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1. Introduction

The study of Killing fields of constant length is natural in some geometric constructions such as K-contact and
Sasakian structure. There is a Killing field on the unit tangent bundle of a homogenous nonsymmetric Sasakian
manifold with unit sectional curvature [3]. The existence of these fields on a Riemannian or more generally a Finsler
manifold M cause some topological and geometrical restrictions on the manifold. S. Basco, X. Cheng and Z. Shen
prove that a Finsler metric FF = o £ %2 + €6 has vanishing S-curvature if and only if 5 is a Killing 1-form and with
constant length with respect to the Riemannian metric « [5]. In [6], the authors study some Einstein (o, 8)-metrics
with constant Killing 1-form 3. This motivates us to study («, §)-metrics with Killing 1-form with constant length
.

An (o, f)-metric on a manifold M is a Finsler metric F on M defined by F = f(a,8), where
a = y/aj;y'y? is a Riemannian metric and 8 = b;y’ is a 1-form on the manifold M. Randers metrics
are special («, 8)-metrics defined by F = « + 8. Randers metrics have important applications both in math-
ematics and physics [5]. Let F = f(«,8) be an (a, 8)-metrics. Let VS = bi‘jda:i ® dz? denote the covariant
derivative of 8 with respect to a. Put

1 1
rij = 5 (bigj +bga) 5 sig = 5 (big; = bpa),
I X N X . j - j o j . j
ry = b Tijy, S5 = b Sijy T30 = Tijyj, S0 = Sijy], To \= ’I"jyj7 Sp ‘= Sjyj.

Then the spray coefficients of F' and « are related by the following

G'=G"+ B, (1.1)
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where 5 ; ; _ "
i_ i, AJg i Qaa QToo\ Y b’
_ Bs _oap 7 > 2
E= f (ﬂc + aroo)a C= 9 (TOOfoz QOKSOfB)(ﬁ fa + ary faa)7 (13)
V=02 - 5% 0 =0, (1.4)

Based on well-known Berwald’s formula, we have the following relation between Riemannian curvatures of F' and «
= Ry + (2B'B';,, — v/ Bi; ) — BB, + 2B}, (1.5)

“ ‘ ” W

where and denote horizontal covariant derivative with respect to « and vertical derivative,
respectively. Therefore, we have

R, =R, +{2B’B';, -y’ B\;, — B';B’, + 2B};}. (1.6)

R
Now, suppose that s; = 0 and r;; = 0. Then, we have the following.

Theorem 1.1. Let F = f(«, ) be an («, 8)- metric with Killing of constant length 1-form 8. Then the following
holds
R =R+ Q5 (1.7)

where Qf := 2rsf, +r?sVs;; + %(ffﬁfag + faff — ffafsp)stsio and r = %. Moreover, F is Ricci-quadratic if

and only if Q¢ is quadratic.

As an application of Theorem 1.1, we deal with a class of («, §)-metric given by F' = a+af+b %2 where a and
b are two constant. More precisely, we have the following.

Theorem 1.2.  Suppose that B is Killing 1-form with constant length with

respect to a. Let F =a+af8+0b %2 be an Einstein metric, i.e.,
F?Ric(z) = R". (1.8)

Then « is an Einstein metric.

2. Proof of Theorem 1.1

If 3 is a Killing of constant length 1-form, then (1.2) reduces to B® = rs} where r = O}ﬁ. To prove Theorem

1.1, by (1.6), we need the following lemmas.
Lemma 2.1. BjBl:j_i =0.
Proof. We have

BjBlij.i = TS%(Tyj s+ rsz)y = TS%(Tyjyi S+ Tyi st + Tyi8§' + r(s;)y)

— R imel — R N
= TTyiyi S0Sh T Tyi S5TSy = TTyiyi 8080 + TTyi 8)8; (2.1)

Using the relations a;sf) = 0 and b;s}) = 0, we get first and second terms of the right hand side of (2.1) as follows

rryjyisésé = r(]cﬁfa——’—zfﬁaf)siosé = rAs}sio (2.2)
fa
and
Ty s;sf) = rAsg;s) (2.3)
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where A = %. Plugging (2.2) and (2.3) into (2.1) and using sg; = —sio, we get the result.
Lemma 2.2. ijlij_i =0.
Proof. We have _ _ _ _ _ _ _
Bllj_k = (r;80 + rs’ou),k =TjkS0 T ;5 + r,kslolj + rsz‘j. (2.4)
Using the relation s’ = 0, we get o ‘ ‘ o
Y/ Blj; = y'r)jasy +y'ras);- (2.5)

Taking into account a; = 0, it is easy to see that

_afafps — O‘f,@foe,@ﬁ ‘
B 12 ’

On the other hand, we have afgo + 8fss = 0. Thus afog = —ff33.

