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ABSTRACT: The solution of the heat diffusion equation in most practical applications involving
complex geometry, thermophysical properties, and boundary conditions is not simply possible and there
are some limitations for available numerical solutions. In this research, the finite volume Monte Carlo
method was used for the solution of the isotropic heat equation due to two intrinsic capabilities of
the finite volume method; first, each cell is energy conserved and second, the grid transformation is
not necessary for complex geometries. The Monte Carlo method is a statistical approach based on the
physical simulation of the problem capable to solve heat equation with any degree of complexity. First,
a simple problem was investigated for validation of the method by comparing results with the analytical
solution. Second, the prediction performance of the finite volume Monte Carlo method was evaluated in a
problem with complex geometry, varying properties, and boundary conditions. Finally, the performance
of the finite volume Monte Carlo method was investigated in estimating the temperature distribution of
a three-layer body with different thermal conductivities and convection boundary condition. In all of the
considered test cases, the predicted results were in good agreement with analytical and computational
fluid dynamics solutions. It was also indicated that for a relatively small number of particles, it is possible
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to achieve acceptable accuracy with a low computational cost.

1. INTRODUCTION

The Monte Carlo method is an efficient approach for
the simulation of the conduction heat transfer [1-3]. In
most of the practical applications including 3D geometries
with arbitrary shaped boundaries, variable thermophysical
properties, and complicated boundary conditions using the
finite difference scheme in the derivation of the Monte Carlo
form of the heat equation is restricted, especially when an
unstructured mesh is superposed over the domain. Using the
finite volume discretization technique will expand the scope
of the Monte Carlo method in the analysis of real-world
conduction problems. In the current study, the Finite Volume
Monte Carlo (FVMC) method [4] is used in three problems
with different levels of complexity to assess its performance
under difficult conditions.

2. METHODOLOGY

The FVMC form of the heat equation may be derived
by first integrating over a control volume and then applying
the Greens theorem and finally using the central difference
discretization scheme for the resulting first-order derivatives
on each of the cell faces [4]. The final FVMC form of the heat
equation may be written as:

Tr,=F,[T,+FT, +FT, +FT,+
ET, +F,T,+S,
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(1)

The FVMCmethod is started by releasing N particles from
each point in the solution region and tracing them from cell
to cell until they absorbed by one of the domain boundaries.
At each step, the random walk direction is determined by
generating a uniformly distributed random number, R, and
following relations

P—>Eif 0<R<F,
Po>W if F,<R<F,+E,
P—->Nif F,+F, <R<F,+F, +F, (2)
P —>Sif
F,.+F, +F, <R<F,+F, +F, +F
P —>T if
F,+F, +F, +F;, <R<F,+F, +F, +F,+F,
P — B Otherwise

Now the temperature of node P is calculated from:
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3. RESULTS AND DISCUSSION
3.1 Unit cube without heat generation
In this section, the temperature profile on the midline of
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Fig. 1. Comparison of the temperature profiles on the
midline of the unit cube
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Fig. 2. ¢ of the FVMC method on the z=0.5 m plane as a
function of N

0

a unit cube with boundary conditions as shown in Fig. 1, is
calculated by the FVMC method and the results are compared
with the exact data from the Carslaw and Jaeger [5] solution.
As shown in Fig. 1, the results are consistent together which
confirms the accuracy of the FVMC method.

The relative root mean square error, ¢, , of the estimated
results on the z=0.5m plane with respect to the total number
of investigated particles from each point, N , is plotted in Fig.
2.Itis clear from Fig. 2 that by using a relatively small number
of particles (N =10000 ) a very good accuracy is achieved.

3.2 Spherical cavity in a cube with variable k&

In order to investigate the robustness of the proposed
method to handle problems with complicated geometries,
the FVMC method was used to calculate the temperature
distribution of a unit cube with a hole inside with a radius of
0.25m . The temperature of the outside surfaces of the cube is
assumed zero where a constant heat flux of g, =10000 W/m® is
applied to the surface of the hole. The thermal conductivity of
the medium and the heat source are defined as:

k =10exp(x”)exp(y*)exp(z’) @

g =100000cos(7x )cos(zy )cos(zz) (5)

The temperature distribution on the radial line with an
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Fig. 5. Comparison of the temperature profiles on the
y =0.5 mline

angle of 45 degrees was compared with the computational
fluid dynamics (CFD) solution in Figure 3. As it is evident
from this Figure, the predicted temperatures from the FVMC
method are fully consistent with those from the CFD method.

