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Transient Response of Annular Sandwich Plate with Functional Graded Core Combined 
with Piezoelectric Layers
H. Arabi1*, A. Bagheri2, Gh. R. Zarepour2

1 Department of Mechanic, University Campus 2, University of Guilan, Rasht, Iran
2 Department of Dynamics, Control and vibrations, Faculty of Mechanical Engineering, University of Guilan, Rasht, Iran

ABSTRACT: In this study, the transient response of the symmetric annular sandwich plate, with 
functionally graded core and piezoelectric layers, is investigated. It is also assumed that the sandwich 
plate is under external harmonic force and electrical voltage. Based on the power function model, it is 
assumed that the properties of the core material vary in the direction of the core thickness. To express the 
displacement field, the third order shear deformation theory is used. By use of the Hamilton principle, the 
structural equations are obtained in terms of displacement components and solved using the differential 
quadrature method. Finally, the time response is evaluated in terms of variations in effective parameters 
such as internal radius, power function index, core thickness and external voltage. The simulation results 
showed that the amplitude of the oscillations decreases when the internal radius of plate to be increased, 
in the desired time interval. In addition, by increasing the index parameter of the power function, the 
time response range increases. Finally, by applying external electrical voltage, the vibration amplitude 
of plate reduced and this advantage is used in control of vibrating systems. 
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1- Introduction
Circular and annular composite plates are widely used

in mechanical, construction, nuclear, submarine, aerospace 
and computer industries. In addition, due to the increasing 
use of piezoelectric materials in intelligent structures, many 
researchers focus on plates that have piezoelectric layers. 
viliani et al. [1] investigated the problem of buckling control 
of rectangular Functional Graded Material (FGM) plates 
with sensor and actuator layers. phung et al. [2] presented 
an efficient method for dynamic control of piezoelectric 
composite plates. In this study, the governing equations are 
obtained by the general Lagrangian method using the Van 
Denmark strains and solved by the Newmark numerical 
method. Narayanan and Balamurugan [3], using finite element 
method and first-order theory to controlled the vibration of 
plates and shells integrated with piezoelectric layers. Wang 
[4], investigated the symmetric bending of angular plates 
under uniformly distributed loads using classical theory 
and first-order shear deformation theory. Sahraee and 
Saidi [5] also used the third-order shear theory to study the 
symmetrical bending of circular FGM plates and to express 
the corresponding solutions in terms of classical theory. In 
the present paper, due to changes in the properties of FGM 
materials in thickness direction and  the inherent thickness 
of the plate, a third order shear theory that is more accurate 
in such problems is used for modeling circular plate made of 
functional gradient material integrated with the Piezoelectric 

layers under transient pressure and electrical loading.

2- Governing Equations
The geometry of the problem is shown in Fig. 1. The

property of the functional materials is that the properties of 
the materials used in the structure are variable in thickness 
direction. Changes in the mechanical properties of the core 
are expressed by power law. On the other hand, the external 
load ( , )q r t  is also logged in.

As stated above, the core layer is assumed to be a 
functionally graded material which is combination of 
ceramics and metal, so that it is pure ceramic at above of 
the core, ( )

2
ehz = , and pure metal at the bottom of the core 

( )
2

ehz −
= , (In this case, it is assumed that the properties of core 

material, such as the modulus of elasticity, ( )E , and mass 
density, ( )zρ , vary by thickness.
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According to the power function model, variation of core 
mechanical properties can be expressed as [6].

In these equations, the subtitle m and c respectively 
represent the metal (herein aluminum) and the ceramic (herein 
are silicon). K is an index of power function that has values 
greater than zero. The displacement field in r and z direction *Corresponding author’s email: nozar@ssau.ac.ir
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in terms of the Reddy theory (third-order shear deformation 
theory) for an arbitrary point of the structure is expressed as 
follows [7]:

2

(2)

3
0

0 2

0

( , )4( , , ) ( , ) ( , ) ( , ) ,
3 2

( , , ) 0
( , , ) ( , )

e
r r r p

c

z

w r t hzu r z t u r t z r t r t h h
h r

u r z t
u r z t w r t

          




Hamilton’s principle is used to obtain the governing 
equations. Finally, the governing equations of motion are 
solved by the numerical solution of square differences, which 
was first proposed by Bellman and Casti [8] in 1971.

