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ABSTRACT

Let (M,g) be an n-dimensional Riemannian manifold, and TM be its tangent bundle with the lift

metricG . Then every infinitesimal fiber-preserving conformal transformation X induces an infinitesimal
homothetic transformation V on M . Furthermore, the correspondence X —V gives a homomorphism of
the Lie algebra of infinitesimal fiber-preserving conformal transformations on TM onto the Lie algebra of
infinitesimal homothetic transformations on M, and the kernel of this homomorphism is naturally
isomorphic onto the Lie algebra of infinitesimal isometries of M .
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1. INTRODUCTION

In the present paper everything will be always
discussed in the C” category, and Riemannian manifolds
will be assumed to be connected and dimM > 1.

Let M be an n-dimensional Riemannian manifold
with a metric g and ¢ be a transformation on M . Then
@ is called a conformal transformation if it preserves the

angles. Let V' be a vector field on M and {¢,} be the

local one-parameter group of local transformations on
M generated by V . Then V s called an infinitesimal

conformal transformation, if each ¢, is a local conformal

transformation of M . It is well known that V is an
infinitesimal conformal transformation if and only if there
exists a scalar function €2 on M such that

£,9 =2Qg @
where £, denotes the Lie derivation with respect to the
vector field V , especially V is called an infinitesimal
homothetic one when € is constant [7].

In the presence of a chart X = (X'),._,, the equation
(1) reduce to
Vv, +V v, =2Qg;

where

)

=g.dx' ®dx’ V.v.zﬁ—r..kv
g gu ' it 8Xi ij "k

and
o
V = VI _I
OX
Raising j and contracting with 1 in (2) it is easily seen
that
Vv +V v =2n0
Hence
1.
Q==—div(V)
n
where n=dimM .

Example. Let N> 3. On the n-dimensional Euclidean
space, which is simply the manifold R" with the
Riemannian metric tensor field g = gijdxi ®dx! where

g; is a constant for each 1<i, j<n, equation (2)
reduces to

a_x: +% =2Qg;
from which it can be deduced that Q2 must be of the form
Q =D, x* +c for some constants b, ,c € R and
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vi=A+ Xkai +%kar(akgri +8,0 —0y)

where constants and

A H,eR are
H, +H, =2cg,, . We notice that this conformal vector

field is homothetic if and only if the vector a = (a'),_,._,
vanishes.

Let TM be the tangent space of M , and let @ be a
transformation of TM . Then @ is called a fiber-
preserving transformation, if it preserves the fibers. Let
X be a vector field on TM , and let us consider the

local one-parameter group {®,} of local transformations

of TM generated by X . Then X is called an
infinitesimal fiber-preserving transformation on TM , if
each @, is a local fiber-preserving transformation of

TM . Clearly an infinitesimal fiber-preserving
transformation on  TM induces an infinitesimal
transformation in the base spaceM [4]. Let § be a

(pseudo)-Riemannian metric of TM . An infinitesimal
fiber-preserving transformation X on TM s said to be
an infinitesimal fiber-preserving conformal
transformation, if there exists a scalar function p on

TM suchthat £, § =27, where £, denotes the Lie

derivation with respectto X [7].
The purpose of the present paper is to prove the
following theorem:

Theorem Let

Riemannian manifold, and TM be its tangent space
with the lift metricG . Then every infinitesimal fiber-
preserving conformal transformation X of TM induces
an infinitesimal homothetic transformation V on M .
Furthermore, the correspondence X —V gives a
homomorphism of the Lie algebra of infinitesimal fiber-
preserving conformal transformations on TM onto the
Lie algebra of infinitesimal homothetic transformations
on M, and the kernel of this homomorphism is naturally
isomorphic onto the Lie algebra of infinitesimal
isometries of M .

(M,g) be an n-dimensional

2. GENERALIZED METRIC G

Let (M, Q) be a (pseudo)-Riemannian manifold and

V be its Levi-Civita connection. In a local chart

i _ 0
(U, (x")) weset g; =9(0;,0;), where 0, :==— and
we denote by Fijk the Christoffel symbols of V. Let

(x',y')=(X,y) be the local coordinates on the
manifold TM projected on M by 7. The indices

i, J,K,... will run from 1 to n=dimM .
The functions N;(X, y) = Fijk (X)y* are the local

coefficients of a nonlinear connection, that is the local
vector fields

o, =0; _Nik(x’ Y)og,
—_0_
0 =3

where E called

span distribution on TM

horizontal which is supplementary to the vertical
distribution u —V,TM =ker(z,), where ueTM.

