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Abstract: 

This research examines the nonlinear free oscillations of imperfect functionally graded materials, porous 

stiffened open conical panels resting on an elastic foundation. The classical shell theory, nonlinear von 

Kármán-type assumptions, and Hamilton’s principle are used to derive the nonlinear dynamic equations. 

Next, dimensionless parameters are introduced to apply the dimensionless process to the equations of 

motion. The Galerkin approach is used to discretize the dimensionless partial differential equations. By 

neglecting in-plane inertia and solving the resulting algebraic equations, the discretized partial differential 

equations reduce to a nonlinear ordinary differential equation. Using this nonlinear ordinary differential 

equation, the linear frequencies are extracted, and the numerical results are validated against previous 

research for various geometries. Furthermore, the multiple scales method is used to extract the nonlinear 

frequency relationship. Similar to the validation of linear frequencies, the nonlinear frequencies are verified 

for a geometry reported in previous research. The numerical results are in very good agreement with 

previous research. Finally, the effects of changes in geometric parameters, material properties, and other 

influencing factors are reported and discussed using various figures. 
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1. Introduction 
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Open conical panels (OCPs) are a section of truncated conical shells (TCSs) that, because of their special 

geometry, are used in many industries, including automotive, aircraft, marine, and aerospace. Therefore, 

based on these applications, it is necessary to study these structures using various mathematical and 

engineering approaches. For this purpose, the nonlinear free oscillations of OCPs are studied in this 

research.  

Numerous previous studies have examined the free oscillations of TCSs made of various materials. In this 

context, Sofiyev et al. [1] studied the free oscillations of non-homogeneous TCSs. Nekouei et al. [2] 

analyzed the free oscillations of composite TCSs. The governing equations are derived by applying CST 

and Hamilton’s law. Then, the GDQM is used to discretize the PDEs. Javed et al. [3] investigated the free 

oscillations of composite TCSs with variable thickness using the FSDT. Shekari et al. [4] addressed the free 

oscillations of rotating sandwich TCSs. The FSDT, Hamilton’s law, and Galerkin’s approach are employed 

to obtain and discretize the PDEs. Tong [5] investigated the free vibration of composite TCSs. The 

governing equations are derived by applying Donnell’s assumptions and solved using a power series. Guo 

et al. [6] studied the free oscillations of composite TCSs using the FSDT, Hamilton’s principle, Walsh 

series, and the Fourier series. Tong [7] presented the free vibration of orthotropic TCSs using CST and an 

exact method. Wu et al. [8] examined the free oscillations of orthotropic TCSs resting on a Pasternak 

medium by applying CST and a domain decomposition approach. Amirabadi et al. [9] reported a free 

oscillations study of rotating FG-GPL TCSs. The TSDT, Hamilton’s principle, and GDQM are applied to 

establish and discretize the PDEs. 

Some previous research has addressed the free vibration of shallow shells and OCPs. In this context, 

Monterrubio [10] investigated free oscillations of shallow shells using CST and the Rayleigh-Ritz method 

(RRM). Matsunaga [11] presented the free vibration of FGM shallow shells, using HSDT, Hamilton’s law, 

and Navier’s approach. Bardell et al. [12] addressed free oscillations of isotropic OCPs, using CST and 

FEM to obtain the system’s frequency. Akbari et al. [13] examined free oscillations of FGM OCPs, applying 

FSDT and Hamilton’s law to establish the PDEs and using the GDQ approach to discretize them. Zhao et 
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al. [14] studied free oscillations of FGM OCPs, using FSDT and an element-free approach to obtain the 

natural frequency. Kiani et al. [15] studied free oscillations of FG-CNTRC OCPs, using FSDT, Donnell’s 

assumptions, Hamilton’s law, and the Ritz procedure to extract and discretize the fundamental equations. 

Xiang et al. [16] reported a free oscillations study of FG-CNTRC OCPs, using FSDT, Hamilton’s law, and 

a 2D kernel shape function to obtain and discretize the PDEs. Zhao et al. [17] introduced dynamic analysis 

and free oscillations of composite TCSs, using FSDT, Hamilton’s law, and the Ritz procedure to obtain and 

solve the PDEs. Wang et al. [18] investigated the free vibration behavior of sandwich TCSs with variable 

thickness, establishing the PDEs using FSDT and Hamilton’s law and discretizing them using the Galerkin 

approach. Draiche et al. [19] presented a dynamic and static study of FGM doubly curved shells, using 

HSDT, Hamilton’s law, and the Navier solution approach. 

