ≤ C
(
τ3−α + hl+1

)
.
(
∥un − Un∥ ≤ C

(
τ4−α + hl+1

)
.
)
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Proof. The argument proceeds in the same manner as the proof of Theorem 6.11, and is therefore neglected. □

Theorem 6.13. Let u ∈ C2[0, T ] and Un be the solution of system (54) such that U0 = ΨMu0. Thus, there exists
a positive constant C, independent of τ and h such that

∥un − Un∥ ≤ C
(
τ2 + hl+1

)
, 1 ≤ n ≤ N.

Proof. A similar procedure to that in the proof of Theorem 6.11 is followed at the n + σ level, resulting in the
following relation

C
0 D

α
t

∥∥wn+σ
∥∥2 ≤

∥∥wn+σ
∥∥2 + ∥∥C0 Dα

t v
n+σ

∥∥2 + CΩ

2ε

∥∥∥T(α)
n+σ

∥∥∥2.
By invoking Lemmas 6.5 and 6.4, we obtain

∥wn∥ ≤ C
(
τ2 + hl+1

)
.

The proof is then completed by an application of the triangle inequality. □

6.3. Numerical simulations

Example 6.1. We now consider Eq. (1) on the domain [0, 1]2 with final time T = 1 and parameter ε = 0.01. The
source term is defined by

f(x, y, t) =

(
Γ(p+ 1)

Γ(p+ 1− α)
tp−α + 2π2tp

)
sin(πx) sin(πy),

corresponding to the exact solution u(x, y, t) = tp sin(πx) sin(πy).
Tables 19–26 present the numerical results for different parameter settings. In Table 19, with α = 0.2, 0.5, 0.8

and p = 2, the CO approaches 1, confirming the theoretical prediction. Table 20, for α = 0.25, 0.5, 0.75 and p = 3,
shows the CO approaching 2, again in agreement with theory.

In Table 21, for α = 0.3, 0.5, 0.7 and p = 4, the CO approaches 2. This behavior is expected since M = 1, and
consequently l = 1; with M = N , the theoretical order is 2. Similarly, in Table 22, for α = 0.35, 0.55, 0.85 and
p = 5, the CO also approaches 2, which is again consistent with the fact that M = 1 and thus l = 1; with M = N ,
the theoretical order remains 2.

Table 23, with α = 0.2, 0.5, 0.7 and p = 2−α, shows the CO approaching 2−α, matching the theoretical order.
Similarly, Table 24 for α = 0.1, 0.5, 0.9 and p = 3− α demonstrates the CO approaching 2 as predicted.

Furthermore, Table 25 for α = 0.25, 0.5, 0.75 and p = 4 − α, and Table 26 for α = 0.3, 0.6, 0.9 and p = 3 + α
both confirm the second-order convergence, consistent with theoretical expectations. Fig. 4 provides graphical
illustrations of the error and solution surface from Table 26 for α = 0.9 and M = 20.

Table 19: Numerical outcomes, obtained by Grünwald–Letnikov formula for Example 6.1 with p = 2.

α = 0.2 α = 0.5 α = 0.8

M L2 CO L2 CO L2 CO

10 7.4589× 10−3 − 2.0601× 10−2 − 3.4424× 10−2 −
20 3.9719× 10−3 0.9091 1.0602× 10−2 0.9583 1.7580× 10−2 0.9695

30 2.7218× 10−3 0.9322 7.1668× 10−3 0.9659 1.1846× 10−2 0.9736

40 2.0497× 10−3 0.9858 5.3591× 10−3 1.0103 8.8436× 10−3 1.0160

TCO 1.0000 1.0000 1.0000

Table 20: Numerical outcomes, computed by second-order WSGL for Example 6.1 with p = 3.

α = 0.25 α = 0.5 α = 0.75

M L2 CO L2 CO L2 CO

10 1.2906× 10−3 − 2.8287× 10−3 − 5.1385× 10−3 −
20 3.6906× 10−4 1.8061 7.4264× 10−4 1.9294 1.3380× 10−3 1.9413

30 1.6950× 10−4 1.9191 3.3815× 10−4 1.9403 6.0685× 10−4 1.9500

40 9.4480× 10−5 2.0316 1.9047× 10−4 1.9953 3.4167× 10−4 1.9967

TCO 2.0000 2.0000 2.0000
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Table 21: Numerical outcomes, computed by third-order WSGL for Example 6.1 with p = 4.

α = 0.3 α = 0.5 α = 0.7

M L2 CO L2 CO L2 CO

10 1.1838× 10−3 − 1.1152× 10−3 − 1.3512× 10−3 −
20 3.7558× 10−4 1.6562 3.4285× 10−4 1.7016 3.3154× 10−4 2.0270

30 1.7474× 10−4 1.8872 1.6176× 10−4 1.8527 1.5385× 10−4 1.8936

40 9.7511× 10−5 2.0276 9.1149× 10−5 1.9939 8.6845× 10−5 1.9877

TCO 2.0000 2.0000 2.0000

Table 22: Numerical outcomes, computed using the fourth-order WSGL scheme for Example 6.1 with p = 5.

α = 0.35 α = 0.55 α = 0.85

M L2 CO L2 CO L2 CO

10 1.2310× 10−3 − 1.0890× 10−3 − 1.0207× 10−3 −
20 3.8638× 10−4 1.6717 3.6104× 10−4 1.5927 3.3061× 10−4 1.6263

30 1.7770× 10−4 1.9157 1.6854× 10−4 1.8789 1.5802× 10−4 1.8206

40 9.8566× 10−5 2.0486 9.4204× 10−5 2.0221 8.9542× 10−5 1.9745

TCO 2.0000 2.0000 2.0000

Table 23: Numerical outcomes, obtained by L1 scheme for Example 6.1 with p = 2− α.

α = 0.2 α = 0.5 α = 0.7

M L2 CO L2 CO L2 CO

10 1.2710× 10−3 − 8.4966× 10−3 − 2.2044× 10−2 −
20 3.9732× 10−4 1.6776 3.2390× 10−3 1.3914 9.3911× 10−3 1.2310

30 1.9562× 10−4 1.7475 1.8299× 10−3 1.4083 5.6712× 10−3 1.2439

40 1.1624× 10−4 1.8095 1.2023× 10−3 1.4601 3.9113× 10−3 1.2915

TCO 1.8000 1.5000 1.3000

Table 24: Numerical outcomes, by L1-2 formula for Example 6.1 with p = 3− α.

α = 0.1 α = 0.5 α = 0.9

M L2 CO L2 CO L2 CO

10 1.4745× 10−3 − 1.1273× 10−3 − 1.0889× 10−3 −
20 4.2754× 10−4 1.7860 3.5171× 10−4 1.6804 3.3574× 10−4 1.6974

30 1.9370× 10−4 1.9527 1.6371× 10−4 1.8861 1.5498× 10−4 1.9067

40 1.0671× 10−4 2.0725 9.1469× 10−5 2.0233 8.6300× 10−5 2.0350

TCO 2.0000 2.0000 2.0000

Table 25: Numerical outcomes, obtained by L1-2-3 method for Example 6.1 with p = 4− α.

