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ABSTRACT

In this paper, first we extend theorem of Goebel-Schoneberg for non-expansive representations of a left
amenable semitopological semigroup on a nonempty subset D of a Hilbert space H . Then we state and
prove a common absolute fixed point theorem for these semigroups.
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1. INTRODUCTION

Let S be a semitopological semigroup with identity,
that is, S is a semigroup with a Hausdorff topology such
that for each @ € §, the mappings § — a.s and
s — s.a from S into S are continuous. Let D be a
non-empty subset of a Hilbert Space H and
I = {T[ ‘ie 5} be a continuous representation of S as

So=

mappings from D into D, that is, () 7 = /; (i)
e

7 =77 forall s;7re8; (ili) The map SxC - §

st st

defined by (f,s) > Tx, teS, xeC, is continuous
1

when S x C has the product topology. Let 3 be a
continuous representation of the semigroup .S and each
7. seS, be a non-expansive self-map of D, ie,
s

Tx-T
et

3 is called a continuous nonexpansive semigroup on D
. In this paper, first we extend theorem of Goebel-
Schoneberg [3] for the continuous non-expansive
representations of a left amenable semitopological
semigroup on a nonempty subset D of a Hilbert space H
and then we consider the concept of absolute fixed point,

,forall x, ye D and s € S. Then

-

and prove a common absolute fixed point theorem for this
semigroup.
2. PRELIMINARIES

All topologies in this paper are assumed to be
Hausdorff. Given a non-empty set S, we denote by

foo (S) the L'anach space of all bounded complex valued
functions on S with supremum norm. Let S be a
semigroup. A subspace X of KOO (S) is left (resp. right)
translation invariant if fa(X) o X (resp. F ) x)
for all aeS, where [ (f)s)=f(as) and
Fo(f)s) = f(sa), seS . If § is a semitopological
semigroup, we denote by CB(S) the closed subalgebra of
ﬁoo (S) consisting of continuous functions. Let LUC(S)
(resp. RUC(S)) be the space of left (resp. right) uniformly
continuous functions on S, that is, all £ e CB(S) such
that the mapping from S into CB(S) defined by
s — [/S S @esp. s — p f) s continuous when
CB(S) has the supremum norm topology. It is well-known
that LUC(S) and RUC(S) are left and right translation
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invariant closed subalgebras of CB(S) respectively,
containing constants [1]. Note that when S is a
topological group, then LUC(S) is precisely the space of
left uniformly continuous functions on S defined in [4].
Now suppose X be a subspace of KOO (S) containing
constants. Then ge y* is called a mean on X if

”ﬂ“ = u(1) = 1. Moreover, let X be right invariant. Then,
amean £ on X is right invariant if M )= ()

forall s € § and f e x . Similarly, we can define left
invariant means. £ is called an invariant mean if it is left
and right invariant. The value of amean g at £ e x will
also be denoted by u(f)or <#’f>. A net {ﬂa} on

RUC(S) is called asymptotically invariant [10] if for each
f S RUC(S) and ae S, /Ua(lﬂafl) — 'ua (f) -3 O

and g (0, /)= p, () 0.

Let g be a mean on X and E be a Banach space,
¢ :S > E be a bounded function, and K be a closed
convex subset of . Suppose for each x e X, the real-

defined by

valued  function fy on S

2
fx(l) = “¢(z‘) - )v“ , Torall teS belongs to X .
Then set, r(x) = <y, fx>’ for all x e K and define

r=inf, ¢ g r(x)and Mﬂz{yeK:r(y)=r}-

Lemma 2.1. The non-negative real-valued function »
on K defined as above is continuous, convex and
r(x,) > as y —oo. If £ is reflexive or K is

n n

weakly compact, then My is a non-empty closed convex

subset of K. Furthermore, if £ is a Hilbert Space, then

My contains a unique element y such that

r o+ ”y - xH < r(x) forall x e K [8].

Definition 2.2. Let D be a nonempty subset of a
Hilbert space f{ and <« - {7[ re S} be a non-
expansive semigroup on S. We call a point pelD a

common absolute fixed point for semigroup I if there

exists a non-expansive extension semigroup

S={r,tres} on pu{p}suchthat 7 p=p forall
teS and if p is a fixed point for every non-expansive

extension of 3 to the union of D and a subset of &

containing p. We denote by AF(J) the set of all
common absolute fixed points of semigroup J in p [2].

Remark 2.3. Let D be a subset of a real Hilbert space
H, xeH and let « . {T[ fe S} be a non-expansive

semigroup on ). Suppose - is bounded for
Tt‘ te S

) . 2
some 2z € [D. Then, the functions fx (1) = “th - x“
and g (1)=(7,x,x) are in RUC(S), [7] (see also [6]).
Now if u RUC(S), by the Riesz
€ H such that

is a mean on

representation theorem, there exists Z/l

(1.8(0) = (z0,) for each x & 1 [9].

