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ABSTRACT

A set of locally product structures on tangent manifold TM of a space form M is pointed out. This is
found in a study of a type of Sasaki metric whose second term is a special deformation of the first one.
Introducing an adequate almost product structure we find at first a large class of locally almost product
structures on TM for a (pseudo)- Riemannian manifold M. When M is a space form, a subset of it is made of

locally product structures.
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ITM =HTM®VIM, ueTM . The dual basis

1. INTRODUCTION o _ o .
are(dx',0y") withdy' =dy' + N, (x, y)dx’ .

Let (M, g) be a (pseudo)- Riemannian manifold and V

its Levi-Civita connection. In a local chart(U,(x')) we

and we denote

Fj.k (x).
(x',¥")=(x,y) be the local coordinates on the
manifold 7M projected on M by = . The indicesi, j,k ,...
will run from 1 to n = dimM.

The functions N j’ (x,y)=T ;k (x)y" are the local
coefficients of a nonlinear connection, that is the local
fields &8, =0,-N}(x,y)0.,

0

£ k

set g =g(6i,6j), where 0, = ai’

the  Christoffel  symbols by Let

vector where

0

span a distribution on TM called horizontal,

which is supplementary to the vertical distribution
u—>VIM =kerr,,,ueTM . Let us denote by

u—> H,TM the horizontal distribution and let (&, , 0;)

be the basis adapted to the decomposition

The Sasaki metric on TM is as follows:
Gy =g, (x)dx' ®dx’ +g,(x)5y' ®5y’
(1.1
If in the second term of Gy one replaces g, (x ) with
the components /,(x,y) of a generalized Lagrange
metric (see Ch.X in /4]) one gets a type of Sasaki metric
o i J i J
G(x.7) = g, (D)d' ®dx’ + h, (x,)5Y' ® 5y
12)
In particular, 4, (x,y) could be a deformation of
g;(x), a case studied by M. Anastasiei and H. Shimada

in [1].
In this paper, we study the metrical structure (1.2) in

the case when 7,(x,y) is the following special

deformation of g, (x)
hy(x,y) = a(L) g, (x) +b(L*)y,y,, (1.3)
where [ = 8 (x)yiyj , YVi=8y (x))’i and
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a,b =Im(IL>)cR, >R, with a>0,620./4
2

c
For b=0 and a = 22— for any constant ¢, the metrical

structure (1.2), (1.3) was studied by R. Miron in [3] as a
homogeneous lift of g, (x) to TM.

In the following section, we introduce an almost
product structure which paired with G given by (1 2), (1.3)
which provides a large set of almost product structures on
T™.

Finally, we find in section 3 that, when (M, g) is of
constant curvature, some of them are locally product
structures.

Let P be an endomorphism of the tangent bundle 7TM

satisfying P* = I , where I= identity. Then P defines an
almost product structure on M. If g is metric on M such

that g (PX ,PY )=g(X ,Y) for arbitrary vector fields

X and Y on M, then the triple (M, g P) will introduce the
natural almost product structure. If P is an almost product

structure and the Nijenhuis tensor field N , of P vanishes
then P is called a product structure on M.

2. SOME ALMOST PRODUCT STRUCTURES ON THM

Let Py be the almost product structure on TM given in
the adapted basis (0, ,0-) by

P, (8,)=0-, P;(0-)=, 2.1

It is well known that the pair (G g, P ) is an almost
product structure on TM, thatis
Gy (PX ,PY )=Gg(X ¥ ).

We look for a new almost product structure which
paired with G to provide a product structure. We modify

P, to a linear map P given in the basis (4, ,57) as
follows:
P(8,)=(as! +By.y")o;
P(3;)=(18] +6y,3")6,
2.2)

where , ,7,0 are functions on TM to be

determined. The condition P> =1 leads to
ay=1,a8+ Py +BSL = 2.3)
Then the conditionG (P(X ),P¥ )=G(X.Y)
gives
=1,7"=a,2y6+5°L =b,
(2aﬁ+ﬂ2Lz)(a+bLz)+b0¢2 =0. 2.4
The solution of the system of equation (2.3), (2.4) is

2
gL g daxdavbl o

Ja'U 2Jatavbl)
Ja ++a+bL?
LZ
We notice that for b=0, besides the solution provided
by (2.5), that is

J‘y"

o= (2.5)

2Va
gy Nkl

2.6)
There exists also the solution
1
*T,7=—\/;,ﬂ=0,520
a
)

Let us make the substitution

a* pr-a*

a—» -, a -> L4

Then (2.5) and (2.6) are unified to

L a+b a a+b
O = - s = y =—_——, 5 = 5

P &
bza>0 (2.8)

and (2.7) modifies to

a L

2.9)
The metric G takes the form
Ga,b(x5y)::gij(x)dxi ®dxj
a b2 g’
+H— 2g,J(x)+ y,y,)8y' ®6y’
bza>0. 2.10)