Ty

. (ofa +f€fﬁ)f6ﬂ 8 = ffgﬂ 8, (2.6)

Since by assumption r;; = 0, we have s;; = b;;. Hence, we have

ilg
5|j = (bkyk)\j = bk\jyk = Skjyk = 505-

By taking vertical derivative from (2.6) with respect to y® implies that

T|ji = (fjjgﬁ).isw + fj:gﬁ Sij (2.7)

Contracting (2.7) with y’s% yields the first term of the left hand side of (2.5), i.e.,

ff,@/ﬁ) i fles o 5 [les .

=5 ).i8050;y + =5 80si;y’ = =5-50Si0,
fa foz fOé

yjr\j.isi() = ( (2-8)

in which we have used the fact sojyj = 590 = 0.
Now we are going to find the second term of the left hand side of (2.5). First, note that the following relation holds

bis'y|; + bijs = 0. (2.9)

Using (2.9) and by direct computation, we have

. fﬁ . o . « . afﬂ .
Tiso; = a.if:510|j - Efﬁﬁsijslo + fjfﬁaaislou 2 faaqish;
af -
+ =L fagsiish (2.10)
fa

Contracting (2.10) with 3/ and using afas = —Bfss and ozlz-sio‘jyj =0, we get

yrish; = — fgﬁszosio' (2.11)
[0
Substituting (2.8) and (2.11) into (2.5), we get the result.
Lemma 2.3. Bllij:i = —2rAsysio — r?s"s;;, where A = %
Proof.
B’:jB]:i = (r_jsio + rsé)(r,is{) + 7‘35)
— r,jrsiosg + rr_isé-s{] + r,jr,isios% + rzszsg. (2.12)
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Using the relation a,jsé = ésm and a direct computation, we get

rjsis] = rlsf)s; = —As} ;0. (2.13)
Using the relations «;s%) = 0 and b;s%, = 0, we get
r,jr_isios% =0. (2.14)
Plugging (2.13) and (2.14) into (2.12), we get the result.

Lemma 2.4. Bi

gl Ifss i
i = rs’o‘i - f—Qs’OSio.

Proof. It follows from (2.6) that

88 i

i i i / BB . i il )
Blz‘ =T;So + TS| = ?50150 + 780 = TSo) — 750510
« (0%

Summarizing up, we get the proof of Theorem 1.1. Q.E.D.

Let us remark that if we rewrite F' = f(a, 8) as F = a¢(s), where s = 5, then we have

fa — ¢ _ 5¢/7f6 — ¢/,fo¢ﬂ — _sa_1¢”,fﬁ,@ — a—l //.

Consequently, (1.7) is rewritten as follows

Rii = Rii + 204@810‘2 + QQQQSijS,L‘j + 2587;081‘0. (215)
’ 2 13 42 g1
where @ := ﬁ and E := %

If =1+ s or equivalently F' = o + 3 is a Randers metric with Killing 1-form with constant length, then we have

R = R + 20[51'0“ + a2sijsij + 25% 810 (2.16)

Corollary 2.5. A Randers metric F' = a 4+ 8 with Killing 1-form with constant length is Ricci-quadratic if and
only if

s =0 (2.17)

Let us recall that in Bao-Shen’s sphere Randers metric F' = a+ (3, the 1-form  is a Killing 1-form with constant

length [6]. It is proved that F' has non-zero constant flag curvature. Hence, it is an Einstein Randers metric. We

know that if an Einstein Randers metric is Ricci-quadratic, then it is either Riemannian metric or Ricci-flat. Hence,
Bao-Shen’s sphere Randers metric is not Ricci-quadratic, because it is neither Riemannian metric nor Ricci-flat.

