CONCLUSION:
This paper has discussed the problem of separa—

bility for 2-D systems. Both transfer function and

state space representation were considered. Several

necessary and/or sufficient conditions for checking the

separability of the 2-D system were stated. Presently

we are investigating the partial separability problem-

of 2-D systems. This will be the subject of a future

paper,
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when n=1 or m=1, For instance consider a 2-D system
with dimension 7. We have the possibility of having

the following cases

n+m 777777
n | 6854321
m 12345686
nm 610121210 6

In the first and last case we have six equations but in
the third and forth case we have twelve equations.
We nowstate a necessary condition forseparability.

Lemma (5):
}f the system is separable then
det (A) = det (A1) det (A4).

Proof:
From equation (3) we have 3m” @n0%0m where

a .and ag, are coefficients of s{'szm, swn,

nm’ ano
and s,m respectively, Thus

iy +m) = (=1) "M /det(A)
anm—1 d123,....(n m - e )
anO = d{n+l).... (n+m)/d123 o ntm)= (=1) det
(A4)/det (A)
a0m=d123 ....... n/d123
/det (A)
Substituting for anm: Ano- and aom in equation (3)

yields the result.

cndlntm) = (—1)m det (A1)

SPECIAL CASES

Casel (n=1, m=1)
The system is separable ifand only if ag and/or 83

are equal to zero.
Case I (n=1, m= arbitrary)

}f the system is separable then A2A3 =0,
Case 1 | I {m= 1, n= arbitrary)

If the system is separable then A3A2 =0,

Example (2):
Given a 2-D system with the following state matrix
fs 1 -

A= 5 1 2 1
Ll 1 2

The characteristic polynomial of above system is
- 2
O(S—I . 32) - (S'] - 5) (32 —_ 452 + 3)
[t can easily be verified that A2A3 = 0. Note that A2
and A3 are not equal to zero,

Complexity:

For calculating the coefficients of equation (6)
we need to compute the determinants of all the minor
matrices That is, we should calculate

<n+m /n+r>(n+m> <n+m>

1 ,\2 N3/ Np+m

number of determinants of matrices with dimensions

1x1, 2x2, 3x3, ......,

where

(n+tm) x {(n+m} respectively,

It can easily be shown that if the matrix A3 or A2
is zero the equations (6a) are always satisfied. For
instance for example (1) the equations (8) are
1) det (A) = det (A,) det (Ay)

2) det (A) [tr (Ay)] = det (n,) [ag3det(A) + 344
det {Aq)]
= det (Ay) det (A} )[tr(A4)]
3) det (A) [tr{A)] = det (Aq) [a11det(Ay) +a,, det
{Ag)]
=det (A) det(A,) [tr(AT)]
4) det (A)

[a11833 + @11 844 +appagg +ay5a,,] =
[333 det (AT} tag, det (A1)] [a”det(A4) tay,
det(A4)]
= det (/—\1) det (/-\4) [333+a44]
All above conditions are satisfied since det {A)=det
(A1) det (A4)
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the rest of coefficients of equation (8). Note that .

means determinant and Akk is obtained froem the
matrix A by the change of its kth column with vactor
[0 O ... 0 1 0..0]1 T whereoneis in row k.
The following example is stated for clarity of above

procedure.

Example(1):
Consider a 2-D continuous system with matrix
A=a” I=1,2, ... 4 J=1,2,..4

where n= 2,and m= 2, Find the necessary and suffici-
ent conditions for separability of above system,

Solution:
The characteristic polynomial is
Qlsy.39) =015+ 00181 %52+ o5 5,2+ G001
9115152 % Ag0%" T 25 T x5, F ayy
where 7

G5,2= —A = (-1

A=A =diyz

@11 812 0 a141 [311 219 813 0

21 ajy 0 ayy | lagg 8y ap3 0

113 |+ |
901=(=1"[lagq agp 1 a4 831 839 833-0
a4l agy 0 a4y 41 8p 3 1

= (=1) [dyp4 + dygl

o 10222 223 24 a1 1823 224/
q‘]2=(‘—1) [l\o 832 333 334 ; + ia31 0 833 334’

0 ay, ayn @ lagq 0 agn agyl
42 23 44J | 2a1 0 343 244

[ ayp a3 avf’ r”ﬂ 0 a3 a14‘,

= (=1) [dygq +dy3y

!‘311 a2 0 0]
1891 83 0
241 22 0 1]