LetP,, be the almost product structures given by

(2.2), (2.8) and P, those given by (2.2), (2.9). Then the

pairs (G, ,,F,,) and G,,,FP,) are almost product
structures on TM.
2

Fora’ = b= I*, the metric G,,(x,y) is

the Cheeger- Gromoll metric, [5], [6]
Ge(x,y) =g, (x)dx' ®dx’
. VA
+1—::Z§'(gij (x)+yiyj)5y, ®§yj
ta’ =¢'I*,b> = (¢ +2¢" L") for
o R, >R withg'(t)#0,t e Im(I*), one obtains

the Antonelli — Hirimiuc metrical structure ,[2]
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GAH(x,y)zgi,j(x)dxi ®dx ’

+He'g, ; (x)+2¢"y,y,)0y" @Sy’
(2.12)

3. PRODUCT STRUCTURES ON TM

We know that a Riemannian manifold (M ,g) has a
constant curvature k if

Vi _],I,S KyIs k(givgjl ”gjsgil)
* where KU,S ~Ky, g, and Ky,

components of the curvature tensor of M. _
Lemma3.1. The lie brackets satisfy the following:

[6,,6,1=y"K ;," 05,
[5; aaj‘] :Fﬁmarﬁs
[0-,0;1=0

In order to find conditions that(G,,,P,,) be a

denote the

locally product structure we have to put zero for the
Nijenhuis tensor field of P =P, , ,
N, =[PX,PY ]-P[PX )Y ]-P[X ,PY ]
+X .Y ], XY eyTM)
3.1
As the evaluation on the basis (6, ,0-)is in general

very complicated, we the
structures (G, ,, P, ) . In this case, we have:

confine ourselves to

aa?’

N, (6,,6;)=y(6,(a)d]

+((2aL

-6,(@)5))8,

0,6 -3, 8+ K )0

N, (6.0 [(Z“L

Jia

20,8 -v,8)
-y°K 16,
~ (18, (2)d] +ad, ()60,
N, (8;,07) = 7(5 (NS] -6,(1)8))8,

2a'L2

Lz [( H,8 -9,8)

+y ‘K ]a i
From above equation , the conditions

N, (5,,6,)=0,N ,(6,,0:)=0,N , (8:,8;) =0

Jia

(3.2)
are equivalent with six equations. Three of them are

identities because of 6, =&, ¥ =0 and the other

three are equivalent with

2d'L’ —a
K, ==——0:5 -»,8)), (3.3)
where Kﬁk =Kﬁsk(x )y*® and Kﬂ.sk is the

curvature tensor of V. By a contraction with g, the Eq.
(3.3) reduces to

Zaz'L‘2
Ko@)y’ =—s—

~g,84)Y"
(3.4)
The Eq. (3.4) reminds us of the condition that (M,g) is
of constant curvature (space form). It suggests that we
ry2
-a
look for functions such that, —
a

(g,rgu

=k where kis a

constant. Forf = [ , solving the Bernoulli equation

a' =—a+—a’one
2t

getsa(l?) =

5 forc—kI* >0, where ¢ is a

constant of integration. So Eq. (3.4) becomes
Kjisr(x)ys =k(gjrgsi —girgsj)yx’ (35)
which means that (M g} is of constant curvature .

Then we have proved.
Theorem 3.2. If the (pseudo)-Riemannian manifold (M,g)

L2
+kI?
the

is of constant curvature k € R , for a(I*) =

with ¢ a constant such that c+kI* >0
structures (G

™.
The explicit form of these structures are as follows:

Ga,a(ny)zgi,j(x)dxi ®dxj

1 . .
e (g oy’ ®6y’
+(c+kL2 (g, (x))dy y

aa,Pa) are locally product structures on

(3.6)

P.(8) =N +kL*0- P,(0-) =——mu§
Ne +kL?

(3.7)

Corollary 3.3. Fora(I}) = ¢,V L', with ¢, a strict
positive constant, the pairs (G, ,,FP,) are product
structures on TM if and only if (M, g) is flat.

Proof. Since a(t) = co\/; we have
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a'(t) =—2= = a'(I?) =—;’-°—

N3 L

Therefore, Eq. (3.3) gives K ﬂk =0, equivalently

K,,(x)=0. By Theorem 32. the structures

(G,,,P,) are product structures on TM if and only if
(M, g) is flat.

Looking at (3.6) and (3.7), we see that the

structures (G, ,, P,) from Corollary 3.3 are very close

aa?’
to(Gg,P) which is obtained for c=I. Thus the

Corollary 3.3. covers a well-known result: (G,P;) isa
product structure if and oly if (M, g) is flat.
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