Many researchers have studied the forced-vibration analysis of various geometries. In this regard, Mei et 

al. [20] examined nonlinear forced oscillations of rectangular plates using CST and FEM. Ribeiro [21] 

investigated forced vibrations of cylindrical shallow shells using HSDT and virtual work. Chakravorty et 

al. [22] studied forced and free oscillations of shells using FEM. Lei et al. [23] presented a study of forced 

and free oscillations of GRC-FG cylindrical shells using HSDT, Hamilton’s principle, and a frequency-

domain procedure. Zhang et al. [24] investigated the forced and free oscillations of an elliptical cylindrical 

shell. Flügge’s shell theory was used to establish the PDEs, and the separation of variables approach was 

applied to solve them. Qu et al. [25] examined free and forced oscillations of cylindrical shells using HSDT 

and a domain decomposition approach. Li et al. [26] examined forced oscillations of TCSs using Hamilton’s 

principle and the Rayleigh-Ritz approach. Ma et al. [27] examined forced and free oscillations of coupled 

TCSs and cylindrical shells using CST and the modified Fourier series. Chen et al. [28] addressed free and 

forced oscillations of TCSs and cylindrical shells. CST, Flügge’s theory, and the power series solution were 

used. Zaidan and Hasan [29] investigated the dynamic instability of FGP cylindrical panels. FSDT, 

Hamilton’s principle, and the Galerkin approach were used to establish and discretize the PDEs. Sofiyev 

[30] addressed a frequency study of laminated nanocomposite cylindrical shells subjected to thermal 
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conditions using shear deformation theory. Arshad et al. [31] studied the vibration of bi-layered FGM 

cylindrical shells. Love’s first approximation theory and the RRM were applied to derive and solve the 

PDEs. 

Some researchers have investigated the nonlinear oscillations of plates, cylindrical shells, TCSs, and OCPs. 

In this context, Woo et al. [32] reported a study of nonlinear free oscillations of FGM plates. The governing 

equations are derived using CST and solved using the Fourier series. Nanda and Bandyopadhyay [33] 

investigated nonlinear free oscillations of composite cylindrical shells using FSDT and FEM. Singh et al. 

[34] examined nonlinear free oscillations of composite shallow shell panels. HSDT, Hamilton’s principle, 

and FEM are applied. Ueda [35] investigated nonlinear free vibrations of TCSs based on Donnell’s 

assumptions and FEM.  Jamalabadi et al. [36] examined the nonlinear oscillations of FG-GPL-RC-OCPs 

resting on elastic foundations. The FSDT, Hamilton’s law, and DQM are used to obtain and discretize the 

fundamental equations. Yang et al. [37] presented the nonlinear dynamic behavior of FGM-TCSs subject 

to complex loads. The FSDT, Hamilton’s principle, and Galerkin’s method are used to establish and 

simplify the PDEs. Hoa et al. [38] presented the nonlinear behavior of stiffened FG-sandwich-TCSs resting 

on an elastic medium. The fundamental equations are derived and discretized using CST and Galerkin’s 

approach.  

According to previous research, it is observable that few researchers have analyzed the nonlinear free 

oscillations of OCPs. So, due to the importance and application of OCPs, it is necessary to perform various 

mechanical analyses of these panels. Therefore, in the context of this study, the nonlinear vibrations study 

of imperfect stiffened FGP-OCPs is examined for the first time. 

The problem is solved by considering the following assumptions: (a) The inner surface of the panel is made 

of FGM, and the outer surface is made of different porous materials. (b) Stiffeners are placed on the outer 

and inner surfaces of the panel. (c) The OCP is placed on an elastic foundation. (d) The panel has geometric 

imperfections. (e) The panel is in a thermal environment. Finally, for the first time, the effects of changes 
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in the semi-vertex angle, the subtended angle, the volume fraction index, different porous materials, 

stiffeners, temperature, and the amplitude of imperfection are presented and discussed in the form of various 

figures. 

 

2. Mathematical modeling of geometry and materials 

The geometry of conical panels is such that the cross-sectional radius varies along the length. Fig. 1 shows 

that 𝑅1 and 𝑅2 are the small and large radii, respectively. Also, 𝐿, 𝛿, and 𝜃0 are the length of the OCP, the 

semi-vertex angle, and the subtended angle. 

 

 

  

Fig. 1. Conical panel structure. 

 

According to Fig. 1, the coordinate origin is located in the middle plane. The coordinate axes are 𝑥, 𝜃, and 

𝑧. The panel consists of an FGM and a porous material. The FGM properties vary from the porous thickness 

to the inner surface of the panel, transitioning from metal to ceramic. Metal and ceramic stiffeners are 

placed on the inner and outer surfaces of the panel, respectively. To simplify modeling, the geometric 

imperfection is considered similar to the shape function with constant amplitude (for example, Ref. [39]). 