Example 1. The projective spherical metric on R? is given by the following:

VA XPY[P- < XY >2
I+< X, X >

, XeR YeTxR?

where  <,> and |[||| denote the FEuclidean inner  product and norm on = R3
respectively. Put X = (z,y,2) and Y = (u,v,w). Suppose that § = bju + byv + bsw is a Killing 1-form of
a. It is proved that

— 1 1 1 1
— 1 2 2 2
b2—1+<X’X>(Q1x+Q32+C)’

1
ba = 3 3 3

where @ = (Q}) is an antisymmetric real matrix and C' = (C") is a constant vector in R*. Let C' = (0,1,0) and
Q3 = Q% = 0,Q} = 1. Using a Maple program shows that in this case, 3 is a Killing 1-form with unit length with

respect to «, which is not a closed 1-form.
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3. Proof of Theorem 1.2

In this section, as an application of Theorem 1.1, we deal with the metric

F=a+a8+ b%Q, where a and b are two non-zero real constant. This class of Finsler metrics contains
the class of Randers metrics as a special case.
Plugging (1.8) into (1.7), led to the following equation

Rat + 2aalrrat = 0, (3.1)
where
Rat := (a?s"s;; — Ric)a™® + (bRic % + Eii — a*Ric 3?
+4b% ¥ si]ﬂQ + 2a*s{ 810 — aQbsijsijBQ + 4bsi0‘iﬂ — 4bs{si)a®
+(—30R ;5% — 4b%sTs;; 8% — 6a2bshsinf? — 862y, 50 + 26° Ric 5
+3a2bRic f4)ab + (302R. 5 + 4b*s,;8° — 3a*b? Ric f° — 2b° Ric 3°
—1263s{s:08%)a* 4 (—b* Ric % + a*b® Ric 8% — b3§ii66)a2
+b° Ric g0, (3.2)
and
Irrat := (5i0|z‘ + 2bs" 5,58 — Ric B)a® + (2bRic B* — 2b%s" 5, 3° — 2b$i0|i,82)0¢6
+(—8b?s}s:08% + b25i0|i64)a4 —2b®Ric37a? + b*Ric 3. (3.3)
It is easy to see that F' is Einstein metric if and only if Rat = 0 and Irrat = 0. We can rewrite Rat = 0, as follows:
pa? + b2 Ric 310 = 0, (3.4)
where
p = (a*s7s;; — Ric)a® + (bRic 3 + Eii — a®Ric *
+4b% Y sijBQ + 2a%s{ 510 — aQbSijsijﬁ2 + 4b8i0|i6 — 4bs{si)a’
+(=3bR;B% — 46°s" 5,5 8* — 6a”bsfysi08> — 8b7s ;7 + 2 Ric 3
+3a2bRic 4ot + (3b2R.B% + 4b*s\, ;8% — 3a*b? Ric f° — 2b° Ric 3°
—1263si ,08%) a2 — b*Ric B° + a2b®Ric 85 — V3R, 8° (3.5)
It means that o? divides Ric(x), which is impossible unless Ric(x) = 0 or 3 = 0. In each case, we must have p = 0.

If 8 = 0, then the proof is done. Suppose that F is Ricci-flat, i.e., Ric = 0. Then the equation p = 0 is reduced to
the following

A2 — PR =0, (3.6)
where
= a?s¥s; oz +(R + 4b23”5U62 + 2a? sosio - GQbSijSij,62 + 4bsio‘iﬂ
—4bsisi0)at + (—zaszﬂ2 — 4bsY 5,5 8% — 6a’bsgsiof” — 8b7sY ) 8%)a?
L3R B+ A5y ;8% — 12b%sfys:08* (3.7)

Equation (3.6) implies that a? divides R!, i.e., R! = ca?® where c is a constant by Riemannian Schur lemma. This
means that « is an Einstein metric. This completes the proof. Q.E.D.