α = 0.25 α = 0.5 α = 0.75

M L2 CO L2 CO L2 CO

10 1.3819× 10−3 − 1.2298× 10−3 − 1.1489× 10−3 −
20 4.0868× 10−4 1.7576 3.8026× 10−4 1.6934 3.6121× 10−4 1.6693

30 1.8577× 10−4 1.9444 1.7482× 10−4 1.9165 1.6727× 10−4 1.8987

40 1.0251× 10−4 2.0667 9.7055× 10−5 2.0456 9.3337× 10−5 2.0279

TCO 2.0000 2.0000 2.0000

7. Spectral element method for TFDEs

Recently, considerable attention has been devoted to the spectral element method (SEM) for the numerical solution
of both PDEs and FPDEs [1, 6, 7, 8, 10, 42, 46, 47, 135]. SEM offers a powerful framework that blends the flexibility
of the FEM with the high-order accuracy of spectral methods. This hybrid approach enables the resolution of
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Table 26: Numerical outcomes, computed by L2-1σ formula for Example 6.1 with p = 3 + α.

α = 0.3 α = 0.6 α = 0.9

M L2 CO L2 CO L2 CO

10 1.5179× 10−3 − 3.1418× 10−3 − 4.2634× 10−3 −
20 4.2607× 10−4 1.8329 8.3686× 10−4 1.9085 1.0996× 10−3 1.9551

30 1.9685× 10−4 1.9044 3.8537× 10−4 1.9125 4.9973× 10−4 1.9449

40 1.1087× 10−4 1.9956 2.1907× 10−4 1.9633 2.8242× 10−4 1.9838

TCO 2.0000 2.0000 2.0000
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Figure 4: Graphical illustration of error and surface plots for Table 26 with α = 0.9 and M = 20.

complex geometries and boundary conditions while achieving spectral convergence rates for smooth solutions. In
the current section, we explore the implementation of SEM for solving Eq. (1) using Legendre polynomials as
basis functions, which are particularly suitable due to their orthogonality and excellent approximation properties
on bounded domains [157]. Moreover, there are some initial tips and important lemmas in Refs. [19, 42, 157] which
can be useful for the interested reader.

Originally introduced by Patera [135], the SEM is constructed by partitioning the domain into non-overlapping
elements, within which high-degree spectral polynomials are employed for spatial approximation. This structure
retains the local approximation flexibility of FEM while achieving the superior convergence characteristics of spectral
methods. When applied to fractional models, SEM is particularly advantageous due to its ability to accurately
capture nonlocal behaviors and singularities inherent in fractional operators. By leveraging SEM in the current
work, we aim to obtain highly accurate numerical solutions for Eq. (1), particularly in scenarios where traditional
low-order methods may suffer from reduced efficiency or accuracy [32, 84, 135].

Before proceeding to the next section, we introduce the notation S0M (Ω), which denotes the spectral element
approximation space, defined as

S0M (Ω) :=
{
u ∈ H1

0(Ω)
∣∣ u|Ωk

∈ PM (Ωk), 1 ≤ k ≤ mk

}
. (67)

where PM (Ωk) represents the space of polynomials of degree at most M on Ωk.

7.1. Weak formulations

To derive the weak forms corresponding to SEM, we follow the same procedures as utilized in §6.1. The variational
weak form of Eq. (32) is presented as follows(

τ−α
n∑

k=0

g
(α)
k un−k, ςn

)
− ε (∆un, ςn) +

(
T(α)

n , ςn
)
= (fn, ςn) , ∀ςn ∈ S0M .

Then by dropping the truncation error, one has

∃Un ∈ S0M (Ω) ϶

(
τ−α

n∑
k=0

g
(α)
k Un−k, ςn

)
− ε (∆Un, ςn) = (fn, ςn) , ∀ςn ∈ S0M . (68)
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Obviously, for the second-order WSGL and Eq. (44), it can be deduced that(
τ−α

n∑
k=0

w
(α)
k Un−k, ςn

)
− ε (∆Un, ςn) = (fn, ςn) , ∀ςn ∈ S0M , (69)

and (
τ−α

n∑
k=0

λ
(α)
k Un−k, ςn

)
− ε (∆Un, ςn) = (fn, ςn) , ∀ςn ∈ S0M . (70)

Additionally, for the fourth-order WSGL formula, we have(
τ−α

n∑
k=0

ϑ
(α)
k Un−k, ςn

)
− ε (∆Un, ςn) = (fn, ςn) , ∀ςn ∈ S0M . (71)

To derive the schemes based on L–type approximations and Legendre SEM, we should present the weak formulations.
The weak form of Eq. (48) can be obtained as follows(

n∑
k=1

a
(α)
n−kδu

k, ςn

)
− ε (∆un, ςn) +

(
T(α)

n , ςn
)
= (fn, ςn) , ∀ςn ∈ S0M .

Then there exists a Un ∈ S0M (Ω) such that(
n∑

k=1

a
(α)
n−kδU

k, ςn

)
− ε (∆Un, ςn) = (fn, ςn) , ∀ςn ∈ S0M . (72)

In the same manner, the corresponding spectral element schemes for formulations based on various L–type dis-
cretizations are derived as follows. For the L1-2 formula, the scheme is given by(

n∑
k=1

c
(α)
n−kδU

k, ςn

)
− ε (∆Un, ςn) = (fn, ςn) , ∀ςn ∈ S0M . (73)

For the L1-2-3 scheme, the corresponding formulation is(
n∑

k=1

d
(α)
n−kδU

k, ςn

)
− ε (∆Un, ςn) = (fn, ςn) , ∀ςn ∈ S0M . (74)

Finally, for the L2-1σ scheme, the formulation becomes(
n∑

k=1

c
(n)
n−kδU

k, ςn+σ

)
− ε

(
∆Un+σ, ςn+σ

)
=
(
fn+σ, ςn+σ

)
, ∀ςn+σ ∈ S0M . (75)

7.2. Theoretical findings

To present the convergence analysis of the SEM, we need an orthogonal projection operator. Thus, we define the
projection operator ΦM : H1

0(Ω) → S0M (Ω) such that [31]

(∇ (un − ΦMun) ,∇ςn) = 0, ∀ςn ∈ S0M , (76)

where S0M (Ω) denotes the spectral element approximation space, defined by Eq. (67). Here, PM (Ωk) represents the
space of polynomials of degree at most M on the subdomain Ωk, and mk is the total number of elements.

Lemma 7.1 ([31, 32, 140]). Let ΦM be the orthogonal projection operator defined in Eq. (76). Then, the follow-
ing approximation estimate holds

∥u− ΦMu∥L2(Ω) ≤ CM−ξ ∥u∥Hξ(Ω) , ∀u ∈ H1
0(Ω) ∩Hξ(Ω),

where ξ > 0 is a regularity parameter and C is a constant independent of M .

We are now in a position to present and analyze the stability and convergence theorems corresponding to the
proposed numerical schemes.
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Theorem 7.2. Assume Ũn ∈ S0M (Ω) is an estimation of approximate solution Un. The discrete schemes (68)–(75)
are unconditionally stable.

Proof. The proof follows a similar structure to those given in Theorems 6.6 and 6.7. □

Theorem 7.3. If Un ∈ S0M (Ω) is the approximate solution of un, given by Eq. (70), and u ∈ S3+α(R), provided
U0 = ΦMu0, then there exists a C > 0, independent of τ and M such that

∥un − Un∥ ≤ C
(
τ3 +M−ξ

)
,

for n ≥ 1.

Proof. Introducing the following notations

vn := un − ΦMun, wn := Un − ΦMun,

then we have (
τ−α

n∑
k=0

λ
(α)
k vn−k, ςn

)
−

(
τ−α

n∑
k=0

λ
(α)
k wn−k, ςn

)
− ε (∇wn,∇ςn) +

(
T(α)

n , ςn
)
= 0.