So, in this paper, similar to some studies, the geometric imperfection is assumed in the form of Eq. (1). 
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(1) 

where 𝑚,𝑛, and 𝐴 are the half-wave numbers and amplitude of imperfection.[39] 

 

2-1- FG materials 

The properties of FG materials placed on the inner surface of the panel are presented as follows. 

c c m mF F V F V 
 

(2) 

 

In the above relationship, 𝑉𝑐 and V𝑚 are the volume fraction coefficients, which are formulated in the 

following form. Also, 𝑐 and 𝑚 are indices for ceramic and metal properties, respectively. 

1c mV V 
 

(3) 

The properties 𝐹 in Eq. (2) are formulated as follows.[40] 

 1 2 3

0 1 1 2 31F F F T FT FT FT

    
 

(4) 

 

where 𝐹0 is room temperature and 𝐹−1, 𝐹1, 𝐹2, 𝐹3 are known coefficients. The physical properties of the FG 

material can be calculated utilizing Eq. (2) and Eq. (3) in the following form. 

 

  (1 )m c c cE z E V V E 
 

(5) 

  (1 )m c c cz V V   
 

   m c c mz V    
 

   c c m mv z V v vv  
 

 

𝑉𝑐 is formulated as follows: 
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where the volume fraction index is shown by 𝑘 and 𝑘 ≥ 0.[41]  

2-2- Porous materials 

The porous material is placed on the outer surface of the panel. The porous properties are studied in four 

types. We can formulate these types in the following form.[42] 

Type 1: symmetric porosity distribution 
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Type 2: stiff porosity distribution in the form of non-symmetric  
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Type 3:  soft porosity distribution in the form of non-symmetric  
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Type 4: porosity distribution in the form of uniform 

    x0 ma1 Nz  
 

(10)     x0 ma1G Nz G
 

    x0 ma1E Nz E  

where, the porosity coefficient is denoted by 𝑁0, which, 0 ≤ 𝑁0 ≤ 1. This coefficient is formulated as: 

𝑁0 = 1 −
𝐸𝑚𝑖𝑛

𝐸𝑚𝑎𝑥
=1 −

𝐺𝑚𝑖𝑛

𝐺𝑚𝑎𝑥
 . Also, 𝑁0 = 1 −

𝜌𝑚𝑖𝑛

𝜌𝑚𝑎𝑥
 ,  𝐸𝑚𝑖𝑛 , 𝐺𝑚𝑖𝑛  , and 𝜌𝑚𝑖𝑛 are the minimum values of 

density, shear, and Young’s modulus. [42] 

In addition, 𝐺(𝑧)  =
𝐸(𝑧)

2(1+𝑣)
, where 𝐸(𝑧) is assumed to be constant. The next relationship is presented by 

Gibson and Ashby, which shows the relation between 𝐸 and 𝜌.[42] 
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𝑁𝑚 and 𝑁0 are formulated based on the above relationships as follows.[42] 

01 1mN N     (12) 

Assuming a mass of 𝑀 for the conical panel, the porosity coefficient of the mass density 𝑁𝑚
∗  , for a uniform 

porosity distribution, can be calculated by applying  Eq. (11). Then, by utilizing 𝑁𝑚 and Eq. (12), the next 

formula is obtained as follows:[42] 
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where 𝜆 is uniform porosity, which is indicated as follows.[42] 
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2-3- Stiffeners 

In this study, the smeared stiffener approach is used to simulate the effect of stiffeners, in which the 

mechanical properties of stiffeners are distributed, on average and uniformly, over the panel, resulting in 

equivalent stiffness expressions. The formulation of this method assumes that the stiffeners are perfectly 

bonded with the panel surface, with no slip at the interface. Also, this model assumed that strain 

compatibility holds, meaning that there is no relative displacement between the stiffeners and the shell, so 

they deform together. 

As shown in Fig. 1, there are circumferential and longitudinal stiffeners on the inner and outer surfaces of 

the panel. The number of longitudinal and circumferential stiffeners is defined by 𝑛𝑠 and 𝑛𝜃, respectively. 

Also, ℎ𝑥   , ℎ𝜃 , and 𝑏𝑥 , 𝑏𝜃 are the thickness and width of the stiffeners in the 𝑥 and 𝜃 directions, respectively. 