3- Results and Discussion
Prior to expressing the results, we will be able to verify the

relations obtained in this paper. For this purpose, the first and 
second non-dimensional frequencies of a annular plate with 
clamped boundary conditions are obtained and compared 
with reference [9] in Table 1, for different radial ratios. Note 
that the first-order shear deformation theory and Rayleigh’s 
numerical solution is used.

According to the results of Table 1, the accuracy of the 
obtained relationships can be observed. In the following, the 
time response when making changes to effective parameters 

such as aspect ratio, power function index and applied voltage 
are discussed on the plate response. In Fig. 2, the effects of the 
power function index on the system response are shown. The 
power function index states that the properties of functional 
materials used in the core in terms of thickness differ and 
are a function of the properties of aluminum and silicon. As 
can be seen from the figure, with the increase of the index 
parameter, the amplitude of the time response increases.

In Fig. 3, the effects of the core thickness on the plate time 
response are investigated. As seen from this figure, the time 
response amplitude is increased by increasing the thickness 
of the core. It seams that, with increasing core thickness, 
the natural frequency of the sheet is close to the excitation 
frequency. Therefore, despite the increased hardness of the 
plate, the range of oscillations has increased.

4- Conclusion
Based on the results of this research, the following

quantitative and descriptive results are obtained:
With increasing internal radius, the range of plate 

oscillations decreases in the desired time domain. This is due 
to an increase in the relative hardness of the plate, despite the 

Fig. 2. The flow field and boundary conditions

Fig. 3. Verification of straight-bladed turbine total moment 
coefficient

Fig. 1. Comparison of total moment vs. azimuth angle for 30 RPM

Table 1. Turbine characteristics

1

𝝋𝝋 = 𝑹𝑹𝟏𝟏
𝑹𝑹𝟐𝟐

Method 0.1 0.3 0.5 

𝝀𝝀𝟏𝟏 

Present  
Differential 
Quadrature 

Method 
(DQM) 

19.65261 30.79739 52.51617 

Ritz ( 
reference 

[9]) 
19.84 30.04 48.31 

𝝀𝝀𝟐𝟐 

Present 
DQM 46.88275 69.89355 113.9494 

Ritz ( 
reference 

[9])
44.91 64.23 97.39 
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boundary conditions on the inner edge.
Increasing the index parameter of the power function 

increases the response time of the plate. This is due to the 
change in the properties of the core from ceramic to metal. 
In addition, by increasing the index, the power function 
responds to the plate response to an asymptote that represents 
the entire metal core.

Changing the thickness of the core increases the hardness 
of the plate, which naturally leads to a decrease in the 
amplitude of the response. In addition, due to the change in 
the plate frequencies and the harmonic excitation, in some 
thickness ratios, the amplitude has increased.
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Table 1. Properties of functionally graded material with aluminum and 
silicon core.

Table 2. PZT-4 Piezoelectric martial Properties.
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Fig. 3 Frequency response functions of sandwich panel. 
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Fig. 5 Effect of internal radius on the panel amplitude time history. 
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Fig. 7 Effect of core thickness on the panel amplitude time history. 
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1 . Semi Analytical Solution

3502 3485



3498

[1] N. Viliani, S. Khalili, H. Porrostami, Buckling analysis

of FG plate with smart sensor/actuator,  (2009).

[2] P. Phung-Van, L.B. Nguyen, L.V. Tran, T.D. Dinh, C.H.

Thai, S. Bordas, M. Abdel-Wahab, H. Nguyen-Xuan, An

efficient computational approach for control of nonlinear

transient responses of smart piezoelectric composite

plates, International Journal of Non-Linear Mechanics,

76 (2015) 190-202.

[3] X. Liang, Z. Wang, L. Wang, G. Liu, Semi-analytical

solution for three-dimensional transient response of

functionally graded annular plate on a two parameter

viscoelastic foundation, Journal of Sound and Vibration,

333(12) (2014) 2649-2663.

[4] E. CRAWLEY, D. Luis, Use of piezoelectric actuators

as elements of intelligent structures, AIAA journal, 25(10

(1987) 1373-1385.

[5] E.F. Crawley, K.B. Lazarus, Induced strain actuation

of isotropic and anisotropic plates, AIAA journal, 29(6)

(1991) 944-951.

[6] Y. Yu, R. Xia, Study on finite element analysis and shape

control of composite laminate containing piezoelectric

actuator/sensor, Acta Mater. Compos. Sinica, 14(2)

(1997) 114-119.

[7] A.A. Jafari, A.A. Jandaghian, O. Rahmani, Transient

bending analysis of a functionally graded circular plate

with integrated surface piezoelectric layers, International

Journal of Mechanical and Materials Engineering, 1(9)

(2014) 1-14.