Setting ςn = wn, and following the same argument as presented in the proof of Theorem 6.9 leads to

ε

3CΩ

N∑
n=1

∥wn∥2 ≤ 3CΩ

4ε

N∑
n=1

∥∥∥∥∥τ−α
n∑

k=0

λ
(α)
k vn−k

∥∥∥∥∥
2

+
∥∥∥T(α)

n

∥∥∥2
.

The use of Lemma 7.1 results

∥wn∥2 ≤ 9C2
Ω

4ε2

(
C̃2M−2ξ max

1≤n≤N

∥∥C
0 Dα

t u
n
∥∥2 + max

1≤n≤N

∥∥∥T(α)
n

∥∥∥2) .

Assuming C =
3CΩ

2ε
max

{
C̃ max

1≤n≤N

∥∥C
0 Dα

t u
n
∥∥ , Ĉ}, and then one obtains the following relation

∥wn∥ ≤ C
(
τ3 +M−ξ

)
.

An application of the triangle inequality completes the proof. □

Theorem 7.4. Suppose Un ∈ S0M (Ω) is the solution of the system, presented by Eq. (68) (Eq. (69)) ((Eq. (71))),
and u ∈ S1+α(R) (u ∈ S2+α(R)) ((u ∈ S4+α(R))), such that U0 = ΦMu0, then

∥un − Un∥ ≤ C
(
τ +M−ξ

)
,
(
∥un − Un∥ ≤ C

(
τ2 +M−ξ

)
,
) ((

∥un − Un∥ ≤ C
(
τ4 +M−ξ

)
,
))

in which C is a positive constant independent of τ and M .

Proof. The proof is similar to the proof of Theorem 7.3. □

Theorem 7.5. Let u ∈ C2[0, T ], and Un ∈ Ph
M (Ω) be the approximate solution of Eq. (1), given by Eq. (72), and

U0 = ΦMu0. Hence
∥un − Un∥ ≤ C

(
τ2−α +M−ξ

)
, 1 ≤ n ≤ N,

where C > 0 and it is independent of τ and M .

Proof. Denoting
vn := un − ΦMun, wn := Un − ΦMun,

then one obtains (
C
0 D

α
t w

n, ςn
)
+ ε (∇wn,∇ςn) =

(
C
0 D

α
t v

n, ςn
)
+
(
T(α)

n , ςn
)
.

By choosing ςn = wn and proceeding with the argument analogous to that in the proof of Theorem 6.11, we obtain

C
0 D

α
t ∥wn∥2 ≤ ∥wn∥2 +

∥∥C
0 D

α
t v

n
∥∥2 + CΩ

2ε

∥∥∥T(α)
n

∥∥∥2.
The use of Lemmas 7.1 and 6.3 holds

∥wn∥ ≤ C
(
τ2−α +M−ξ

)
.

Finally, employing the triangle inequality finishes the proof. □
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Since the proof of the following theorem is essentially the same as that of the previous one, it is omitted for
brevity.

Theorem 7.6. Let Un be the estimate solution obtained from Eq. (73) (or Eq. (74)), and suppose that the exact
solution satisfies u ∈ C3[0, T ] for Eq. (73), and u ∈ C4[0, T ] for Eq. (74). In addition, let U0 = ΦMu0. Then, there
exists a constant C > 0, independent of τ and M , such that for all n ≥ 1, the following error estimates hold for
Eq. (73)

∥un − Un∥ ≤ C
(
τ3−α +M−ξ

)
,

and for Eq. (74)
∥un − Un∥ ≤ C

(
τ4−α +M−ξ

)
.

Theorem 7.7. If Un is the solution of Eq. (75), and u ∈ C3[0, T ] with U0 = ΦMu0, then there exists a constant
C > 0, independent of τ and M , such that ∀n ≥ 1, the following error estimate holds

∥un − Un∥ ≤ C
(
τ2 +M−ξ

)
.

Proof. First defining
vn+σ := un+σ − ΦMun+σ, wn+σ := Un+σ − ΦMun+σ.

Similar to the proof of Theorem 6.11, we arrive at the following result

C
0 D

α
t

∥∥wn+σ
∥∥2 ≤

∥∥wn+σ
∥∥2 + ∥∥C0 Dα

t v
n+σ

∥∥2 + CΩ

2ε

∥∥∥T(α)
n+σ

∥∥∥2.
Applying Lemmas 7.1 and 6.4 gives the following estimate

∥wn∥ ≤ C
(
τ2 +M−ξ

)
,

and using the triangle inequality completes the proof. □

7.3. Numerical results

Example 7.1. For this experiment, we consider the exact solution of Eq. (1) as

u (x, y, t) = tpx2(1− x)
2
y2(1− y)

2
,

with the corresponding source term given by

f (x, y, t) =
Γ (p+ 1)

Γ (p+ 1− α)
tp−αx2(1− x)

2
y2(1− y)

2 − tp
(
2− 12x+ 12x2

) (
y2 − 2y3 + y4

)
+
(
2− 12y + 12y2

) (
x2 − 2x3 + x4

)
.

The spatial domain is set as Ω = [0, 1]2 and the final time as T = 1.
In one scenario, with ε = 0.1, Table 27 presents the results using the first-order Grünwald–Letnikov scheme

for fractional orders α = 0.2, 0.5, 0.8 with p = 1. The CO approaches 1, consistent with Theorem 7.4. Table 28
reports the results obtained by applying the second-order WSGL scheme for α = 0.2, 0.5, 0.7 and p = 2, where the
CO approaches 2 as predicted by Theorem 7.4. Moreover, Table 29 shows that using scheme (70) with p = 3 and
α = 0.3, 0.6, 0.8 achieves third-order convergence, in agreement with Theorem 7.3. Similarly, Table 30 shows that
scheme (71) with p = 3 and α = 0.25, 0.5, 0.85 achieves fourth-order convergence, consistent with Theorem 7.4.

Table 27: Numerical results for Example 7.1 with p = 1.

α = 0.2 α = 0.5 α = 0.8

M L2 CO L2 CO L2 CO

10 3.4056× 10−6 − 6.7901× 10−6 − 6.1159× 10−6 −
20 1.6723× 10−6 1.0261 3.3770× 10−6 1.0077 3.1488× 10−6 0.9578

30 1.1092× 10−6 1.0124 2.2535× 10−6 0.9976 2.1398× 10−6 0.9528

40 8.3001× 10−7 1.0080 1.6925× 10−6 0.9952 1.6267× 10−6 0.9530

TCO 1.0000 1.0000 1.0000
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In a different scenario, setting ε =
1

4π2
, Table 31 displays results obtained by the L1 scheme for fractional

orders α = 0.35, 0.65, 0.85 with p = 1 + α, achieving an accuracy order of 2 − α. Table 32 presents results for the
L1-2 scheme with α = 0.1, 0.5, 0.9 and p = 2 + α, where the convergence order is 3 − α. Using scheme (75) for
α = 0.25, 0.5, 0.75 and p = 2, Table 33 demonstrates second-order accuracy. Finally, Table 34 reports the results of
the L1-2-3 scheme with α = 0.3, 0.5, 0.9 and p = 3+α, showing an accuracy order of 4−α. Fig. 5 is an illustration of
the error plot in logarithmic scale and the surface of approximate solution, corresponding to Table 34 with M = 40
and the derivative order α = 0.3.

Table 28: Numerical results for Example 7.1 with p = 2.