The distance between two circumferential and longitudinal stiffeners is indicated by 𝑑𝑥 and 𝑑𝜃. 

3- Nonlinear theory and stress component 

Based on nonlinear von Kármán’s assumptions, the strain relations are shown in the following form. [39, 

43, 44] 
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As we know, the panel radius is variable along the x-direction, which is denoted as follows. 

1( ) sin( ), 0r x R x x L     (17) 

By utilizing Eq. (15) and Eq. (16), the strain components are formulated as follows. 
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So, the strain and stress relationships are written as follows: 
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In the thickness direction, two layers of FGM and porous material are stacked on top of each other, with 

stiffeners on the inner and outer surfaces. As explained in Section 2-3, the stiffeners are treated as layers 

on the inner and outer surfaces using the smeared stiffener approach. Therefore, to calculate the resultant 

forces and moments, four integrals must be evaluated for each layer in the thickness direction, and the 

results added together. Fig. 2 nicely illustrates the bounds of the integrals reported in Eqs. (20) and (23). 

[43, 44] 
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(a) External stiffeners (ℎ𝑝 > ℎ𝐹𝐺)  (b) Internal stiffeners (ℎ𝐹𝐺 > ℎ𝑝) 

Fig. 2. Stiffened FGP material structure. 

The resultants of forces and moments are calculable as follows. 
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By utilizing Eq. (19) and Eq. (20), the following relation is obtained. 
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The constant coefficients in the above equations are calculable as follows. 
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4- The fundamental equations 

To establish the fundamental equation, Hamilton’s law is applied as follows. 
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(24) 

 

As we know, in the previous formula, 𝑇, 𝑈, and 𝑊𝑛𝑐 are kinetic energy, potential energy, and work caused 

by external excitation, respectively. These terms can be calculated as follows. 
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Finally, by replacing Eqs. (25-27) in Eq. (24), the governing equations are obtained in the following form. 
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(30) 

The perturbation procedure is applied to compute the nonlinear frequency relationship, so it is common to 

write the motion equations in a dimensionless form, and the dimensionless parameters are written as 

follows. 
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(31) 

By utilizing the above equation, the PDEs are rewritten in the following form. 

1 11 12 13( ) ( ) ( ) 0H B u B v B w   
 (32) 

2 21 22 23( ) ( ) ( ) 0H B u B v B w   
 (33) 

3 31 32 33 34 0( ) ( ) ( ) ( , , , ) 0H B u B v B w B u v w w    
 (34) 

where 𝐵𝑖𝑗 are differential operators. 

5- Discretization of PDEs  

The simply supported boundary conditions (SSBCs) are assumed, as shown below. [45] 

0 0, 1.x xv w N M at x x     
 

(35) 
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In the case of multi modes, if we consider two or more modes, when the system does not possess an internal 

resonance, the modes are uncoupled, and we can consider the fundamental mode for the each of mode 
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independently. In this research, it is assumed that the internal resonance dose not occurred. So, due to the 

above explanation, the fundamental frequency is analyzed for the single mode alone. So, to continue the 

discretization process, the following equations are used.[45, 46] 
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The values of 𝑚 and 𝑛 represent the half-wave number and circumferential wave number in the 𝑥 and 𝜃 

direction, respectively. Finally, the Galerkin approach is used to discretize the PDEs as follows. 
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The resulting discrete form of the PDEs is presented as follows.  
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In the above formula, the 𝐿𝑖𝑗𝑘 coefficients are constant terms, which are presented in the Appendix 𝐴. 
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In Eqs. (44) and (45), by ignoring the in-plane inertias and solving the linear equations based on 𝑊̅, we can 

derive 𝑈̅ and 𝑉̅. Then, by substituting 𝑈̅ and 𝑉̅ in Eq. (46), a Non-linear-ODE is established in the following 

form. 

* * * 2 * 3

1 2 3,
( ) ( ) ( ) ( ) qtt

W t W t W t W t q         (47) 

To investigate the bulking analysis, first, neglecting the inertial term in the above relation, we can write: 
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To calculate the static critical bulking load, we should solve the equation as  
𝑑𝑞̅

𝑑𝑤̅
= 0 . The results of this 

analysis are presented in the next session in Table 6. 

By neglecting the external load, Eq. (47) can be rewritten as follows.  
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tt
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where 𝛼1, 𝛼2, and 𝛼3 are reported in Appendix 𝐵. 

Finally, the natural frequency is calculated according to the following equation. 