(o]

—_—

[10a13 8,

0T ax3 a4
00 agz agq| =934

100 a3 %4
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q02=(—1)2

a2 0ayy 312830
) 0 agy 0 agy 0 agy ay3 0
917)-1700 ag5 1 ag, 00 333 0
0822 0 agy 0842 243 1
aHOOaM aqy 0a130
a21 10 3y an1 1 893 0]
a21 0 1 g agq 0 a3 0
a41 00 aga a9 0 az3 1
= ldgg +dpyg+dyy+dygl
001 ag, 00 ag, 0
000 a, 00a,,1
={-1) [d4+d3]
anooo, 1312001
t
a31o1ol 0ag, 10
ag; 001 034,01
= (-1) [d1 +d2]
1000
a0o=(+1 0 100 =1
0010

‘0001

We now divide the equation {7) by d1234 in order to
get exactly the same form as equation (2a). Applying
the condition (3) to the polynomial (7) implies that
the following condition are needed to be satisfied for
separability.

1 dypgq =dqp.dgy
2) dyggq (g +dg) = dgpldypg+dypy)
3)dyg3q (dy +dp) =dypldygy +dpgy)
4 dyggq ldyg+dyg *dyg+dyy) =(dypg+d;py)
(d134 + dyzy)
(3)

Remark 1.

It should be noted that the number of equations
that need to be satisfied for separability are equal to
nm. Note that nm = [{n + m)2. (n-m) 1 1/4. Thus

assuming (n +m) is fixed the number of equations are

minimum if (n - m) is maximum. This comes posible



PROPERTIES OF MATRIX D

11 the system of eguation (1) is separable, then the
matrix D defined in equation {3a) has the following
properties

1) rank (D) =1

2) assuming n = m, the matrix D has the following
eigenvalues

0 i=0,12..n
0; = n
tr(D)=2Za; i=n+1
i=0

3) assuming n = m, the matrix D is nilpotent if
tR(D) = 0.

Note that if the terms (3152)i are missing in
0(31'52) for all i, then tr (D) =0.

Above lemma can be generalized for m — D

systems,

CASE 11
Now we consider the linear, time invariant

countinuous — time 2 — D systems described by porter

[91.

6., 1] =[A; AZ-”&)(X,Y)‘]+ By |
Lo a % WX, V)
XYV 1A; Agild(X,Y)} ¢ B
AN I I I
F (X, Y) = [C4Cy) P(x,v)?
Lo1x. ) ()

where ®€ R", ¢ € RM ue R” is the input vector, r €
RY is the output vector and A, B, C are constant
matrices of appropriate dimensions.

We are intezested to know the conditions on the
state matrix A that guarantees the separability of the
system prasented by equation (5). It is a well known
resuit [10] that if the submatrices Ag and Jor Ag are
zero then the corresponding transfer function has a
separable denominator, This is because the characteristic

polynomial of the system is equal to muitiplication of

characteristic polynomial of each subsystem. However
we could have separable systems with A2 and/or AB
being non zero. Therefore above conditions are only
sufficient for separability. The best choice for obtain—
ing the necessary and sufficient conditions for separa—
bility of a 2 — D system is that we calculate the
characteristic polynomial of the system and then use
the result of lemma (2). In the following we show how
to compute the characteristic polynomial.
Applying the 2 — D Laplace transform to equation
{5), we obtain the following 2 — D transfer function.
Hisy sp) =C [SI—A) 7'B

"Where
S1—ln 0
s=| o 59~ m ] =51 @s, T,

and + denotes the direct sum of matrices.

The characteristic polynomial of system equation
{5) is equal to det (si — A). This may be written in
the form

. n m o
= 1o f —
0(51,32) .E h qjj 8¢ S2 with q00—1

where the coefficient gij can be calculated as follows:

qnm=det[sl - Al 4_/\1: H)meA"i

! s1=0,s2=0
91 m= S dets! —A] =(.)ntm
’ 651 $1=0, 5,=0
n
z Ia!
- - -1
Ay = w—det [s-Al = ()™
552 $9=0,55=0

n+m !

Z o |AKK
k: n+" g (66)

¢« o a2 s

By taking second (62/ 552851, §2 s12, 52/5322),

third, ... nth partial derevitives we can calculate
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the separability.
_ Lemmal(1): Considering equation (2), the system

of equation (1} is separable if and only if the pcly—

nomials 31(52) have same roots for all i= 1,2,..... n.