α = 0.2 α = 0.5 α = 0.7

M L2 CO L2 CO L2 CO

10 7.9716× 10−7 − 1.9341× 10−6 − 2.4521× 10−6 −
20 2.1809× 10−7 1.8699 5.2566× 10−7 1.8795 6.6048× 10−7 1.8924

30 9.9988× 10−8 1.9234 2.4052× 10−7 1.9283 3.0154× 10−7 1.9337

40 5.7134× 10−8 1.9454 1.3732× 10−7 1.9484 1.7202× 10−7 1.9512

TCO 2.0000 2.0000 2.0000

Table 29: Numerical results for Example 7.1 with p = 3.

α = 0.3 α = 0.6 α = 0.8

M L2 CO L2 CO L2 CO

10 2.1266× 10−7 − 4.3651× 10−7 − 5.5199× 10−7 −
20 3.0251× 10−8 2.8135 6.1025× 10−8 2.8385 7.5408× 10−8 2.8719

30 9.3707× 10−9 2.8904 1.8789× 10−8 2.9053 2.3031× 10−8 2.9252

40 4.0431× 10−9 2.9218 8.0821× 10−9 2.9325 9.8659× 10−9 2.9468

TCO 3.0000 3.0000 3.0000

Table 30: Numerical results for Example 7.1 with p = 3.

α = 0.25 α = 0.5 α = 0.85

M L2 CO L2 CO L2 CO

10 2.1523× 10−9 − 1.1090× 10−8 − 5.1748× 10−8 −
20 1.4735× 10−10 3.8685 7.4695× 10−10 3.8920 3.2226× 10−9 4.0052

30 2.9920× 10−11 3.9320 1.4921× 10−10 3.9723 6.2749× 10−10 4.0354

40 9.5764× 10−12 3.9601 4.7147× 10−11 4.0048 1.9420× 10−10 4.0768

TCO 4.0000 4.0000 4.0000

Table 31: Numerical results for Example 7.1 with p = 1 + α.

α = 0.35 α = 0.65 α = 0.85

M L2 CO L2 CO L2 CO

10 5.6250× 10−7 − 4.7661× 10−6 − 1.5313× 10−5 −
20 1.8250× 10−7 1.6240 1.8554× 10−6 1.3610 6.7951× 10−6 1.1722

30 9.4381× 10−8 1.6262 1.0718× 10−6 1.3534 4.2436× 10−6 1.1611

40 5.9070× 10−8 1.6289 7.2658× 10−7 1.3514 3.0418× 10−6 1.1574

TCO 1.6500 1.3500 1.1500

Table 32: Numerical results for Example 7.1 with p = 2 + α.

α = 0.1 α = 0.5 α = 0.9

M L2 CO L2 CO L2 CO

10 2.3407× 10−8 − 2.7646× 10−7 − 3.4473× 10−6 −
20 3.0448× 10−9 2.9425 4.8251× 10−8 2.5185 8.2640× 10−7 2.0606

30 9.1053× 10−10 2.9772 1.7391× 10−8 2.5167 3.5631× 10−7 2.0749

40 3.8508× 10−10 2.9914 8.4364× 10−9 2.5146 1.9578× 10−7 2.0815

TCO 2.9000 2.5000 2.1000
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Table 33: Numerical results for Example 7.1 with p = 2.

α = 0.25 α = 0.5 α = 0.75

M L2 CO L2 CO L2 CO

10 2.3774× 10−7 − 3.2706× 10−7 − 2.5952× 10−7 −
20 6.0454× 10−8 1.9755 8.3425× 10−8 1.9710 6.6981× 10−8 1.9540

30 2.7051× 10−8 1.9833 3.7389× 10−8 1.9794 3.0212× 10−8 1.9636

40 1.5271× 10−8 1.9875 2.1128× 10−8 1.9840 1.7147× 10−8 1.9690

TCO 2.0000 2.0000 2.0000

Table 34: Numerical results for Example 7.1 with p = 3 + α.

α = 0.3 α = 0.5 α = 0.9

M L2 CO L2 CO L2 CO

10 1.1206× 10−8 − 5.4157× 10−8 − 8.8036× 10−7 −
20 8.9163× 10−10 3.6516 5.1760× 10−9 3.3872 1.1241× 10−7 2.9693

30 2.0001× 10−10 3.6863 1.2855× 10−9 3.4353 3.2947× 10−8 3.0268

40 6.9058× 10−11 3.6966 4.7605× 10−10 3.4530 1.3707× 10−8 3.0484

TCO 3.7000 3.5000 3.1000
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Figure 5: Graphs of error and surface plots for Table 34 with α = 0.3 and M = 40.

8. Chebyshev spectral method for TFDEs

The Chebyshev spectral method (CSM) is a classic approach for solving PDEs. Its main idea is to employ the
Chebyshev nodes (2) as collocation points in the Lagrange interpolation process. The method is employed by many
researchers for solving FPDEs [32, 56, 57, 66, 67, 158, 168, 172]. Before presenting the schemes based on CSM, we
need the following definition.

Definition 8.1 ([32, 70, 158, 172]). Assume that M ∈ N. The (M + 1)× (M + 1) Chebyshev derivative matrix
D, with both rows and columns indexed from 0 to M , is defined by its entries as follows

Dij =



2M2 + 1

6
, i = j = 0,

ci(−1)
i+j

cj (xi − xj)
, i ̸= j, i, j = 0, 1, . . . ,M,

− xj

2(1− x2
j )
, i = j = 1, 2, . . . ,M − 1,

−2M2 + 1

6
, i = j = M,

in which ci = 1 for i = 1, 2, . . . ,M − 1, and c0 = cM = 2.
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8.1. Compact matrix forms

To establish the numerical schemes based on CSM, we use Definition 8.1 and Eq. (3). Firstly, considering Eq. (32),
we assume that Un ∈ P(ω) and neglect the error term. This yields

τ−α
n∑

k=0

g
(α)
k Un−k − ε∆Un = fn. (77)

By rearranging the terms, Eq. (77) can be rewritten as follows

τ−αg
(α)
0 Un − ε∆Un = fn − τ−α

n∑
k=1

g
(α)
k Un−k.

Now, approximating ∆ using the differentiation matrix in Definition 8.1 and in the compact matrix form, one
obtains

AUn = F (n), 1 ≤ n ≤ N, (78)

with
A = τ−αg

(α)
0 I − ε

((
D2 ⊗ I

)
+
(
I ⊗D2

))
, I = I ⊗ I,

F (n) = fn − τ−α
n∑

k=1

g
(α)
k Un−k.

The same process can be applied to the second-, third- and fourth-order WSGL schemes, yielding

AUn = F (n), 1 ≤ n ≤ N, (79)

in which
A = τ−αw

(α)
0 I − ε

((
D2 ⊗ I

)
+
(
I ⊗D2

))
,

F (n) = fn − τ−α
n∑

k=1

w
(α)
k Un−k,

and
AUn = F (n), 1 ≤ n ≤ N, (80)

where
A = τ−αλ

(α)
0 I − ε

((
D2 ⊗ I

)
+
(
I ⊗D2

))
,

F (n) = fn − τ−α
n∑

k=1

λ
(α)
k Un−k.

Moreover,
AUn = F (n), 1 ≤ n ≤ N, (81)

with the following coefficient matrix and RHS vector

A = τ−αϑ
(α)
0 I − ε

((
D2 ⊗ I

)
+
(
I ⊗D2

))
,

F (n) = fn − τ−α
n∑

k=1

ϑ
(α)
k Un−k.