Lemma 2.4, Let S be a semitopological semigroup,
D be a non-empty subset of a Hilbert space H and

F {T Sl e S} be a non-expansive continuous
t

representation of a semitopological semigroup S onD.
Suppose {T,z e S} is bounded for some z € {J and

RUC(S) has a left invariant mean 2. Then 2y € H,

and “T.stx”z,uHSNTtx’Z,u“ for all xe D and
s,teS.
Proof: Let 42 bea LIM on RUC(S). By Remark 2.3 for
2
x € A, the function [y = ”T[ z- x” and
g, (0=(r,2,%), t € S arein RUC(S). Let My T

and F be as above for the convex set /. By Lemma
2.1, My contains a unique element ¥ such that

ot ”) _ x” < r(x) forall x e . Nowlet x ¢ H
and ¢ € S. Then,
ETh x”z = ”Tt z - x”2 -”th - z;,“z

—2<T[Z“zﬂ,zﬂ*x>

So

0] = (1.1 ,0) - <u,fzﬂ <.>>
"2<u,g3ﬂ,x<.)>+2<zﬂ,z#—x>

(it ) =11, 0)

gz 2oz )
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= <u,fx(.))~<ﬂ,f:ﬂ(,)>

This implies that Z,uEMy’ so by lemma 2.1
My consists of a single point L To prove the
second part, let x € D. Then {T/x le S} is bounded

for teS. For

e [r,5-7,d 2bees

p=zy € My and g,7,6 € S we have,

2 2
oryx-TgxTgz=p)=|T1x=p| |55 rl
2 2
+rgx-roe ~lrix-T04|
Now, applying 4 to both sides of the above equality
with respect to § we have
. . . 2 2
0=2(rx=Tgxp-p)=rx=p"~|rsx-
b 1 O (1O

On the other hand, since

2
e ®= 17,250 =lrsx =504

AN

So, by left invariance of ;; we have,

S“Ttx—ng

(1 14y 0) =1 F120)

<(. 7,50}

Therefore,

Irsex = <lrex= P+ (s 7, 0)

o)

Hence

].Tst" - pn s Hﬂ"‘ - PH

This competes the proof.

3. FIXED POINT THEOREMS

We now state and prove our main fixed point theorems.
First, we extend Goebel-Schoneberg’s theorem [3] for
non-gxpansive continuous representations of a left
amenable semitopological semigroup on a subset D of a
Hilbert space.

Theorem 3.1. Let S be a semitopological semigroup
with identity, D be a non-empty subset of a Hilbert space
H and let - {Tz te S} be a non-expansive
continuous representation of S on D. Suppose RUC(S)
has a left invarinat mean 4. Then 3 has a common fixed
point in p, if and only if {fo le S} is bounded for

some x e D and for any 5 ¢ C_O{T,X ‘te S}, there is a

unique p € D such that ”v - p” =inf, ¢ DH"’ - z”

Proof: Necessity is obvious. Let us prove the
sufficiency. Assume {Tx ‘te S} is bounded for some
t

xeD. My is as in the proof of Lemma 2.4 and

Then using [5] we  have

C=Z/1€My'

ce;&{rtx:[es}. Therefore there exists a unique

peD such that “c—-p“ﬁ“c——z ,forall ze D, On

the other hand, by Lemma 2.4 we know that
[ p=e|=Iriep=cl<lrep—d =|p-e|. Hence, we
have fe-pf=inf; e ple-d<fe-reA sle-pl €5
and the uniqueness of p implies that T;P="p for all

t € S, thatis, p isacommon fixed point for 3.

Corollary 3.2. (Goebel-Schoneberg [3]). Let 7 be a
non-expansive self-mapping of a nonempty subset D of a
Hilbert space F. Then T has a fixed point in D if and
only if {T”x} is bounded for some x e D and for any

J;e_c_?j{T"x:n>O} there is a unique p e D such that

b - A=t ¢ ol
Proof: Let S=(N,+) and T = {7*” ‘ne N}. Since S
is amenable, then by Theorem 3.1 the proof is complete.

Now we prove a necessary and suffcient condition
(namely, boundedness of orbits) for the existence of an
absolute common fixed point of a non-expansive
continuous  representation of a left amenable
semitopological semigroup S.