Remark 3.1. Let a be the projective spherical metric on R? and 8 = A(zdx + dy — xdz), where \ = W
The Riemannian metric « is of constant curvature K = 1. Thus « is Einstein metric and R} = 2a2. A direct

computation, using a Maple program shows that F = a + af + b%z is not Einstein metric for any a and b.
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Therefore, the converse of Theorem 1.2 is not true.

4. Appendix

Maple program of converse of theorem 1.2

> alpha := sqrt((x"2+y~2+z"2+1)* (u"2+v"2+w"2) - (uxx+v*y+w*z) "2) / (x"2+y~2+z"2+1) :
> a_11:=simplify(diff(alpha~2/2,u,u)):

> a_12:=simplify(diff(alpha~2/2,u,v)):

> a_13:=simplify(diff(alpha”2/2,u,w)):

> a_21:=a_12:

> a_22:=simplify(diff(alpha~2/2,v,v)):

> a_23:=simplify(diff(alpha~2/2,v,w)):

> a_31:=a_13:

> a_32:=a_23:

> a_33:=simplify(diff(alpha~2/2,w,w)):

> Cl :=0; -1; C2 :=1; -1; C3 :=0; -1; Q1_3 :=1; -1; Q1_2 :=0; -1; Q2_3 := 0:
> bl:=Q1_2*%y+Q1_3*z+C1l+(C1l*x+C2*y+C3*z) *x:

> b2:=-Q1_2%x+Q2_3%z+C2+(C1*xx+C2xy+C3*2z) *y:

> b3:=-Q1_3*x-Q2_3*y+C3+(C1*x+C2*y+C3*2z) *z:

> b_1 := simplify(a_11xbl+a_12*%b2+a_13*b3):
> Db_2 := simplify(a_21xbl+a_22*b2+a_23*b3):
> Db_3 := simplify(a_31xbl+a_32*b2+a_33%b3):

> Closenessl2:=simplify(diff(b_1,y)-diff(b_2,x)):
> Closeness13:=simplify(diff(b_1,z)-diff(b_3,x)):
> Closeness23:=simplify(diff(b_2,z)-diff(b_3,y)):

>  beta:=b_1*%u+b_2*v+b_3*w:

In this part we want to find r_ij and s_j ;

a_ij;:=Matrix([[a_11,a_12,a_13],[a_21,a_22,a_23],[a_31,a_32,a_33]]):
> R1 := LinearAlgebra:-MatrixInverse(a_ij):
> all :=R1[’1, 1°]:

> al2 := R1[’1, 2°]:

> al3 :=R1[’1, 3’]:

> a2l :=R1[’2, 1°]:

> a22 := R1[’2, 2°]:

> a23 :=R1[’2, 3’]:

> a3l :=R1[’3, 1°’]:

> a32 := R1[’3,2°]:

> a33:= R1[’3, 3’]:

> Dbl:=simplify(all*b_1+al2*b_2+al3%b_3):

>  Db2:=simplify(a21*b_1+a22*b_2+a23%b_3):

> Db3:=simplify(a31*b_1+a32%b_2+a33*b_3):

> B2:=simplify(bl*b_1+b2*b_2+b3*b_3):

> Here, we compute the Christofell symbols of the Riemannian metic “alpha:
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> G1_11:=(1/2)*simplify(alix(diff(a_11,x)+diff(a_11,x)-diff(a_11,x))+al2x(diff(a_21,x)+diff(a_12,x)
> —diff(a_ll,y))+a13*(diff(a_31,X)+diff(a_lS,X)-diff(a_ll,z))):

> G1_12:=(1/2)*simplify(alix(diff(a_11,y)+diff(a_21,x)-diff(a_12,x))+al2x(diff(a_21,y)+diff(a_22,x)
> -diff(a_12,y))+al3*(diff(a_31,y)+diff(a_23,x)-diff(a_12,z))):

> G1_13:=(1/2)*simplify(all*(diff(a_11,z)+diff(a_31,x)—diff(a_13,x))+a12*(diff(a_21,z)+diff(a_32,x)
> -diff(a_13,y))+al3*(diff(a_31,z)+diff(a_33,x)-diff(a_13,2))):

> G1_21:=G1_12:

> G1_22:=(1/2)*simplify(alix(diff(a_12,y)+diff(a_21,y)-diff(a_22,x))+al2*(diff(a_22,y)