0 1 
 

(50) 

6- Non-linear frequency 

The MSM is used to extract the nonlinear frequency relationship. To continue the frequency analysis, 𝑊̅(𝑡̅)  

is treated as an order of 𝜀𝑢, where 𝜀 is expressed as a ratio (𝜀 = 𝑂(
ℎ

𝑙
))  in Eq. (31).  So, Eq.(49) is then 

rewritten as follows. [47]   

2 2 2 3
0 2 3 0u u u u         (51) 

The system response is considered based on the MSM in the following form. 
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0 0 1 2 1 0 1 2 2 0 1 2( ) ( ) ( )( ; ) , , , , , ,u t u T T T u T T T u T T T      (52) 

where 𝑇0, 𝑇1 and 𝑇2 are multiple time variables (𝑇𝑛 = 𝜀𝑛𝑡, 𝑛 = 1, ,3,…). 
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By replacing Eq. (52) into Eq. (51) and sorting the result by order of 𝜀, the coefficients of   ε0, 𝜀1, and 𝜀2 

are extracted as follows. 
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(55) 

By solving Eq. (53), the general solution is obtained as follows. 
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By substituting the above relation into Eq. (54), the secular terms are extracted and must be zero. From this 

outcome, we conclude that 𝐴 = 𝐴(𝑇2). Using this result, the particular solution of Eq. (54) is obtained as 

follows. 
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where cc denotes the complex conjugate terms. 

 Using Eqs. (56) and (57), Eq. (55) can be rewritten as follows. 
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The secular term in the above formula must be zero. Thus, we have: 
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In the above equation, 𝐴 and 𝐴̅ are expressed in polar form, as shown in the following relations. 
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By replacing Eq. (60) into Eq. (59) and separating the result into real and imaginary parts, the following 

relationships are obtained. 
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By solving the above relations, 𝑎 and 𝛽  are established. Then, by replacing the results into Eq. (60) and 

using 𝑇𝑛 = 𝜀𝑛𝑡, the following formula is obtained.  

2 22 2
0 02 2 2 23 2 3 2

0 02 2
0 0

9 10 9 10
( ) ( )

24 24
1 1

e , e
2 2

i a t i i a t i

A A

     
   

 

 
  

   (62) 

By replacing Eq. (62) into Eq. (58), the particular solution is obtained. Substituting this result, Eq. (56), and 

Eq. (57) into Eq. (52), the system response is obtained as follows. 

0

2 2
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a
u a t t O

 
     


       (63) 

where 𝜔̅𝑁𝐿 is given by. 
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By performing the following calculations, the above equation is rewritten in the form of Eq. (66). 
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7- Numeric outcomes 

To perform numerical simulation, the geometric and material properties are presented in Eq. (67) and Table 

1, respectively. Using SSBCs, the equations are solved, and the numerical solutions for conical panels, 

conical shells, and rectangular plates are presented in Tables 2-5. Table 2 compares the natural frequency 

parameters for the homogeneous conical shell. Table 3 presents the first eight natural frequency parameters 

for the conical panel. Table 4 addresses the non-dimensional frequency for rectangular plates. Table 5 

investigates the nonlinear to linear frequency ratio for square plates. As shown, the numerical results are in 

close agreement with previous research. Also, Table 6 presents the static critical load for the FG-open 

conical panel. 
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(67) 

 

Table 1. FGM properties.[48] 

Coefficients 
Ceramic: 3 4Si N

 
 Metal: 304SUS  

 PacE  
kg

3
m

c
 
 
 
 

 c  
  PamE  

kg

3
m

m
 
 
 
 

 m
 

𝑭𝟎 348.43×109 2370 5.87×10-6  201.04×109 8166 12.33×10-6 

𝑭−𝟏 0 0 0  0 0 0 

𝑭𝟏 -3.07×10-4 0 9.095×10-4  3.079×10-4 0 8.086×10-4 

𝑭𝟐 2.16×10-7 0 0  -6.534×10-7 0 0 

𝑭𝟑 -8.946×10-11 0 0  0 0 0 

𝑭 3.2227×1011 2370 7.4716×10-6  2.0779×1011 8166 1.5321×10-5 

 

Table 2. Comparison of natural frequency parameters (𝑓 = 𝜔𝑅2√
(1−𝜗2)𝜌𝑚

𝐸𝑚
) for SS homogenous conical shell. 