3.3 Three-layered cube

Consider a three-layered cube with different thermal
conductivities as k =50 W/mK, k, =300 W/mK, and
k, =250 W/mK where a uniform heat source g = 500000 W/m’
is placed within the middle layer of the body, as shown in Fig. 4.
The temperature distribution on the ) =0.5 m was compared
with the CFD solution in Fig. 5 which are consistent together.
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Table 1. ¢ of the FVMC method (%)

Tirst problem Second problem Third problem
0.63 0.82 0.91
. CONCLUSIONS

Main conclusions of the paper are:

The FVMC method can predict the temperature
distribution in all of the considered test cases with any
levels of complexity.
The calculated e, for all of the three problems for
N =50000 particles are given in Table 1. As evident from
this Table, the predictive performance of the FVMC is
good even in complicated conditions.

The FVMC method is quite suitable for the inverse heat
conduction problems that only need to calculate the
temperature at one or more points.

It may be better to use the FVMC method in the problems

with unstructured meshes that other numerical techniques

are incapable of solving the problem.
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Fig. 3. Boundary cell with convection
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Table 3. Non-dimensional coefficients of the FVMC method for a boundary cell with convection

F|F | F, | F|F |F

B Sp ap

h4, | ay dy ds ar dp §AV
a, a, | 2a, | 2a, | 2a, | 2a, a

hA, +a +la +la +la +la
. e w 2 N 2 N 2 T 2 B

530 35 ol ola S L b 630 Jokes .F UK
Fig. 4. Boundary cell with constant heat flux
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Table 4. Non-dimensional coefficients of the FVMC method for a boundary cell with constant heat flux
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Fig. 5. Geometry and boundary conditions of a unit cube
without heat generation
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Fig. 6. Comparison of the FVMC temperature with the analytical solution on the (y =0.5m, z =0.5m) line for the first test
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Fig. 7. FVMC temperature contour of the first test case on the z =0.5m plane
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Fig. 8. Analytical temperature contour of the first test case on the z = 0.5m plane
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Fig. 11. Comparison of the FVMC temperature with the CFD solution on the (y =0.5m, z =0.5m) line for the second test
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Fig. 13. Temperature distribution of the CFD method on
the midplane of the second test case

case

R g Awgn B SO w2 9590 pe 4 g 2be)S

£y

' x(m)

95 2 d9me w2 gl T dge (g 3l ol lod g 598 NY S
£92 090! Ao Glao azdio
Fig. 12. Temperature distribution of the FVMC method on
the midplane of the second test case

J..SL..;) w).a as o d)l-:-' )iio Sgde x> 69])[5&:\.;946



FAY U FFY Glxio NF- - JL» A o)ﬁ b)Le.afS LY 0,9 u.{.:)&a (sWNRR Ai).u.u

| 1
& | -
N | zm
|
| W
| lm
l 3
ly %
A W' 1
-1t
x L/ v
/J(
-
7
Vs
hJT[XJ 1m hJTDO

@Yy Gumdw s 650 byl pd g awais NP SO
Fig. 14. Geometry and boundary conditions of the multi-layer cube
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Fig. 16. Temperature distribution on the z =0.5m plane of the third test case, (a) FVMC, (b) CFD
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Fig. 17. Temperature distribution on the j = (.5m plane of the third test case, (a) FVMC, (b) CFD

x> G Chs0 yhg) Cla o (il Hdo (i slbS .8 Jgum
(w0 y0) dguzxo
Table 5. Root mean square error of the FVMC method (%)