> +diff(a_22,y)-diff(a_22,y))+al3*(diff(a_32,y)+diff (a_23,y)-diff(a_22,z))):

> G1_.23:=(1/2)*simplify(all*(diff(a_12,z)+diff(a_31,y)-diff(a_23,x))+al2*(diff(a_22,z)+diff(a_32,y)
> -diff(a_23,y))+al3*(diff(a_32,z)+diff(a_33,y)-diff(a_23,2))):

> G1_31:=G1_13:

> G1_32:=G1_23:

> G1_33:=(1/2)*simplify(allx(diff(a_13,z)+diff(a_31,z)-diff(a_33,x))+al2x(diff(a_23,z)+diff(a_32,z)
> -diff(a_33,y))+al3*(diff(a_33,z)+diff (a_33,z)-diff(a_33,z))):

> G2_11:=(1/2)*simplify(alQ*(diff(a_ll,x)+diff(a_ll,x)—diff(a_ll,x))+a22*(diff(a_12,x)+diff(a_21,x)
> -diff(a_11,y))+a32x(diff(a_13,x)+diff(a_31,x)-diff(a_11,2))):

> G2_12:=(1/2)*simplify(al2x(diff(a_12,x)+diff(a_11,y)-diff(a_12,x))+a22*(diff(a_22,x)+diff(a_21,y)
> -diff(a_12, ))+a32*(diff(a_23,x)+diff(a_31,y)—diff(a_12,z))):

> G2_.13:=(1/2)*simplify(al2+(diff (a_31,x)+diff(a_11,z)-diff(a_13,x))+a22*(diff(a_32,x)+diff(a_21,2)
> -diff(a_13,y))+a32*(diff(a_33,x)+diff(a_31,z)-diff(a_13,2))):

> G2_21:=G2_12:

> G2_22:=(1/2)*simplify(alZ*(diff(a_21,y)+diff(a_12,y)—diff(a_22,x))+322*(diff(a_22,y)+diff(a_22,y)
> -diff(a_22,y))+a32x(diff(a_23,y)+diff(a_32,y)-diff(a_22,2))):

>  G2_23:=(1/2)*simplify(al2x(diff(a_31,y)+diff(a_12,z)-diff(a_23,x))+a22x(diff(a_32,y)+diff(a_22,z)
> -diff(a_23,y))+a32*(diff(a_33,y)+diff(a_32,z)-diff(a_23,z))):

> G2_31:=G2_13:

> G2_32:=G2_23:

> G2_33:=(1/2)*simplify(al2x(diff(a_31,z)+diff(a_13,z)-diff(a_33,x))+a22*(diff(a_32,z)+diff(a_23,z)
> —diff(a_33,y))+a32*(diff(a_33,z)+diff(a_33,z)—diff(a_33,z))):

> G3_11:=(1/2)*simplify(a3ix(diff(a_11,x)+diff(a_11,x)-diff(a_11,x))+a32x(diff(a_21,x)+diff(a_12,x)
> -diff(a_11,y))+a33*(diff(a_31,x)+diff(a_13,x)-diff(a_11,z))):

> G3_12:=(1/2)*simplify(a31*(diff(a_11,y)+diff(a_21,x)—diff(a_12,x))+a32*(diff(a_21,y)+diff(a_22,x)
> -diff(a_12,y))+a33*(diff(a_31,y)+diff(a_23,x)-diff(a_12,2))):

> G3_13:=(1/2)*simplify(a3ix(diff(a_11,z)+diff(a_31,x)-diff(a_13,x))+a32x(diff(a_21,z)+diff(a_32,x)
> -diff(a_13,y))+a33*(diff(a_31,z)+diff(a_33,x)-diff(a_13,z))):

> G3_21:=G3_12:

> G3_22:=(1/2)*simplify(a31*(diff(a_12,y)+diff(a_21,y)-diff(a_22,x))+a32*(diff(a_22,y)+diff(a_22,y)
> -diff(a_22,y))+a33*(diff(a_32,y)+diff(a_23,y)-diff(a_22,2))):