2
20.3, 45 , 0.01 , , 1

2sin( )

R
h R L m 


      

𝑛 Present [49] [9] [50] [51] [52] 

2 0.6704 0.6546 0.6694 0.6309 0.6310 0.6310 

3 0.5266 0.5133 0.5425 0.5061 0.5065 0.5062 

4 0.4149 0.4079 0.4562 0.3941 0.3947 0.3942 

5 0.3448 0.3464 0.4084 0.3337 0.3348 0.3340 

6 0.3261 0.3286 0.3955 0.3235 0.3248 0.3239 

7 0.3444 0.3485 0.4132 0.3510 0.3524 0.3514 

8 0.3932 0.3972 0.4554 0.4019 0.4033 0.4023 

9 0.4635 0.4665 0.5157 0.4671 0.4684 0.4676 

 

Table 3. First eight natural frequency parameters (𝑓 =
𝜔𝐿2ℎ−1

2𝜋
√

𝜌𝑐

𝐸𝑐
) for SS FGM conical panel (material Al/ZrO2). 

1 00.2 m, 0.01 m, 0.8 m, 60 , 120R h L        

𝑘  𝑓1 𝑓2 𝑓3 𝑓4 𝑓5 𝑓6 𝑓7 𝑓8 

0 

[14] 3.2521 3.5759 3.9732 5.0811 5.7963 6.2338 6.3819 6.4761 

[13] 3.2749 3.6031 4.0151 5.1564 5.8230 6.2824 6.4260 6.5952 

Present 3.1135 3.8104 4.0361 5.4150 5.6189 6.3415 6.4563 6.6177 

0.5 

[14] 2.9521 3.2801 3.5905 4.5798 5.3319 5.6706 5.8280 5.8469 

[13] 2.9723 3.3031 3.6275 4.6465 5.3564 5.7140 5.8854 5.9351 

Present 2.7783 3.2812 3.6356 4.6099 4.9567 5.6492 5.6960 5.7883 

1 
[14] 2.8123 3.1231 3.4215 4.3649 5.0762 5.4018 5.5546 5.5682 

[13] 2.8321 3.1454 3.4575 4.4295 5.0998 5.444 5.6051 5.6585 
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Present 2.5642 2.9859 3.3772 4.1707 4.5400 5.1847 5.2187 5.3615 

5 

[14] 2.5764 2.7945 3.1688 4.0679 4.5052 4.9259 4.9933 5.1946 

[13] 2.5949 2.8143 3.2029 4.129 4.5261 4.9651 5.0281 5.2913 

Present 2.1000 2.5379 3.5859 3.7078 4.1378 4.4036 4.7292 5.2908 

10 

[14] 2.5012 2.7051 3.0804 3.9573 4.3563 4.7797 4.8349 5.0551 

[13] 2.5193 2.7242 3.1137 4.0169 4.3765 4.8178 4.8687 5.1496 

Present 1.9578 2.4348 2.4348 3.4468 4.2060 4.9699 4.9847 5.1021 

  

Table 4. Compression of frequency parameters of an isotropic rectangular plate. (𝑓 = 𝜔𝑎2√
𝜌ℎ

𝐷
) 

1

0

0.3, 100 m, 0.01m, 0.1m,

0.001rad, 0.001rad

R h L

 

   

 
 1

0

0.3, 100 m, 0.01m, 0.1m,

0.001rad, 0.0004rad

R h L

 

   

 
 

( , )m n  

1
a

b
  

( , )m n  

2.5
a

b
  

[53] [54] Present [53] [54] Present 

(1,1) 19.739 19.739 19.7392 (1,1) 71.555 71.555 71.5554 

(1,2) 49.348 49.348 49.3480 (2,1) 101.163 101.163 101.1634 

(2,1) 49.348 49.348 49.3480 (3,1) 150.511 150.511 150.5114 

(2,2) 78.957 78.957 78.9568 (4,1) 219.599 219.599 219.5986 

(1,3) 98.696 98.696 98.6960 (1,2) 256.610 256.610 256.6097 

(3,1) 98.696 98.696 98.6960 (2,2) 286.219 286.219 286.2185 

 

Table 5. Compression of the nonlinear to linear frequency ratio of an isotropic square plate.  

maxw

h
 0.2 0.4 0.6 0.8 1 

[55] 1.023 1.090 1.192 1.321 1.468 

[56] 1.028 1.104 1.220 1.364 1.527 

[57] 1.033 1.129 1.280 1.453 1.658 

[54] 1.033 1.127 1.268 1.443 1.640 

Present 1.0281 1.1125 1.2531 1.4500 1.7031 
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Table 6. Static critical load for the FG-open conical panel. (

0.004mFGh  ) 

T  

0  

30  45  60  75  

75  868303 Pa  573261 251109 83702 

100 781467 447017 170239 45345 

120 710681 344176 104369 14104 

 

To better understand the system’s behaviour, it is necessary to examine the natural frequencies, because in 

the next section, the fundamental frequency will serve as the basis for the representative figures. In this 

study, natural frequencies are calculated for different (𝑚,𝑛) using Eq. (48). Figure 3 illustrates the variation 

of the first sixty natural frequencies of the system. We observe that the smallest natural frequency for the 

system occurs for (1,3). 