On the other side, we consider Eq. (48). Let Un ∈ P(ω). By dropping the truncation error, Eq. (48) can be
rearranged as follows

a
(α)
0 Un − ε∆Un = a

(α)
0 Un−1 −

n−1∑
k=1

a
(α)
n−kδU

k + fn,

which leads to the following compact matrix scheme

AUn = F (n), 1 ≤ n ≤ N, (82)
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where the LHS matrix and RHS vector is introduced as follows

A = a
(α)
0 I − ε

((
D2 ⊗ I

)
+
(
I ⊗D2

))
,

F (n) = a
(α)
0 Un−1 −

n−1∑
k=1

a
(α)
n−kδU

k + fn,

Similarly, one can easily obtain the following matrix schemes for L1-2

AUn = F (n), 1 ≤ n ≤ N, (83)

in which
A = c

(α)
0 I − ε

((
D2 ⊗ I

)
+
(
I ⊗D2

))
,

F (n) = c
(α)
0 Un−1 −

n−1∑
k=1

c
(α)
n−kδU

k + fn,

and for L1-2-3
AUn = F (n), 1 ≤ n ≤ N, (84)

where
A = d

(α)
0 I − ε

((
D2 ⊗ I

)
+
(
I ⊗D2

))
,

F (n) = d
(α)
0 Un−1 −

n−1∑
k=1

d
(α)
n−kδU

k + fn.

Moreover, in a similar manner, at the n+ σ step one obtains

AUn+1 = F (n+σ), 0 ≤ n ≤ N − 1, (85)

in which

A = c
(n)
0 I − εσ

((
D2 ⊗ I

)
+
(
I ⊗D2

))
,

F (n+σ) = c
(n)
0 Un −

n−1∑
k=0

c
(n)
n−kδU

k + ε (1− σ)
((
D2 ⊗ I

)
+
(
I ⊗D2

))
Un + σfn+1 + (1− σ) fn.

8.2. Theoretical results

In this section, our target is to establish the stability and convergence theorems for the obtained schemes. In order
to investigate the convergence, it is required to introduce the following projection operator PM : H1

0 (Ω) → P (ω),
such that

∆un = ∆PMun, (86)

where P (ω) is given by Eq. (3) in §2.2.

Lemma 8.2 ([31, 32, 140]). Assume that PMun ∈ P(ω) denotes a projection operator. For any function un ∈
H1

0(Ω) ∩Hρ(Ω) with ρ ≥ 1 and the Chebyshev nodes (2), the following relation is hold

∥un − PMun∥L2(Ω) ≤ CM−ρ∥un∥Hρ(Ω).

With the preceding lemmas established, we are now equipped to formulate and rigorously analyze the stability
and convergence theorems corresponding to the proposed numerical schemes.

Theorem 8.3. Assume Ũn ∈ P (ω) is an approximation for Un, in Eqs. (78)–(81). Therefore, the discrete schemes
(78)–(81) are unconditionally stable.

Proof. We first consider Eq. (57), then

τ−α
n∑

k=0

λ
(α)
k En−k − ε∆En = 0. (87)

An inner product of Eq. (87) by En gives(
τ−α

n∑
k=0

λ
(α)
k En−k, En

)
− ε (∆En, En) = 0.

The proof is completed by applying the argument of Theorem 6.6, as the cases are identical. □
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Theorem 8.4. If Ũn ∈ P (ω) is an approximation for Un, in Eqs. (82)–(84), then the schemes (82)–(84) are
unconditionally stable.

Proof. Considering Eq. (57) holds
C
0 D

α
t En − ε∆En = 0. (88)

Taking an inner product of Eq. (88) with En contributes to(
C
0 D

α
t En, En

)
− ε (∆En, En) = 0,

and the remaining steps of this proof follow similarly to those in the proof of Theorem 6.7. □

Theorem 8.5. Let Ũn+σ ∈ P (ω) be an estimate of Un+σ, in Eqs. (85), then this scheme is unconditionally stable.

Proof. The proof is completed by the contributions from Theorems 8.4 and 6.8. □

Theorem 8.6. If Un ∈ P (ω) is the approximation of un, given by Eq. (80), and u ∈ S3+α(R), such that U0 =
PMu0, then

∥un − Un∥ ≤ C
(
τ3 +M−ρ

)
,

for n ≥ 1 and C is a positive constant independent of τ and M .

Proof. By subtracting

τ−α
n∑

k=0

λ
(α)
k Un−k − ε∆Un = fn,

form Eq. (44), we have

τ−α
n∑

k=0

λ
(α)
k

(
un−k − Un−k

)
− ε∆(un − Un) + T(α)

n = 0.

Denoting
vn := un − PMun, wn := Un − PMun, (89)

and restructuring the expressions yield

τ−α
n∑

k=0

λ
(α)
k wn−k − ε∆wn = τ−α

n∑
k=0

λ
(α)
k vn−k +T(α)

n . (90)

Now, taking an inner product of Eq. (90) with wn produces(
τ−α

n∑
k=0

λ
(α)
k wn−k, wn

)
− ε (∆wn, wn) =

(
τ−α

n∑
k=0

λ
(α)
k vn−k, wn

)
+
(
T(α)

n , wn
)
.

Using the same argument as in the proof of Theorem 6.9, we obtain

ε

3CΩ

N∑
n=1

∥wn∥2 ≤ 3CΩ

4ε

N∑
n=1

∥∥∥∥∥τ−α
n∑

k=0

λ
(α)
k vn−k

∥∥∥∥∥
2

+
∥∥∥T(α)

n

∥∥∥2
.

By employing Lemma 8.2, one concludes

∥wn∥2 ≤ 9C2
Ω

4ε2

(
C̃2M−2ρ max

1≤n≤N

∥∥C
0 Dα

t u
n
∥∥2 + max

1≤n≤N

∥∥∥T(α)
n

∥∥∥2) ,

and obviously
∥wn∥ ≤ C

(
τ3 +M−ρ

)
.

Now, the use of triangle inequality completes the proof. □

Theorem 8.7. If Un ∈ P (ω) is the approximation of un, presented by Eq. (78) (Eq. (79)) ((Eq. (81))), and
u ∈ S1+α(R) (u ∈ S2+α(R)) ((u ∈ S4+α(R))), such that U0 = PMu0, then

∥un − Un∥ ≤ C
(
τ +M−ρ

)
,
(
∥un − Un∥ ≤ C

(
τ2 +M−ρ

)
,
) ((

∥un − Un∥ ≤ C
(
τ4 +M−ρ

)
,
))

for 1 ≤ n ≤ N , and C is a positive which is independent of τ and M .
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Proof. The proof follows directly from Theorem 8.6. □

Theorem 8.8. Suppose that Un ∈ P (ω) is the approximation of un, given by Eq. (82), and u ∈ C2[0, T ], such that
U0 = PMu0, then

∥un − Un∥ ≤ C
(
τ2−α +M−ρ

)
.

Proof. Subtracting
C
0 D

α
t U

n − ε∆Un = fn,

from Eq. (48), using the notation in Eq. (89) and a simplification give

C
0 D

α
t w

n − ε∆wn = C
0 D

α
t v

n +T(α)
n .