[8] A.A. Jandaghian, O. Rahmani, Size-dependent free

vibration analysis of functionally graded piezoelectric

plate subjected to thermo-electro-mechanical loading,

Journal of Intelligent Material Systems and Structures,

k
imC

ijc
2N/mE

iE

eh

ph
K

ijk
M

q

1R

2R
T

U

0u

extW

0w

rz

rr

r

0

3502 3485



3499

(2017) 1045389X17704920.

[9] S. Narayanan, V. Balamurugan, Finite element modelling 

of piezolaminated smart structures for active vibration

control with distributed sensors and actuators, Journal of

sound and vibration, 262(3) (2003) 529-562.

[10] J.M.S. Moita, I.F. Correia, C.M.M. Soares, C.A.M.

Soares, Active control of adaptive laminated structures 

with bonded piezoelectric sensors and actuators, 

Computers & Structures, 82(17-19) (2004) 1349-1358.

[11] C. Hong, Transient responses of magnetostrictive

plates by using the GDQ method, European Journal of 

Mechanics-A/Solids, 29(6) (2010) 1015-1021.

[12] C.-C. Hong, Transient Response of Functionally

Graded Material Circular Cylindrical Shells with 

Magnetostrictive Layer, Journal of Mechanics, 32(4) 

(2016) 473-478.

[13] X.-L. Huang, H.-S. Shen, Vibration and dynamic

response of functionally graded plates with piezoelectric 

actuators in thermal environments, Journal of Sound and 

Vibration, 289(1-2) (2006) 25-53.

[14] J. Reddy, C. Wang, S. Kitipornchai, Axisymmetric

bending of functionally graded circular and annular 

plates, European Journal of Mechanics-A/Solids, 18(2) 

(1999) 185-199.

[15] R. Javaheri, M. Eslami, Thermal buckling of functionally 

graded plates, AIAA journal, 40(1) (2002) 162-184.

[16] R. Javaheri, M. Eslami, Thermal buckling of

functionally graded plates based on higher order theory, 

Journal of thermal stresses, 25(7) (2002) 603-625.

[17] H. Mozafari, A. Ayob, Effect of thickness variation

on the mechanical buckling load in plates made of 

functionally graded materials, Procedia Technology, 1 

(2012) 496-504.

[18] S. Sahraee, A. Saidi, Axisymmetric bending analysis

of thick functionally graded circular plates using fourth-

order shear deformation theory, European Journal of

Mechanics-A/Solids, 28(5) (2009) 974-984.

[19] E.F. Crawley, J. De Luis, Use of piezoelectric actuators

as elements of intelligent structures, AIAA journal,

25(10) (1987) 1373-1385.

[20] R. Bellman, J. Casti, Differential quadrature and long-

term integration, Journal of Mathematical Analysis and

Applications, 34(2) (1971) 235-238.

[21] S. Kosari, M. Erfanianb, Using Chebyshev polynomials 

zeros as point grid for numerical solution of linear and

nonlinear PDEs by differential quadrature-based radial

basis functions.

[22] X. Wang, Differential quadrature for buckling analysis

of laminated plates, Computers & structures, 57(4)

(1995) 715-719.

[23] M. Mohammadimehr, M. Emdadi, H. Afshari, B.

Rousta Navi, Bending, buckling and vibration analyses 

of MSGT microcomposite circular-annular sandwich 

plate under hydro-thermo-magneto-mechanical loadings 

using DQM, International Journal of Smart and Nano 

Materials, 9(4) (2018) 233-260.

[24] K.-M. Liew, Y. Xiang, S. Kitipornchai, C. Wang,

Vibration of Mindlin plates: programming the p-version 

Ritz method, Elsevier, 1998.

[25] R. Aghababaei, J. Reddy, Nonlocal third-order shear

deformation plate theory with application to bending

and vibration of plates, Journal of Sound and Vibration,

326(1-2) (2009) 277-289.