  

(a) changes of natural frequency  (b) changes of dimensionless natural frequency 

Fig.3. Effect of the first sixty natural frequency changes based on the circumferential wave number (n) 
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8. Simulation outcomes of stiffened FGP-OCPs 

In this part, the results of the various geometrical and physical parameters of the backbone curve for the 

fundamental mode (𝑚 = 1, 𝑛 = 3) are investigated. To better understand the presented results, we define 

the 𝛤 in Eq. (68) as follows. 

2

3 1 2

2

1

9 10

24

  




   

 

(68) 

By changing any of the material or geometric parameters in the system, the Γ value can become positive or 

negative. The system exhibits softening behavior when Γ is negative (10𝛼2
2 > 9𝛼1𝛼3). The system exhibits 

hardening behavior when 𝛤 is positive (10𝛼2
2 < 9𝛼1𝛼3). In this regard, Fig. 4 examines the effect of 

changes in the 𝛤 parameter. We observe that for angles less than 3° and between 11° and    ° , this value 

is negative, so in these ranges, the behavior of the system is softening. 

 

Fig.4. Effect of changes in the semi-vertex angle on Γ 

Fig. 5 and 6 confirm the previous discussion. We observe that, as the semi-vertex angle increases, the 

system’s behavior transitions between hardening and softening states. For 𝛿0< 4° 𝑎𝑛𝑑 11° ≤ 𝛿0≤   °, the 

system behavior is softening. Outside these ranges, up to 𝛿0=90°, the system behavior increases. Physically, 

A
C
C
E
P
T
E
D
 M

A
N

U
S
C
R
IP

T



as this parameter increases, the panel becomes wider and closer to a flat plate. So, during vibration, the 

membrane strains, which are inherently stiffening, become larger. 

 

Fig.5. Semi-vertex angle changes 

 

  

Fig. 6. Semi-vertex angle changes 

 

As in the previous case, to examine how increasing the subtended angle affects the system’s behavior, it is 

necessary to analyze the 𝛤 diagram. Based on Fig. 7 and Fig. 8, it is observed that when 𝜃0 ≤ 15°, the 𝛤 

value is maximum and positive, so the system is expected to exhibit hardening behavior in this range. When 

15° < 𝜃0 ≤  9°, the 𝛤 value is negative, and the system exhibits softening behavior. As the subtended 

angle increases to 37°, the hardening behavior increases, and for 37° ≤ 𝜃0 ≤ 360°, the behavior remains 

hardening, but the value decreases. 
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Fig.7. Effect of changes in the subtended angle on 𝛤 

 

Fig. 8 shows the effect of subtended angle changes on system behavior. As shown, for 𝜃0 ≤ 15°, the effect 

of membrane stresses is high, so the system behavior is hardening. For 15° ≤ 𝜃0 ≤  9°, the effect of 

membrane stresses is minimal and negative, and the system behavior is softening. Finally, for 𝜃0 ≥ 19°, 

membrane stresses increase, and the system behavior gradually becomes hardening. 
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Fig. 8. Effect of subtended angle changes 

Fig. 9 shows how changes in the volume fraction index affect Γ and the backbone curve. As shown, the 

hardening behavior increases slightly, 0 ≤  𝑘 ≤  0.44, and then decreases with increasing 𝑘. The initial 

increase in hardening behavior is attributed to the ceramic phase’s dominant contribution, which has a high 

elastic modulus relative to the metal phase, resulting in increased effective stiffness and membrane stresses. 

For 𝑘 >  0.44, the ceramic phase’s brittle properties become dominant, reducing the metal matrix’s ability 

to uniformly distribute stress and absorb energy and reducing the effective dynamic stiffness, which in turn 

reduces the vibrational hardening behavior of the system. 

  

(a) Effect of Γ changes based on volume fraction index (b) Effect of volume fraction changes on backbone curve 

Fig. 9. Effect of volume fraction index changes on 𝛤 and backbone curve 

 

Fig. 10 shows the effect of  𝛤 changes as a function of the porosity coefficient. It can be seen that increasing 

this coefficient reduces gamma and the system’s hardening behavior. Physically, increasing this coefficient, 
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due to increased microstructure in the material, reduces the material’s elastic modulus and effective 

stiffness. Therefore, geometric nonlinearity is reduced, and the system’s dynamic behavior becomes softer. 