Now, ∀ηn ∈ P(ω) we have (
C
0 D

α
t w

n, ηn
)
− ε (∆wn, ηn) =

(
C
0 D

α
t v

n, ηn
)
+
(
T(α)

n , ηn
)
,

and hence, putting ηn = wn,(
C
0 D

α
t w

n, wn
)
− ε (∆wn, wn) =

(
C
0 D

α
t v

n, wn
)
+
(
T(α)

n , wn
)
.

Then from the proof of Theorem 6.11, it can be inferred that

C
0 D

α
t ∥wn∥2 ≤ ∥wn∥2 +

∥∥C
0 D

α
t v

n
∥∥2 + CΩ

2ε

∥∥∥T(α)
n

∥∥∥2.
The use of Lemmas 8.2 and 6.3 implies that

∥wn∥ ≤ C
(
τ2−α +M−ρ

)
,

and consequently
∥un − Un∥ ≤ C

(
τ2−α +M−ρ

)
,

which completes the proof. □

Theorem 8.9. Assume that Un is the approximate solution obtained from Eq. (83) (or Eq. (84)), and suppose
that the exact solution satisfies u ∈ C3[0, T ] for Eq. (83), and u ∈ C4[0, T ] for Eq. (84). Additionally, suppose
U0 = PMu0. Then, there exists a C > 0, independent of τ and M , such that the following error bounds hold for
Eq. (83)

∥un − Un∥ ≤ C
(
τ3−α +M−ρ

)
, ∀n ≥ 1,

and for Eq. (84)
∥un − Un∥ ≤ C

(
τ4−α +M−ρ

)
, ∀n ≥ 1.

Proof. The proof is carried out similarly to the proof of Theorem 8.8. □

Theorem 8.10. Let Un be the solution of Eq. (75), and suppose u ∈ C3[0, T ] provided the condition U0 = PMu0.
Then, there exists a constant C > 0, independent of τ and M , such that for all n ≥ 1, the following error estimate
holds

∥un − Un∥ ≤ C
(
τ2 +M−ρ

)
.

Proof. By utilizing the same argument used in the proof of Theorem 8.8 at the n+ σ step, we conclude

C
0 D

α
t

∥∥wn+σ
∥∥2 ≤

∥∥wn+σ
∥∥2 + ∥∥C0 Dα

t v
n+σ

∥∥2 + CΩ

2ε

∥∥∥T(α)
n+σ

∥∥∥2.
Utilizing Lemmas 8.2 and 6.4 yields the following expression

∥wn∥ ≤ C
(
τ2 +M−ρ

)
,

which leads to
∥un − Un∥ ≤ C

(
τ2 +M−ρ

)
,

and the proof is fulfilled. □

252

U
N

C
O

R
R
E
C
T
E
D
 P

R
O

O
F



A. Ghoreyshi et al., AUT J. Math. Comput., 7(2) (2026) 213-269, DOI:10.22060/AJMC.2026.24592.1441

8.3. Numerical findings

Example 8.1. For this example, we consider Eq. (1) with the following analytic solution

u (x, y, t) = tp cos (x) cos (y) ,

with the following inhomogeneous term

f (x, y, t) =

(
Γ (p+ 1)

Γ (p+ 1− α)
tp−α + 2tp

)
cos (x) cos (y) .

We also put Ω = [0, 1]2, ε = 1, p = 4 and the final time is set as T = 1.
Table 35 presents the results obtained using Grünwald–Letnikov type schemes for α = 0.25, 0.5, 0.75. As observed

from the results, the CO of scheme (78) approaches 1, scheme (79) approaches 2, and scheme (80) achieves third-
order convergence. This confirms that scheme (80) is the most accurate among the three, in agreement with the
theoretical predictions. Furthermore, Table 36 reports the results found utilizing scheme (81). As it can be seen
the CO tends to 4 which is consistent with the theoretical result of Theorem 8.7.

For the L-type approximations, we consider fractional orders α = 0.3, 0.6, 0.9. In Table 37, with p = 1 + α, the
observed convergence rate for the L1 scheme is approximately 2−α. Table 38 presents results for p = 3−α, showing
a convergence rate of about 3 − α for the L1-2 scheme. In Table 39, with p = 4 − α, the convergence rate for the
L1-2-3 scheme approaches 4 − α. Finally, Table 40 displays results for p = 2, where the L2-1σ scheme exhibits a
convergence rate of 2. Fig. 5 illustrates the surface plot and the density of the approximate solution corresponding
to the results in Table 39, with M = 32 and fractional derivative order α = 0.6.

Table 35: Computational findings in Example 8.1.

Scheme (78) Scheme (79) Scheme (80)

α M L2 CO L2 CO L2 CO

0.25

4 2.4990× 10−3 − 7.2804× 10−4 − 2.1089× 10−4 −
8 1.4510× 10−3 0.7843 2.2585× 10−4 1.6887 3.2269× 10−5 2.7083

16 7.8702× 10−4 0.8826 6.3220× 10−5 1.8369 4.4776× 10−6 2.8493

32 4.1035× 10−4 0.9396 1.6737× 10−5 1.9173 5.8980× 10−7 2.9244

0.5

4 6.3798× 10−3 − 1.9601× 10−3 − 5.4901× 10−4 −
8 3.7530× 10−3 0.7655 6.1192× 10−4 1.6795 8.2341× 10−5 2.7372

16 2.0489× 10−3 0.8732 1.7164× 10−4 1.8340 1.1304× 10−5 2.8648

32 1.0718× 10−3 0.9348 4.5477× 10−5 1.9161 1.4811× 10−6 2.9320

0.75

4 1.2060× 10−2 − 3.8552× 10−3 − 1.0306× 10−3 −
8 7.1687× 10−3 0.7504 1.2050× 10−3 1.6778 1.4920× 10−4 2.7882

16 3.9344× 10−3 0.8656 3.3777× 10−4 1.8349 2.0171× 10−5 2.8869

32 2.0636× 10−3 0.9310 8.9447× 10−5 1.9169 2.6237× 10−6 2.9426

Table 36: Computational findings in Example 8.1 for p = 4 using scheme (81).

α = 0.25 α = 0.5 α = 0.75

M L2 CO L2 CO L2 CO

4 3.9838× 10−5 − 7.8048× 10−5 − 7.6659× 10−5 −
8 2.5431× 10−6 3.9695 4.7611× 10−6 4.0350 4.7152× 10−6 4.0231

16 1.6431× 10−7 3.9521 2.9857× 10−7 3.9951 2.9144× 10−7 4.0161

32 1.0464× 10−8 3.9728 1.8756× 10−8 3.9926 1.7983× 10−8 4.0185

TCO 4.0000 4.0000 4.0000

9. Finite block method for TFDEs

The finite block method (FBM) was first proposed by Li and Wen [99], where its effectiveness was demonstrated
through numerical experiments on various geometries. The method constructs a differentiation matrix based on
polynomial approximation at equally spaced nodes in one dimension. In two dimensions, an eight-seed mapping
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Table 37: Computational findings in Example 8.1 for p = 1 + α.

α = 0.3 α = 0.6 α = 0.9

M L2 CO L2 CO L2 CO

4 9.6838× 10−5 − 6.6996× 10−4 − 2.8334× 10−3 −
8 3.3165× 10−5 1.5459 2.7899× 10−4 1.2639 1.4598× 10−3 0.9567

16 1.0955× 10−5 1.5981 1.1170× 10−4 1.3206 7.2032× 10−4 1.0191

32 3.5105× 10−6 1.6418 4.3575× 10−5 1.3580 3.4605× 10−4 1.0576

TCO 1.7000 1.4000 1.1000

Table 38: Computational findings in Example 8.1 for p = 3− α.