3502 3485



3500

2 2 2
3 3 3

44 44 44

2 2 2

( )
2 1

e e e
p

e e e
p

h h h h

h h hh

E zD c z dz z dz c z dz  

2 2 2
4 4 4

11 11 112

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zG c z dz z dz c z dz

2 2 2
4 4 4

12 12 122

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zG c z dz z dz c z dz

2 2 2
6 6 6

11 11 112

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zH c z dz z dz c z dz  

2 2 2
6 6 6

12 12 122

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zH c z dz z dz c z dz

2 2 2
3 3 3

12 12 122

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zD c z dz z dz c z dz

2

15 15

2

2

15

2

2 2cos( )

2 2cos( )

e

e
p

e
p

e

h pe

h ph

h ph e

h p

hhz
M e dz

h

hhz
e dz

h

2
2

15 15

2

2
2

15

2

2 2cos( )

2 2cos( )

e

e
p

e
p

e

h pe

h ph

h ph e

h p

hhz
K e z dz

h

hhz
e z dz

h

2

31 31

2

2

31

2

2 2sin( )

2 2sin( )

e

e
p

e
p

e

h pe

h p ph

h ph e

h p p

hhz
L e z dz

h h

hhz
e z dz

h h

2 2 2

11 11 112

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zA c dz dz c dz

2 2 2

12 12 122

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zA c dz dz c dz

2 2 2

44 44 44

2 2 2

( )
2 1

e e e
p

e e e
p

h h h h

h h hh

E zA c dz dz c dz

2 2 2

11 11 112

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zB c zdz zdz c zdz

2 2 2

12 12 122

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zB c zdz zdz c zdz

2 2 2

44 44 44

2 2 2

( )
2 1

e e e
p

e e e
p

h h h h

h h hh

E zB c zdz zdz c zdz

2 2 2
2 2 2

11 11 112

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zE c z dz z dz c z dz  

2 2 2
2 2 2

12 12 122

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zE c z dz z dz c z dz

2 2 2
2 2 2

44 44 44

2 2 2

( )
2 1

e e e
p

e e e
p

h h h h

h h hh

E zE c z dz z dz c z dz  

2 2 2
3 3 3

11 11 112

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zD c z dz z dz c z dz  

2 2 2
3 3 3

12 12 122

2 2 2

( )
1

e e e
p

e e e
p

h h h h

h h hh

E zD c z dz z dz c z dz

3502 3485



3501

2
3

13 31

2

2
3

31

2

2 2sin( )

2 2sin( )

e

e
p

e
p

e

h pe

h p ph

h ph e

h p p

hhz
D e z dz

h h

hhz
e z dz

h h

2

1 15

2

2

15

2

2 2cos( )

2 2cos( )

e

e
p

e
p

e

h pe

h ph

h ph e

h p

hhz
AA e dz

h

hhz
e dz

h

2

2 15

2

2

15

2

2 2cos( )

2 2cos( )

e

e
p

e
p

e

h pe

h ph

h ph e

h p

hhz
AA e z dz

h

hhz
e z dz

h

2
2

3 11

2

2
2

11

2

2 2cos ( )

2 2cos ( )

e

e
p

e
p

e

h pe

h ph

h ph e

h p

hhz
AA k dz

h

hhz
k dz

h

2

4 31

2

2

31

2

2 2sin( )

2 2sin( )

e

e
p

e
p

e

h pe

h p ph

h ph e

h p p

hhz
AA e dz

h h

hhz
e dz

h h

2
2

5 31

2

2
2

31

2

2 2sin( )

2 2sin( )

e

e
p

e
p

e

h pe

h p ph

h ph e

h p p

hhz
AA e z dz

h h

hhz
e z dz

h h

3
2

6 33

2

3
2

33

2

2 2 2 2sin( )cos( )

2 2 2 2sin( )cos( )

e

e
p

e
p

e

h p pe e

h p p ph

h p ph e e

h p p p

h hh hz z
AA k dz

h h h

h hh hz z
k dz

h h h

2 2 2

0

2 2 2

( )

e e e
p

e e e
p

h h h h

p e p

h h hh

I dz z dz dz  

2 2 2

1

2 2 2

( )

e e e
p

e e e
p

h h h h

p e p

h h hh

I zdz z zdz zdz  

2 2 2
2 2 2

2

2 2 2

( )

e e e
p

e e e
p

h h h h

p e p

h h hh

I z dz z z dz z dz  

2 2 2
3 3 3

3

2 2 2

( )

e e e
p

e e e
p

h h h h

p e p

h h hh

I z dz z z dz z dz  

2 2 2
4 4 4

4

2 2 2

( )

e e e
p

e e e
p

h h h h

p e p

h h hh

I z dz z z dz z dz  

2 2 2
6 6 6

6

2 2 2

( )

e e e
p

e e e
p

h h h h

p e p

h h hh

I z dz z z dz z dz  

3502 3485




	Blank Page - EN.pdf