Let us denote by U — H,TM the horizontal distribution

and let {5,,0;} be the basis adapted to the

decomposition
TTM =H,TM @V, TM

where U € TM . The basis dual of it is {dx",5y'} with
Sy =dy' + N (x, y)dx*.

We can easily prove the following lemma:

Lemma 1. The Lie brackets satisfy the following:
[6,,0;1= Y KO,
[6,,07] =50,
[6:.0;1=0,

where KJ.irm denote the components of the curvature

tensor of M .

The metric 11 + 111 on TM is as follows:
I+ 111 =29, (x)dx'Sy’ +g;(x)5y'Sy’.
If in the term of G one replaces @;(X) with the

components  h;(X,y) of a generalized Lagrange

metric([5]) one gets a metric

G(x,y) =2h; (X, y)ax'sy’ + hy; (X, y)sy'sy’.

In particular, h;(X,y) could be a deformation of

9; (X) , acase studied by M. Anastasiei in [3].

In this paper, we are concerning with the metric G in
the case when h;(X,y) is the following special

deformation of g, (X)

hij (X, y) = a(l—z)gij (X),
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where L* = gij(X)yiyj, y, = gij(X)yjand
a:Im(L*) cR,——> R, with a>0.

3. INFINITESIMAL CONFORMAL TRANSFORMATION
Le¢ X be an infinitesimal

transformation on TM and (v",v") be the components

fiber-preserving

of X with respect to the adapted frame {dx",5y"}.

Then X is fiber-preserving if and only if V" depend

only on variables (X"). Clearly X induces an

infinitesimal transformation V with the components V"
in the base space M [4]. We have the following lemma:

Lemma 2. The Lie derivative of the adapted frame and
the dual basis are given as follows:

) £, 68, =-0,V%5,
VK, VTG, =6, ()35,
(2) £,0; ={v'T, -6, (v*)}5,
(3) £,dx" =0, v"dx",
(4) £,8Y" =—{y*V*Kp, —V° T}, =3, (v")}dX"
—{v'T}, =5, (v")}5y".
Proof. Proof of this lemma, is similar to proof of the

Proposition 2.2 of Yamauchi [7]. O

Lemma 3. The Lie derivative £, G is in the following
form:

£, G =—2a(2) g, {y"V" K,
-5, (v™)}dx'dx’
+ 23-('—2){25% +£, 9;
- gimvjvm + 0,05 V™)

bm
—V°rT

by,Cre m b-m
_gmjy v Kicb +gmjv Fbi

+ g6, (V") JdX'SY’
+2a(L*)(@9; + 9,01 (V") SY' 5y’

a (%)
a(l?) -’

where @ = v Yi

£,G=£, (a(Lz))(ZQijdXigyj + gij5yi5yj)
+a(L*)E, (2g;dX' 5y
+ gij5yi§yj )

From lemma 2 we conclude the following result:
£y (29ijdxi5yj + gijé‘yiéyj) =
~20,, {y* VKT, v -5, (v")}dx'dx!
+2{£, O — gimvjvm + 007 ")

—On beCKi?b + gmjvgrg +01,i0; (vh)}dx'sy’

+29,,0; (V")5Yy'Sy’ (5)

(4)

Since &, (L*) =0 and 8H(L2) =2Y, ,we have:
£, (@(L") = X (a(L*))
=V'5, (a(L) + V"0, (a(L?))
=2y, a(L) (6)
By taking (5) and (6) in (4), we have the proof. O

Let X be an infinitesimal fiber-preserving conformal
transformation on TM  with respect to metric G , that is,
there exists a scalar function © on TM such that

£,G=25G
Then from lemma 3, we have

0Ly VK, —V° T =5, (v")}

+0 5 {yVKE -V TR —5,(vM}=0,  (7)
2009; +£, 05 = GinV V" + 05,05 (V7)
-0, {y"VKi, —V'T5 - 5,(v")}=2pg;.  (8)