Proof:
Necessary part

The polynomials ai(sz) having the same roots,
implies that koao(sz) = k1a1(52) = k232(52)= ............
=knan(32) = 02(32) for some constant k;. Substituting
for ai(SZ) in terms of 02(52) in equation (2) yields the

following: :
i=0

2 . i
= 02(52) ]Z=((1) /Ki) Sy
SUFFICIENT PART

Assuming the system is separable, that is
0(81 ' 32) = 02(32) 01 (ST)

=Qy(s,) fcg+q8q +omnnnan c s1m)
:Qr?(sz)co+ Qy(sy) C481+...... Qs (s5)C 5
i=0
n
i=0

Where a;(s,) = ¢;Q,(s,).
Therefore all ai(sz) have the same roots as 02(82).
Note that it is possible, even if the system is not
separable, the polynomials ai(SZ) have some roots in
common, namely partialy separable. An algorithm for
calculating these roots are going to be the subject of a

future paper.

Lemma(2):
Considering equation {2a) with aoo=1 , the system

of equation (1) is separable if and only if

CHRE an for i=12,..n =12,....m (3)

Proof: The polynomia!Qisr Sz)can be writter in the

o1 Qlsy, sp) = [1s, .. som] D [1 31,,‘s1n]T

Where (3a)
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aoo 810 320 .......... anO

601 31 T e am
D=

aom a»’m ................ nm

If the condition (3) is satisfied the matrix D has

maximum rank one and can be decomposed as

Thus equation {3a) becomes
~Qlsg,sp) = (THagsot... +a0m82m) (T+agsqto. +
+8n051 n) . (4)
Therefore Q(s1 s 32) is separable, The sufficient part can
be easily shown by multiplying out the equation (4)
and matching the coefficient with equation (2a),

Lemma (3):
If each row of the matrix D is multiple of first row

by a constant then O(sT , 52) is separable,

PROOF:

Above assumption implies that the matrix D can
be decomposed as a multiplication of two vectors, That
i;D=l§,gwhereg=[1k1 Koo km]T,g_=[1 ag
89Q wwewr Bpgl . Thus Qlsy,sp) = (14 k, St v kppysp™
(T+aggsy + ... a8 n).

LEMMA (4): IF

=0 i:j:o

#0 Otherwise
then Q(s1, 52) defined in equation (2a) can not be
factored to two 1 — D polynomials for any arbitrary n

and m,

PROOF:
The proof follows from lemma (2).
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\BSTRACT

This puper presents several tests for checking the separability of a given hwo variable
2 — V polvnomial can be considered as denominator of a transfer
— D system. The separabilitv condition is stated in terms of

(2— V) polynomial. The
function representation of a 2

the coefficient of the 2 — V polynomials. This can be extended to m — V polynomial.

Considering the 2

the necessary and sufficient conditions on the matrix A that gurantees the separability of

the 2

separability are minimum if and only if n =1 and or m = 1.

— D state space model representation with the state matrix A, we obtain

— D system. We also show that the number of equations that need to be satisfied for

NTRODUCTION
There has

‘gars in the design of two—dimensional {2—D) systems.

been considerable interest in recent

nsuring the stabitity [1—8] of the 2 — D system is one
»f the major problems. Due to the difﬂculty of testing
he stability of an arbitrary 2 — D system it is preferable
o work with the separable systems. A 2 — D system is
:alled separable if its characteristic polynomial (den—
noinator) can be factored to two 1 — D polynomials
i.e. Qlsy s5) = Qqfsg) Qplsyl). In this case the sta—
sility test becomes straight forward. Therefore it is
lesirable to know if the system is separable or not. We
vill state algorithms for determining the separability of
1 continuoustime 2 — D system, First we consider the

ransfer function representation. Next the state space

representation is cosidered.

Case |
Consider a 2 — D analog filter

P
H(31152)=M (”
0(51,32)

The polynomial Q(s1 52) can be written in the

following forms:

Q(SI,SJ—aa (S2)S (2)

Q(S], S2= 5 2, S] 5J (20)
=0 2

Where ai(sz) are polynomials interms of Sy and ai}-

are constant.

We now state the following lemmas for determinig
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