> G3_23:=(1/2)*simplify(a3ix(diff(a_12,z)+diff(a_31,y)-diff(a_23,x))+a32x(diff(a_22,z)+diff(a_32,y)
> —diff(a_23,y))+a33*(diff(a_32,z)+diff(a_33,y)—diff(a_23,z))):

> G3_31:=G3_13:

> G3_32:=G3_23:

> G3_33:=(1/2)*simplify(aBl*(diff(a_13,z)+diff(a_31,z)—diff(a_33,x))+a32*(diff(a_23,z)+diff(a_32,z)
> -diff(a_33,y))+a33*(diff(a_33,z)+diff(a_33,z)-diff(a_33,2))):

In this part we will compute the geodesic sprays and projective quantities of the alpha :

> Gl_a:=1/2%simplify(G1_11u~2+G1_12uv+G1l_13uw+G1l_21vu+Gl_22v~2+G1_23vw+G1l_31wu+G1l_32wv+G1l_33w"2):

> G2_a:=1/2*simplify(G2_11u"2+G2_12uv+G2_13uw+G2_21vu+G2_22v~2+G2_23vw+G2_31wu+G2_32wv+G2_33w"2) :

> G3_a:=1/2*simplify(G3_11u”2+G3_12uv+G3_13uw+G3_21vu+G3_22v”2+G3_23vw+G3_31wu+G3_32wv+G3_33w"2):

Here, we have Gi_a=Py"i, where P=-(xu+yv+zw)/(14x"24+y"2+4z"2).Hence, “alpha is projectively flat. There-
fore “alpha is of constant curavture by Beltrami theorem.

Every Riemannian metric with constant curavture is Einstein metric. Thus “alpha is Einstein metric.

> P := Gl_a/u:
> Xi := simplify(P"2-(diff(P, x))*u-(diff(P, y))*v-(diff(P, z))*w):
> K := simplify(Xi/alpha~2):

This meants that alpha is of constant flag curvature K=1. Hence, we have R! = 2a2.
Now we are going to compute b_i—j =diff(b_i,x_j)-Gk_ij*b k :
> b_11:=simplify(diff(b_1,x)-G1_11*b_1-G2_11%b_2-G3_11%b_3):
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> b_12:=simplify(diff(b_1,y)-G1_12%b_1-G2_12%b_2-G3_12%b_3):

> b_13:=simplify(diff(b_1,z)-G1_13*b_1-G2_13%b_2-G3_13%*b_3):

> Db_21:=simplify(diff(b_2,x)-G1_21%b_1-G2_21%b_2-G3_21%b_3):

> b_22:=simplify(diff(b_2,y)-G1_22%b_1-G2_22%b_2-G3_22%b_3):

> b_23:=simplify(diff(b_2,2)-G1_23%b_1-G2_23%b_2-G3_23%b_3):

> b_31:=simplify(diff(b_3,x)-G1_31*b_1-G2_31%b_2-G3_31%b_3):

> b_32:=simplify(diff (b_3,y)-G1_32%b_1-G2_32%b_2-G3_32%b_3):

> b_33:=simplify(diff(b_3,z)-G1_33%b_1-G2_33%b_2-G3_33%b_3):

We know that s_ij:=1/2(b_ij-b_ji):

> s_11 := 0; -1; s_22 := 0; -1; s_33 := 0:

> s_12:=simplify((b_12-b_21)/2):s_21:=-s_12:simplify(2*s_12-Closeness12):
> s_13:=simplify((b_13-b_31)/2): s_31:=-s_13:simplify(2*s_13-Closeness13):
>  s_23:=simplify((b_23-b_32)/2):s_32:=-s_23: simplify(2*s_23-Closeness23):
> s_10:=simplify((s_1lu+s_12v+s_13w)):

> s_20:=simplify((s_21lu+s_22v+s_23w)):

> s_30:=simplify((s_31lu+s_32v+s_33w)):

rij:=1/2(b_ij+b_ji).