Theorem 3.3. Let S be a semitopological semigroup
with identity and let T = {Tt e S} be a non-expansive

strongly continuous representation of S on a non-empty
subset » of a Hilbert space H. Suppose RUC(S) has a
left invariant mean, . Then J has a common absolute

fixed point in #, if and only if {Tz ‘re 5} is bounded
!
for some z e D. In this case z is a absolute fixed point

of 3.
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Proof: By assumption there exists z ¢ D such that

) 2
{Ts: ‘se S} is bounded. Let fy) = ”th - XH and

each ses, let

PEMyy For
Tg:Dw {p} > Du {fsp} be a  non-expansive
extension of 4. . As aresult by Lemma 2.1 we have,

== (m. sy O) (1.1 ,0)

for every ye H. Now for each s5e8

lety = ’T“S p - Therefore,

]lp~fsp“ s <ﬂ,ffsp(-)>—<y,fp(.)>.

since
— - v 2
T pO=TF plen= Irsez=7 s

:Hfstz“fspuzﬁuf,-—p”z=fp(t).

lo=7spls (1.7, pO) - (1. ,0)

= <u,sffs p<.)> e

< —
“<”’fp(')> <“’fp(‘)>
=0.
Therefore, Tgp=p foreach s e §. Thus p must be

a fixed point for every non-expansive semigroup
extending I to the union of D and a subset of H
containing p . To prove that p is an absolute fixed point

of 3, we have to show that there exists a semigroup
g = {Ts is e S} of non-expansive strongly continuous
representation ’Fs of § on Du{p} extending and
leaving p fixed. To do this, we define the semigroup
5:{73;563} on Du{p} by fsxz'fsx for
xeD and seS and 7 op=p for all seS. By
Lemma 2.1 we know that for any yeD we have
Hrsy—p“S“y—p“ (take f = ¢). This shows that TS is
non-expansive on Du{p} for every seS. So

F = {fv se S} is a semigroup of nonexpansive strongly

continuous representation 7  of S on DU {p}
Therefore p is an absolute fixed point of 5 in #. Since

L 1 , th i H
by Lemma 2.1, z, € My then zy is an absolute fixed

point of 3. For the converse, let p be an absolute fixed
Then, by definition we can extend the

point for 3.
S to the semigroup I of non-expansive

semigroup

mappings on D U {p} such that p is a fixed point of

5. 8o foreach x € D we have,

7] < ”Ts X=Ts p“ +“7~"s p“

<le=pl+l7|
This shows that {Ttx te S} is bounded and the proof

is complete.
Theorem 3.4. Let 7, D, §, 3 be as in Theorem 3.3.

If 4 is an invariant mean on RUC(S), and {Tt: le S}

is bounded for some z e D, then for any asymptotically

invariant net { of means on RUC(S), the net
Hey

2 converges weakly to ., . In particular, if » is

H -

a

another invariant mean on RUC(S), then Zp= 2y

Proof: By Theorem 3.3, we can extend the semigroup
3 to the semigroup § of non-expansive strongly

continuous representation of S on D {p¢ such that

is a common fixed point of the semigroup J. The

Z

rest of the proof is similar to [6, Theorem 4.8]. Note that
since z ¢ D, then we have Tt'z =T,z

4. REFERENCES:

[t] 1 F. Berglund, H. D. Junghenn, and P. Milnes, Analysis on
semigroups, John Wiley & Sons, New York,1989.

2] B. Djafari Rouhani, On the fixed point property for non-expansive
mappings and semigroups, Nonlinear Anal. 30 (1997) 385-396.

[3] K.Goebel and Schoneberg, Moons, bridges, birds.. and
nonexpansive mappings in Hilbert Space, Bull. Austral. Math. Soc.
17 (1977) 463-466.

[4] E. Hewitt and K. Ross, Abstract Harmonic Analysis I, Springer-
Verlag, Berlin, 1963,

[5] O.Kada, A. T. Lau, and W. Takahashi, Asymptotically invariant
nets and fixed point set for semigroup of nonexpansive mappings,
Nonlinear Anal. 29 (1997), 539-550.

[6] A T Lau and W. Takahashi, Invariant means and fixed point
properties for nonexpansive representations of topological
semigroups, Topological Methods in Nonlinear Analysis. 5 (1995),
39-57.

{71 A. T. Lau, Semigroup of nonexpansive mappings on a Hilbert
space, J. Math, Analysis Appl. 105 (1985), 514-522.

[8] N. Mizoguchi and W. Takahashi, On the existence of fixed points
and ergodic retractions for Lipschitzian semigroups in Hilbert
spaces, Nonlinear Anal. 14 (1990), 69-80.

[9] W. Takahashi, A nonlinear ergodic theorem for an amenable
semigroup of nonexpansive mappings in a Hilbert space, Proc.
Amer, Math. Soc. 81(1981), 253-256.

[10] W. Takahashi, Fixed pomt theorems and nonlinear ergodic
theorems for nonexpansive semigroups without convexity, Canad.
J. Math. 35 (1992),1- 8.

92

s Amirkabir/ Vol.16/No. 62-E/( Basic Science and Applied Engineering)/ Summer-Fall 2005