I8

pow 39031 Ao | pg3 (3031 Wluwo

AN

<IAY

4 dgazme e (59l ) SCige by, s (Siuly of) e
oIl o Wlgi oo 45 (55955 o 5l (o 9 90 IS Slass
o o S b ol plis wgl Slwle an e Sede
@L,.a S 50 (Jed BB Cdo e e 0,3 GQSLWN Slows
el Qo] e Sgaze v 5ol S Coge b, 605 S
Al plai b, S e Oldes (S g, 0
G5 g, b SYolre olKiws > o5 )3 e ple SO wsSire
-0)‘&°}ﬁjmﬂ5‘3@6}@9°~>9¢3&>’5w)€‘5‘3—:~4

o9 bl olgzdds aladi iz b SO o Lo pufiine dls 4 5L

A

S5 ez ¥
dolae Jo sl 09050 pm> (5ol Slige (g, (g (nl 5o
Ol ysbaie 40005 (Fpme (IS Il 0 0 Siliss sl 5 iy
A 5 gy (pl 3l 5oz poe> (59l S Cige by, Cueges (yolo
sl 00,5 solitul sSLsS (g lsbs mobiw b Sglite allus
WWluye ke Hd (o
L .loais 4..:.‘)‘ 0 Jgd.? I CJL) aS J%.))f dwloe N=+oee

sl 4 dlus 4w ;0 lp e,

41y dguze x> ol 5ige b9y OlFier Joor (nl @ a2
Gl 4 caile) LS Jasl blee ;o 380 5 peds S lgie
.0)3]

50 00 oy (5305 Wl s o ) Lol s sl
el Cawdds ) @ls Giegh ol

2 b @8 (G )8 d9de e o) ige B9
Gloosls 5 (llos @l b auslie ;0 (quyp )50 9051 Jolae
eslio Sl 0 5hae Slosle SVl Saaliys g, 51 ol

ks



FAY B YSY Gl V¥ v Jlo o) 059 0l Y 0,90 « SilSo  owdige &y il

477-512.

[4] S.V. Patankar, Numerical heat transfer and fluid flow,
Hemisphere Publishing Corporation, 1980.

[5] H.S. Carslaw, J.C. Jaeger, Conduction of Heat in Solids,
Oxford Science Publications, 1986.

[6] E Wu, WX. Zhong, A modified stochastic perturbation
method for stochastic hyperbolic heat conduction
problems, Computer Methods in Applied Mechanics and
Engineering, 305 (2016) 739-758.

[7] ES. Loureiro, W.J. Mansur, V. C.A.B., A hybrid time/
Laplace integration method based on numerical Green’s
functions in conduction heat transfer, Computer Methods
in Applied Mechanics and Engineering, 198 (2009) 2662-
2672.

[8] A. Haji-Sheikh, E.M. Sparrow, The Solution of Heat
Conduction Problems by Probability Methods, Journal of
Heat Transfer, Transaction of ASME, (1967) 121-130.

[9] E. Kowsary, M. Arabi, Monte Carlo solution of anisotropic
heat conduction, International Communications in Heat
and Mass Transfer, 26(8) (1999) 1163-1173.

[10] M. Grigoriu, A Monte Carlo solution of heat conduction
and Poisson equations, Journal of Heat Transfer,
Transaction of ASME, 122 (2000) 40-45.

[11] B.T. Wong, M. Francoeur, M. Pinar Mengiig, A Monte
Carlo simulation for phonon transport within silicon
structures at nanoscales with heat generation, International
Journal of Heat and Mass Transfer, 54 (2011) 1825-1838.

[12] K. Chatterjee, A new Green’s function Monte Carlo
algorithm for the estimation of the derivative of the
solution of Helmholtz equation subject to Neumann and
mixed boundary conditions, Journal of Computational
Physics, 315 (2016) 264-272.

[13] Y.E Zhang, O. Gicquel, J. Taine, Optimized Emission-
based Reciprocity Monte Carlo Method to speed up
computation in complex systems, International Journal of
Heat and Mass Transfer, 55 (2012) 8172-8177.