> r_11:=b_11:

> r_12:=(b_12+b_21)/2:

> r_13:=(b_13+b_31)/2:

> r_21:=(b_21+b_12)/2:

> r_22:=b_22:

> r_23:=(b_23+b_32)/2:

> r_31:=(b_31+b_13)/2:

> r_32:=(b_32+b_23)/2:

> r_33:=b_33:

Here, we compute
> Si_0S_i0

> sl1_1:=all*s_11+al2%*s_21+al3*s_31:
> sl1_2:=allxs_12+al2*s_22+al3*s_32:
> s1_3:=allxs_13+al2*s_23+al3*s_33:
> s2_1:=a21%s_11+a22*s_21+a23*s_31:
>  s2_2:=a2lxs_12+a22%s_22+a23%s_32:
>  82_3:=a2lxs_13+a22*xs_23+a23*s_33:
> 83_1:=a31%s_11+a32*s_21+a33*s_31:
> 83_2:=a31*s_12+a32%*s_22+a33*s_32:
>  83_3:=a31*s_13+a32*s_23+a33*s_33:
> s1_0:=al_1xu+al_2*v+al_3w:

>  82_0:=a2_1xu+a2_2*v+a2_3w:

> 83_0:=a3_1%u+a3_2*v+a3_3w:

Here, we compute
> S13jS_ij

> sll:=allxsl_1+al2*sl1_2+al3*s1_3:
> 812 := a2lx*sl1_1+a22*sl1_2+a23*sl1_3:
> 813 := a31lxsl_1+a32*xsl_2+a33*sl_3:
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s21
s22
s23
s31
s32
s33
SijsS_

1= allxs2_1+al2*xs2_2+al3*s2_3:
:= a21xs2_1+a22*xs2_2+a23*s2_3:
:= a31%s2_1+a32*xs2_2+a33%*s2_3:
1= allxs3_1+al2*s3_2+al3*s3_3
1= a21xs3_1+a22*s3_2+a23*s3_3:
:= a31*s3_1+a32*xs3_2+a33*s3_3:

ij := simplify(sl1*s_11+sl2*s_12+s13*s_13+521*s_21+s22*s_22+s23*s_23+531*s_31+532*s_32+533*s_33):

Here, we compute Si_0i

>

>

>

s1_11

s1_12 :
s1_13 :

s1_21

s1_22 :
s1_23 :

s1_31

s1_32 :
s1_33 :

s2_11

s2_12 :
s2_13 :

s2_21

s2_22
s2_23 :

s2_31

s2_32 :
s2_33 :

s3_11

s3_12 :
s3_13 :

s3_21

s3_22 :
s3_23 :

s3_31

s3_32 :

s3_33
s1_01
s2_02
s3_03

Si_0i :

:=simplify(diff(s1_1,x)+s1_1*G1_11+s2_1%G1_21+s3_1%G1_31-s1_1*G1_11-s1_2%G2_11-s1_3*G3_11):
simplify(diff(s1_1, y)+s2_1*G1_22+s3_1*G1_32-s1_2%G2_12-s1_3%G3_12):

simplify(diff(s1_1, z)+s2_1*G1_23+s3_1%G1_33-s1_2%G2_13-s1_3%G3_13):
:=simplify(diff(s1_2,x)+s1_2*G1_11+s2_2%G1_21+s3_2*G1_31-s1_1*G1_21-s1_2%G2_21-s1_3*G3_21):
simplify(diff(s1_2, y)+s1_2%G1_12+s2_2%G1_22+s3_2*G1_32-s1_1%G1_22-s1_2%G2_22-s1_3*G3_22):
simplify(diff(s1_2, z)+s1_2*G1_13+s2_2%G1_23+s3_2%G1_33-s1_1%G1_23-s1_2*G2_23-s1_3*G3_23);:

:=simplify(diff(s1_3,x)+s1_3*G1l_11+s2_3%G1_21+s3_3*G1_31-s1_1*G1_31-s1_2%G2_31-s1_3*G3_31):
simplify(diff(s1_3, y)+s1_3%G1_12+s2_3*G1_22+s3_3*G1_32-s1_1%G1_32-s1_2%G2_32-s1_3*G3_32):
simplify(diff(s1_3, z)+s1_3%G1_13+s2_3*G1_23+s3_3*G1_33-s1_1%G1_33-s1_2%G2_33-s1_3*G3_33):
:=simplify(diff(s2_1,x)+s1_1%xG2_11+s2_1%G2_21+s3_1*G2_31-s2_1*G1_11-s2_2%G2_11-s2_3%G3_11):