200; + gmiaT(Vm)_'_ 9n0; (V") =2p9;. (9)

Let Q= £ —@ . From (8) and (9) we conclude
following relations:

£, 0;- gimvjvm + gimaT ")

Proof. From the definition of Lie derivative we have: _gmj{ybvc KD —VBFE} -5 (vM}= zﬁgij, (10)
905 (V") + 80 (V) = 209 (1)
/73 At /MISC IVl 411021 Fall 2000 i



field V  with

infinitesimal

Proposition 4. The vector the

(")

transformationon M .

components is an conformal

Proof. By replace i and j in (10) and addition new
relation with (10), we get

2£, 0 — 9y, V V" + OimO5 V") - 9;nViV" + 0,0 )
_gmi{ybvc Kt _Varg -6,(v")}- gmi{beCKJT;b _VEFE}
_5]' (Vm)}: 4Qgij7

By attention to (7), and

£,0,=9,V,V" +0,,V,v",
£,9;= 2£_)gij. This shows the scalar function Q on

(11) equation

we have

TM ' depends only on the variables (X") with respect to

the induced coordinates (X", y"), thus we can regard Q
as a functionon M , and V is an infinitesimal conformal

transformationon M . O

In the following we write Q instead of Q.

Proposition 5. The vertical components (V") of X

can be written as the following form:
V' =y'A'+B", (12)

where A,h and B" are the components of a certain
(L2) tensor field A and a certain contravariant vector
field B on M , respectively.

Proof. By derivation of (11) respect O, , we get
Umi0r 07 v™)+ 0i0rOr v") = 20;0-(Q).

Since the scalar function £2 on TM depends only on the
variables ("), thus we have d, () = 0. Therefore we
get

0,40, 05 (V") + 0,,0,0; (v™) =O.
Then we have
9ni0r07 (V") = =007 0r (V") = =0 (9,0 (V7))
—0; (-9 07 (V") +2Qg;,)
=0, 0705 v") = 07(9m 05 V™)
=0; (=90, (V") +209,)
=—0,070; (V") ==0,,0:0; V"),

which implies thatg,;0.0;(v")=0. This shows
thataT(Vm) depends only on the variables (x"). Hence
V" can be written as V" = y"A"+B", where A" and
B" M.
transformation rule implies A’ and B" are the

are certain function on The coordinate

components of a certain (L1) tensor field A and a

certain contravariant vector field B. O

Proposition 6. The vector field B =(B") is an
infinitesimal isometry on M .

Proof. Substituting equation (12) into the equation
(10) and (11), then by Proposition 4, we can get

A -V, +V B =0, (13)
V,A"+ KV =0, (14)
A +A; =2Qg;. (15)

From equation (13), (15) and Proposition 4, we have
£Bgij =VJ.Bi +ViBj =0.

Thus the vector field B is an infinitesimal isometry on

M. O

Proposition 7. The scalar function Q on M is a
constant function.

Proof. From equation (11), (12), we have
2V, (Qg;) =V, (A; + A;)
=-K_v*—K_ .vi=0.

akji akij

Thus the scalar function 2 on M is constant. O
By proposition 7, the vector field V on M become
infinitesimal homothetic transformation.

Conversely, let V =(v")
homothetic transformation on M that is, there exists a
constant C such that £, g;; = 2cg;; . Then we define the

be an infinitesimal

vector field X on TM as follows
h h
X=v'X,+y*Vv'X.-
Proposition 8. The vector field X on TM defined

above is an infinitesimal conformal transformation.
Proof. From lemma 3 we have:
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£,G=-2a(L")g,, {yV° K" —y'V V"I

— 5, (y*V,v*)}dx dx’

+2a(L"){2¢9; +2¢9; — 9, V,V"

+9n0; (Y'VV")}X 5
+2a(L%) g, {y"V° K" = YV v T,"
—5 YV, V)X 5y’

+2a(L' NP, +9,,0: (Y V,V")}5Y! 5y’
=—2a(L®)g,, y{V° K," -V V"I
—0,V V" +T "V, v"}dx’ dx’
+4a(L*)(@ +c)g;dx’ 5y’
+2a(L")(@g; +9;,Viv")SY' Y
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