 

Fig.10. Effect of changes in the porous coefficient on 𝛤 (Type 1) 

 

Fig. 11, which illustrates how changes in the porous coefficient affect system behavior for different porous 

material types, strongly confirms the previous discussion. According to the figure, we observe that with the 

increase of this parameter cause to reduce the hardening behavior. The influence of different types of porous 

material can be attributed mainly to their structural and mechanical properties. Each type of porous material 

has a unique arrangement and size that affects the distribution and transport of stress through materials. 

These changes affect the dynamic properties, such as elastic modulus, resulting in different responses under 

load conditions. 

  

Type1 Type2 
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Type3 Type4 

Fig.11.  Effect of porous type changes 

 

Fig. 12 shows the effect of thickness changes. As the thickness of the porous material increases, the ability 

to store strain energy decreases because of porosity, so the effective modulus and flexural stiffness of the 

structure decrease. However, increasing the thickness of functionally graded materials results in greater 

hardening behavior because of their greater ability to deform and store energy. Therefore, as the porous 

thickness increases, the hardening effect is reduced, and the system behavior becomes softer. 

 

Fig. 12. Effect of porous thickness 

 

Fig. 13 shows the effect of stiffeners on the nonlinear system vibrations. Stiffeners can change the stiffness 

distribution and the force transmission path. Adding them to the system reduces flexibility and shifts 

stiffness concentration because part of the vibrational energy is absorbed by them. However, increasing 
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their number and thickness increases stiffness and limits larger deformations, resulting in increased 

vibrational hardening behavior. 

  

(a) (b) 

  

(c) (d) 

Fig. 13.  Effect of stiffener 

 

Fig. 14 shows the effect of elastic foundation coefficients. As we see, part of the system’s vibration energy 

is absorbed by the elastic foundation, which distributes the deformations between the panel and the elastic 

medium and reduces the concentration of strain energy in the panel. So, the hardening behavior is reduced. 
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Fig. 14.  Effect of elastic foundation coefficients 

Fig. 15 shows the effect of temperature on the system behavior, indicating that the behavior changes from 

hardening to softening as the temperature increases. Physically, the elastic modulus and mechanical strength 

of materials decrease with increasing temperature. At high temperatures, interatomic bonds weaken due to 

atomic vibrations and greater molecular motion, and the effective stiffness of the system decreases. These 

changes cause the curve to shift to the right and the behavior of the system to soften. 

 

Fig. 15.  Effect of porous type changes 

 

Fig.16 illustrates the effect of changes in imperfection amplitude. At small initial geometric imperfection 

amplitudes, the system is in a nearly symmetrical state, so increasing the amplitude causes an increase in 

the effective stiffness and hardening behavior. However, as the amplitude increases, a large portion of the 

vibration energy is spent on opening and closing this deformation, so the effective stiffness decreases, and 

the system behavior becomes softening. 
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Fig. 16.  Effect of imperfection amplitude changes 

 

9. Conclusion 

In this study, utilizing classical theory, Hamilton’s principle, and Gelerkin’s method, equilibrium equations 

for OCPs were extracted, discretized, and converted into ODEs. Finally, by using the multiscale method, 

the relationship of nonlinear frequencies was extracted and the numerical results were validated with 

previous research. Then, the effect of changes in different geometric and material parameters was reported 

on the frequency response curve. 

Some important results are reported below: 

 By increasing the semi-vertex angle parameter, the system behavior changes between the hardening 

and softening states. 

 The system behaviour is highly influenced by the subtended angle, and by changing this parameter, 

the behavior changes from hardening to softening. 

 The increase in volume fraction causes the hardening behavior to decrease. 

 Utilizing Type 1 and Type 4 causes a decrease in the hardening behavior instead of using Type   

and Type 3 
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 Increasing the thickness of porous material can reduce the hardening behavior. 

 The presence of stiffeners in the system reduces the hardening behavior; increasing the number of 

stiffeners causes an increase in the hardening behavior, and changing the cross-section of stiffeners 

can increase the hardening behavior. 

 The use of an elastic medium can decrease the hardening behavior. 

 An increase in temperature causes the system’s behaviour to change from hardening to softening. 

 Increasing the imperfection amplitude causes the system behaviour to change from hardening to 

softening. 
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 Appendix A 

The constant coefficients 𝐿𝑖𝑗𝑘 for Eqs. (44) and (45). 
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Appendix B 

The constant coefficients  𝛼𝑖 for Eq. (49). 
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