simplify(diff(s2_1, y)+s1_1%G2_12+s2_1%G2_22+s3_1*G2_32-s2_1%G1_12-s2_2*G2_12-s2_3*G3_12):
simplify(diff(s2_1, z)+s1_1%G2_13+s2_1%G2_23+s3_1*G2_33-s2_1%G1_13-s2_2*G2_13-s2_3*G3_13):
:=simplify(diff (s2_2,x)+s1_2%G2_11+s2_2%G2_21+s3_2*%G2_31-s2_1*G1_21-s2_2*G2_21-s2_3%G3_21):

simplify(diff (s2_2, y)+s1_2*G2_12+s3_2%G2_32-s2_1%G1_22-s2_3%G3_22):

simplify(diff (s2_2, z)+s1_2%G2_13+s3_2%G2_33-s2_1*G1_23-s2_3%G3_23):
:=simplify(diff(s2_3,x)+s1_3*G2_11+s2_3%G2_21+s3_3*%G2_31-s2_1%G1_31-s2_2%G2_31-s52_3*G3_31):
simplify(diff (s2_3, y)+s1_3*G2_12+s2_3*G2_22+s3_3%G2_32-s2_1%G1_32-s2_2*G2_32-s2_3*G3_32):

simplify(diff (s2_3, z)+s1_3*G2_13+s2_3*G2_23+s3_3%G2_33-s2_1%G1_33-s52_2*%G2_33-52_3*G3_33) :
:=simplify(diff(s3_1,x)+s1_1*G3_11+s2_1%G3_21+s3_1*G3_31-s3_1*G1_11-s3_2%G2_11-s3_3*G3_11):

simplify(diff(s3_1, y)+s1_1%G3_12+s2_1%G3_22+s3_1*G3_32-s3_1%G1_12-s3_2%G2_12-s3_3*G3_12):
simplify(diff(s3_1, z)+s1_1*G3_13+s2_1*G3_23+s3_1%G3_33-s3_1*%G1_13-s3_2*G2_13-s3_3*G3_13):

:=simplify(diff(s3_2,x)+s1_2*G3_11+s2_2%G3_21+s3_2*G3_31-s3_1*G1_21-s3_2%G2_21-s3_3*G3_21):
simplify(diff (s3_2, y)+s1_2%G3_12+s2_2%G3_22+s3_2*G3_32-s3_1%G1_22-s3_2*G2_22-s3_3*G3_22):
simplify(diff (s3_2, z)+s1_2*G3_13+s2_2%G3_23+s3_2%G3_33-s3_1%G1_23-s3_2*G2_23-s3_3*G3_23):

:=simplify(diff (s3_3,x)+s1_3%G3_11+s2_3%G3_21+s3_3%G3_31-s3_1%G1_31-s3_2%G2_31-s3_3*G3_31):

simplify(diff (s3_3, y)+s1_3*G3_12+s2_3*G3_22-s3_1*G1_32-s3_2%G2_32):
1= simplify(diff(s3_3, z)+s1_3*G3_13+s2_3%G3_23-s3_1%G1_33-s3_2*G2_33):
1= simplify(si_11*u+sl_21*v+sl_31%w):

1= simplify(s2_12*%u+s2_22*v+s2_32%*w):

1= simplify(s3_13*u+s3_23*v+s3_33%*w):

simplify(s1_01+s2_02+s3_03):

F:=alphat+ax*beta+b*(beta) "2/alpha:

r:=simplify(-alpha”2(a*alpha+2b*beta)/(-alpha”2+b*beta~2)):

t:=s
/ (bxb

implify(2alpha~2(3a~2alpha”2b*beta”2+6b"3beta”4-a"2alpha~4+8a*alpha b~2 beta”2+2alpha”4b)
eta~2-alpha“2)"3)

Q:=simplify(2rSi_O0i+r~28ijS_ij+tSi_0S_i0):
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> R7i_i := simplify((2%alpha"2+Q)/F~2):

If R"i.i is a function of only (x,y,z), then F is an Einstein metric. But this is not the case. Hence, F is not
Einstein metric!!
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