α = 0.3 α = 0.6 α = 0.9

M L2 CO L2 CO L2 CO

4 1.2160× 10−4 − 2.0991× 10−4 − 9.1583× 10−5 −
8 1.8878× 10−5 2.6873 3.6927× 10−5 2.5070 2.2581× 10−5 2.0199

16 2.9668× 10−6 2.6698 6.7204× 10−6 2.4581 4.8920× 10−6 2.2066

32 4.6574× 10−7 2.6713 1.2418× 10−6 2.4361 1.0943× 10−6 2.1605

TCO 2.7000 2.4000 2.1000

Table 39: Computational findings in Example 8.1 for p = 4− α.

α = 0.3 α = 0.6 α = 0.9

M L2 CO L2 CO L2 CO

4 1.9211× 10−5 − 1.1913× 10−4 − 6.2927× 10−4 −
8 5.6085× 10−6 1.7763 1.0047× 10−5 3.5676 6.7398× 10−6 6.5448

16 4.5092× 10−7 3.6367 9.5869× 10−7 3.3896 6.3600× 10−7 3.4056

32 3.5842× 10−8 3.6532 9.0234× 10−8 3.4093 7.3583× 10−8 3.1116

TCO 3.7000 3.4000 3.1000

Table 40: Computational findings in Example 8.1 for p = 2.

α = 0.3 α = 0.6 α = 0.9

M L2 CO L2 CO L2 CO

4 1.0544× 10−4 − 1.0040× 10−4 − 1.8963× 10−5 −
8 2.8747× 10−5 1.8749 2.8879× 10−5 1.7977 8.0723× 10−6 1.2322

16 7.5811× 10−6 1.9229 7.6271× 10−6 1.9208 2.1823× 10−6 1.8871

32 1.9491× 10−6 1.9596 1.9623× 10−6 1.9586 5.6348× 10−7 1.9534

TCO 2.0000 2.0000 2.0000

scheme was developed to transform a block from physical coordinates to normalized coordinates. Since its introduc-
tion, FBM has been applied in diverse areas, including elasticity [177], interface crack analysis [97], and functionally
graded materials [99], as well as other applications [89, 98, 96, 103, 180, 181, 199, 201]. Recently, the FBM has also
been extended to FPDEs, one can see [9, 66, 67] for further details.

9.1. Mapping strategy

The shape functions are presented as follows [13, 177]

Mi =
1

4
(1 + ξiξ) (1 + ηiη) (ξiξ + ηiη − 1) , i = 1, 2, 3, 4,

Mi =
1

2

(
1− ξ2

)
(1 + ηiη) , i = 5, 7, Mi =

1

2

(
1− η2

)
(1 + ξiξ) , i = 6, 8.
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Figure 6: Graphs of surface and density plots for Table 39 with α = 0.6 and M = 32.
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Figure 7: Isoparametric mapping in two dimensions [89].

Then, the coordinate transform is defined by

x =

8∑
j=1

Mjxj , y =

8∑
j=1

Mjyj .

Taking partial derivatives of u in the Cartesian coordinate, one obtains [177]

∂u

∂x
=

1

J

(
γ11

∂u

∂ξ
+ γ12

∂u

∂η

)
,

∂u

∂y
=

1

J

(
γ21

∂u

∂ξ
+ γ22

∂u

∂η

)
,

and

J =

∣∣∣∣∣∣∣∣∣
∂x

∂ξ

∂x

∂η

∂y

∂ξ

∂y

∂η

∣∣∣∣∣∣∣∣∣ ,


γ11 =
∂y

∂η
, γ12 = −∂y

∂ξ
,

γ21 = −∂x

∂η
, γ22 =

∂x

∂ξ
.

(91)

Now, one finds [177]

Ux = V11U
(1)
ξ + V12U

(1)
η = (V11Dξ + V12Dη)u = Dxu, (92)

Uy = V21U
(1)
ξ + V22U

(1)
η = (V21Dξ + V22Dη)u = Dyu, (93)
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provided that

Vik =



γ
(1)
ik

J (1)
0 . . . 0

0
γ
(2)
ik

J (2)
. . . 0

...
...

. . .
...

0 0 . . .
γ
(M2)
ik

J (M2)


, (94)

and
γ
(j)
ik

J (j)
can be computed by (91) at collocation nodes (ξj , ηj) [177].

9.2. Irregular regions

Two irregular regions are considered in the numerical illustrations

• A quarter square plate with a circular hole of radius 1, introduced in [177],

Ω1 :=
{
(x, y) ∈ R2

∣∣ 0 ≤ x ≤ 2, 0 ≤ y ≤ 2, x2 + y2 > 1
}
,

• A pipe-shaped domain presented in [66, 67],

Ω2 :=
{
(x, y) ∈ R2

+

∣∣ 1 ≤ x2 + y2 ≤ 2
}
.

The geometrical configurations of these domains are shown in Fig. 8.

1 2

1

2

x2 + y2 = 1

Ω1

x

y

x

y

0.5 1 1.5

0.5

1

1.5

Ω2
x2 + y2 = 1

x2 + y2 = 2

Figure 8: Square plate and pipe-shaped geometries [66, 67, 177].

9.3. Strong forms

Since the algebraic manipulations are identical to those presented in §8.1, we directly present the matrix schemes
in this section. It is worth noting that the only difference between the following matrix forms and those obtained
in §8.1 lies in the approximation of ∆. The schemes are given as follows

• First-order Grünwald–Letnikov approximation

AUn = F (n),


A = τ−αg

(α)
0 I− ε

(
D2

x +D2
y

)
,

F (n) = fn − τ−α
n∑

k=1

g
(α)
k Un−k,

1 ≤ n ≤ N. (95)

• Second-order WSGL

AUn = F (n),


A = τ−αw

(α)
0 I− ε

(
D2

x +D2
y

)
,

F (n) = fn − τ−α
n∑

k=1

w
(α)
k Un−k,

1 ≤ n ≤ N. (96)
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• Third-order WSGL

AUn = F (n),


A = τ−αλ

(α)
0 I− ε

(
D2

x +D2
y

)
,

F (n) = fn − τ−α
n∑

k=1

λ
(α)
k Un−k,

1 ≤ n ≤ N. (97)

• Fourth-order WSGL

AUn = F (n),


A = τ−αϑ

(α)
0 I− ε

(
D2

x +D2
y

)
,

F (n) = fn − τ−α
n∑

k=1

ϑ
(α)
k Un−k,

1 ≤ n ≤ N. (98)

• L1 scheme

AUn = F (n),


A = a

(α)
0 I− ε

(
D2

x +D2
y

)
,

F (n) = a
(α)
0 Un−1 −

n−1∑
k=1

a
(α)
n−kδU

k + fn,
1 ≤ n ≤ N. (99)

• L1-2 formula

AUn = F (n),


A = c

(α)
0 I− ε

(
D2

x +D2
y

)
,

F (n) = c
(α)
0 Un−1 −

n−1∑
k=1

c
(α)
n−kδU

k + fn,
1 ≤ n ≤ N. (100)

• L1-2-3 approximation

AUn = F (n),


A = d

(α)
0 I− ε

(
D2

x +D2
y

)
,

F (n) = d
(α)
0 Un−1 −

n−1∑
k=1

d
(α)
n−kδU

k + fn,
1 ≤ n ≤ N. (101)

• For L2-1σ formula, one has
AUn+1 = F (n+σ), 0 ≤ n ≤ N − 1, (102)

with 
A = c

(n)
0 I− ε

(
D2

x +D2
y

)
,

F (n+σ) = c
(n)
0 Un −

n−1∑
k=0

c
(n)
n−kδU

k + ε (1− σ)
(
D2

x +D2
y

)
Un + σfn+1 + (1− σ) fn.