[14] K.P. Keadya, M.A. Clevelanda, An Improved Random
Walk Algorithm for the Implicit Monte Carlo Method,
Journal of Computational Physics, 328(C) (2017) 160-176

[15] W.J. Yao, R.N. Yang, N. Wang, Monte Carlo simulation of

.7y

o 4 uimmen 098 pll > aialy ples gl Slowloe a5l
5o el a5t o (o) el 5l Olgse 5l Sl s sl 8
b Slaiste josd 4 5ls a5 ] g0 Sges oolazul

Sl JE s oo 5 Jpona (sla iy, S5
> g by )0 wgome JOli by, i il
St J5 sl ks alye Shn sl 035 4 65l sgae
abdl> glad 55 I gaman bluw ;o S 5 0098 Slawle
Obsy onl 50 &5 azsl 008 e JUdl i) asliy bawss oS
@ aS Sl Joho yo 50 1,08 OVl diwbre Lad cowl 5L 9,50
S e Sy 45t sl sl e o,

S9azma @2 (59, Slige by, 5o S anlp S ol -
slaghy) fS1aS U @l Sen JSio s )15 a0l 2 S
S, 3939 hgy opl H0 dited axlge T L go0e

P> S5 Cige by, 45 s Glid zedy 4 Ghegh o
Ol bolacs jo 15 Les olazel LB 5 380  gom i Sl dg00e
bS5l cure vz sbawan b e obS
3 s e gle)S @ie 2575 5 OFSUSS (550 Ll i
Py Ol e el Lo)S alslee ainS IS s s
4 85 39 walys usSae (le)S Ale) bl sl o Lo
@59 b LSl 4 (pbwws jolaie 4 oole Jopme (olgS (peS
5 .\sjlo).;sa dgazme -l G b adadi wim b SO (o gllas sl
o (Slowloes aals J5° Jo 4 (s5Ls

&l

[1] M. Norouzi, H. Rahmani, A.K. Birjandi, A.A. Joneidi,
A general exact analytical solution for anisotropic non-
axisymmetric heat conduction in composite cylindrical
shells, International Journal of Heat and Mass Transfer, 93
(2016) 41-56.

[2] A. Gallegos-Muiloz, C. Violante-Cruz, B.J.A. Balderas,
V.H. Rangel-Hernandez, .M. Belman-Flores, Analysis of
the conjugate heat transfer in a multi-layer wall including
an air layer, Applied Thermal Engineering, 30 (2010) 599-
604.

[3] N. Noda, Thermal stresses in functionally Graded
materials, Journal of Thermal Stresses, 22(4-5) (1999)



FAY B ¥FY Clrio VFer Jlo ) 0 0l DY 0,90 « SilSo  owdige & i

inverse heat conduction problem, International Journal of
Heat and Mass Transfer, 62 (2013) 31-39.

[19] M. Ohmichi, N. Noda, N. Sumi, Plane heat conduction
problems in functionally graded orthotropic materials,
Journal of Thermal Stresses, 40(6) (2017) 747-764.

[20] D.W. Hahn, M. Necati Ozisik, Heat conduction, 3rd ed
ed., John Wiley and Sons, Hoboken, New Jersey, 2012.
[21] H. Naeimi, F. Kowsary, Finite Volume Monte Carlo
(FVMC) method for the analysis of conduction heat
transfer, Journal of the Brazilian Society of Mechanical

Sciences and Engineering, 41 (2019) 260.

thermophysical properties of binary Co-Gd liquid alloys,
Journal of Alloys and Compounds, 627 (2015) 410-414.

[16] A. Karchani, R.S. Myong, Convergence analysis of the
direct simulation Monte Carlo based on the physical laws
of conservation, Computers and Fluids, 115 (2015) 98-114.

[17] A. Haji-Sheikh, EP. Buckingham, Multidimensional
inverse heat conduction using the Monte Carlo method,
Journal of Heat Transfer, Transaction of ASME, 115
(1993) 26-33.

[18] K.A. Woodbury, J.V. Beck, Estimation metrics and

optimal regularization in a Tikhonov digital filter for the

DOI: 10.22060/me;j.2019.16275.6318

H. Naeimi, F. Kowsari, Solution of the Isotropic Heat Diffusion Equation using the Finite
Volume Monte Carlo Method, Amirkabir J. Mech Eng., 53(Special Issue 1) (2021) 467-482.

2 gl dlio (nl 4 S

LAY



	_Hlk7560389