9.4. Analysis on stability and convergence
Since all the theorems presented in §8.2 also hold for the schemes derived in §9.3, we omit their repetition here.

9.5. Numerical illustrations
Example 9.1. In the final experiment, we consider the TFDE with the source term

f(x, y, t) =

(
Γ(p+ 1)

Γ(p+ 1− α)
tp−α − 2tp

)
exp(x+ y),

and the corresponding analytical solution u(x, y, t) = tp exp(x + y). We set T = 1 and ε = 0.01. The results are
summarized in Tables 41–43, which correspond to two different scenarios.

In the first scenario, we solve Eq. (1) on the complex domain Ω2 using Grünwald–Letnikov type approximations
for α = 0.2, 0.5, 0.8, and we set p = 3 in the exact solution. The numerical results validate the theoretical
predictions established in §8.2, and the corresponding data are reported in Tables 41 and 42. Figure 9 displays the
error distribution and contour plots generated by Scheme (98), corresponding to Table 42, for α = 0.5 and M = 40.

In the second scenario, we solve the TFDE on the complex domain Ω1 using L-type approximations for α =
0.3, 0.6, 0.9, and set p = 3+α in the exact solution. Again, the numerical results verify the theoretical predictions.
Fig. 10 depicts the error distribution and contour plots obtained by Scheme (101) corresponding to Table 43 for
α = 0.3 and M = 40.
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Table 41: Computational results in Example 9.1 on Ω2.

Scheme (95) Scheme (96) Scheme (97)

α M L2 CO L2 CO L2 CO

0.2

10 5.6139× 10−2 − 4.8975× 10−3 − 3.0008× 10−4 −
20 2.9803× 10−2 0.9135 1.3204× 10−3 1.8910 3.9362× 10−5 2.9304

30 2.0264× 10−2 0.9514 6.0159× 10−4 1.9389 1.1848× 10−5 2.9611

40 1.5347× 10−2 0.9661 3.4257× 10−4 1.9574 5.0376× 10−6 2.9730

0.5

10 1.5541× 10−1 − 1.4931× 10−2 − 8.9218× 10−4 −
20 8.2284× 10−2 0.9174 4.0354× 10−3 1.8875 1.1597× 10−4 2.9436

30 5.5903× 10−2 0.9534 1.8398× 10−3 1.9371 3.4796× 10−5 2.9690

40 4.2321× 10−2 0.9675 1.0480× 10−3 1.9562 1.4770× 10−5 2.9786

0.8

10 2.7277× 10−1 − 2.8729× 10−2 − 1.7048× 10−3 −
20 1.4397× 10−1 0.9219 7.7846× 10−3 1.8838 2.1877× 10−4 2.9621

30 9.7718× 10−2 0.9558 3.5515× 10−3 1.9355 6.5345× 10−5 2.9801

40 7.3940× 10−2 0.9692 2.0237× 10−3 1.9552 2.7675× 10−5 2.9865

Table 42: Computational findings in Example 9.1 for p = 3 using scheme (98).

α = 0.2 α = 0.5 α = 0.8

M L2 CO L2 CO L2 CO

10 1.5880× 10−6 − 1.5562× 10−5 − 6.3127× 10−5 −
20 9.3285× 10−8 4.0894 8.5205× 10−7 4.1909 3.1101× 10−6 4.3432

30 1.7661× 10−8 4.1047 1.5394× 10−7 4.2201 5.3417× 10−7 4.3448

40 5.4262× 10−9 4.1021 4.5133× 10−8 4.2649 1.4638× 10−7 4.4997

TCO 4.0000 4.0000 4.0000
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Figure 9: Graphs of error and contour plots, obtained by Scheme (98) associated with Table 42 for the values α = 0.5 and M = 40.

10. Conclusions and discussions

In this paper, we present a survey of various numerical algorithms for the two-dimensional time-fractional diffusion
equation. The primary focus is on L–type approximations and Grünwald–Letnikov-based formulas for the temporal
fractional derivative, in combination with different spatial discretization techniques, including compact finite dif-
ference methods, the meshless MQ–RBF approach, finite element methods, spectral element methods, Chebyshev
spectral methods, and the finite block method for irregular geometries.

For each spatial discretization technique, the corresponding numerical scheme is derived based on the chosen
temporal approximation (either an L–type or a Grünwald–Letnikov-based formula). Theorems on stability and
convergence are provided using the energy method, with the exception of the meshless method. In each section,
numerical experiments are presented to validate the theoretical analysis.

Designing feasible and accurate numerical methods for FPDEs is a long-term challenge. Classical PDE methods
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Table 43: Computational results in Example 9.1 on Ω1.

α = 0.3 α = 0.6 α = 0.9

Scheme M L2 CO L2 CO L2 CO

L1

10 8.2778× 10−2 − 3.5812× 10−1 − 1.1160× 100 −
20 2.9424× 10−2 1.4922 1.5050× 10−1 1.2507 5.5308× 10−1 1.0128

30 1.5660× 10−2 1.5555 8.8645× 10−2 1.3054 3.6179× 10−1 1.0468

40 9.9330× 10−3 1.5826 6.0485× 10−2 1.3287 2.6657× 10−1 1.0617

L1-2

10 7.8128× 10−3 − 4.4419× 10−2 − 1.7092× 10−1 −
20 1.3487× 10−3 2.5342 9.4251× 10−3 2.2366 4.4974× 10−2 1.9262

30 4.7253× 10−4 2.5867 3.7032× 10−3 2.3040 1.9970× 10−2 2.0023

40 2.2309× 10−4 2.6089 1.8942× 10−3 2.3303 1.1131× 10−2 2.0316

L1-2-3

10 3.4746× 10−4 − 3.2009× 10−3 − 1.9551× 10−2 −
20 2.8815× 10−5 3.5920 3.4706× 10−4 3.2052 2.6463× 10−3 2.8852

30 6.5453× 10−6 3.6554 9.1227× 10−5 3.2953 7.8828× 10−4 2.9869

40 2.2767× 10−6 3.6707 3.5053× 10−5 3.3249 3.3046× 10−4 3.0219

L2-1σ

10 2.6020× 10−2 − 5.2743× 10−2 − 7.1024× 10−2 −
20 7.1774× 10−3 1.8581 1.4558× 10−2 1.8571 1.9144× 10−2 1.8914

30 3.3067× 10−3 1.9114 6.7291× 10−3 1.9033 8.7682× 10−3 1.9258

40 1.8960× 10−3 1.9334 3.8701× 10−3 1.9228 5.0186× 10−3 1.9395
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Figure 10: Graphs of error and contour plots, computed by Scheme (101) corresponding to Table 43 for the values α = 0.3 and M = 40.

cannot be directly applied to FPDEs; instead, specialized computational approaches must be developed to faithfully
capture the underlying physical and geometrical phenomena. It is our hope that this review offers new perspectives
for the fractional calculus community and stimulates further advances in the development of robust numerical
techniques for FPDEs.

Future research directions include extending this review to other classes of FPDEs, such as distributed-order
equations, space-fractional PDEs, time–space fractional PDEs, and related generalizations.
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