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ABSTRACT: In this article, the transient heat transfer problem with both convection and radiation
boundary conditions is studied. The meshless radial point interpolation method is implemented in this
numerical study. Also, two integration methods, the Cartesian transformation method and the Gaussian
quadrature method which uses background cells, are employed for computation of the domain integral.
First, a homogenous medium with both convection and radiation boundary conditions is considered.

The temperature distribution obtained by the proposed meshless method is compared with the analytical
solution for a heat transfer problem and excellent agreement is observed. Then, a number of example
problems in a layered composite and a functionally graded sample with both convection and radiation
boundary conditions are solved and the temperature results are compared with those of ABAQUS
software. Through the numerical examples it is observed that using the cartesian transformation method
in comparison with the background cell method in convection boundary conditions reduces the error to
half and in radiation boundary conditions reduces the error to one-quarter. This numerical method is a ~ Nonlinear transient heat transfer
meshless method which does not require any background mesh. Moreover, the amount of error using
the background cell method in problems with radiation boundary conditions is more than those with
convection boundary conditions. This shows the advantage of using the cartesian transformation method
in problems with radiation boundary condition which have a higher degree of nonlinearity, due to the
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1. INTRODUCTION

Nowadays, new materials like layered composites and
Functionally Graded Materials (FGMs) have manyapplications
because of their commercial and environmental advantages
[1]. Because of a gradual change of microstructure in FGMs,
their macroscopic properties such as thermal conductivity
and specific heat, change gradually. Therefore, FGMs are
very good candidates for high-temperature applications like
Thermal Barrier Coatings (TBCs), combustion chambers, etc.
[2, 3]. Consequently, the study of numerical methods which
can evaluate their thermal behavior is valuable.

Since FGMs are non-homogenous, many analytical
solutions are not applicable to them [4]. Solving the transient
heat transfer problem in FGMs needs a powerful numerical
method. Also, in temperatures higher than 600°C, radiation
should be considered. However, transient heat conduction
with radiation has not been the subject of many studies [5].
Therefore, the study of transient heat conduction problems
with radiation Boundary Conditions (BCs) is valuable.

In this study, the meshless Radial Point Interpolation
Method (RPIM) is adopted for numerical analyses. This
method was first introduced by Wang and Liu [6, 7]. The RPIM
is based on the local weak formulation; consequently, it should
be combined with an integration method for computation

*Corresponding author’s email: Khodadad@yazd.ac.ir

of the domain integrals. In this study, the application of the
traditional method of the Gaussian Quadrature (GQ) by the
use of background cells is compared with the application
of the Cartesian Transformation Method (CTM) (8] in
RPIM formulation. Using the CTM for calculation of the
domain integrals results in a truly-meshless Radial Point
Interpolation Method (t-RPIM) [4, 9] which does not require
any background mesh.

Firstly, the transient temperature responses in a
homogenous domain with both convection and radiation
BCs obtained by the t-RPIM are validated by analytical
temperature responses of the same problem. Then, a layered
composite and a Functionally Graded (FG) sample made
of ALO, and ZrO, powders are considered. The transient
temperature responses in these samples with both convection
and radiation BCs using both the GQ method and the CTM
in RPIM formulation are calculated and the results are
compared to those obtained from ABAQUS software, and an
excellent agreement is observed.

2. METHODOLOGY

The transient heat transfer problem in a non-homogenous
and isotropic medium with temperature-dependent thermal
properties is considered. The governing differential equation
without internal heat sources in the domain can be written as:
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Fig. 1. Different boundary conditions in the domain
problem.

V.(kVT)= pxcx 0T /ot (1)

in which p(x) is the density, k(x,T) is the thermal
conductivity and ¢(x,T) is the specific heat. The corresponding
transient heat transfer problem with convection and radiation
BCs (Fig. 1) is considered. In Fig. 1, h_is the convection heat
transfer coefficient, T _ is the ambient temperature, o is Stefan-
Boltzmann constant and ¢ is the absorptivity coefficient of the
surface, which is between 0 and 1.

By calculation of the RPIM shape functions for the
transient heat transfer problem, and substituting them in the
weak form of Eq. (1), the following system of equations is
obtained in which {T} is the temperature vector and {F(t,T)}
is the thermal load vector, both with the dimension of Nx1.
[M] is mass matrix and [K(T)] is the thermal stiffness matrix,
both with the dimension of NxN, where N is the total number
of meshless nodes in the domain [8].

[M{T}+[K(D){T}={F(T)} )

Eq. (2) is solved in the time domain using the Crank-
Nicolson scheme [10]. Mass, stiffness, and load matrices are
in the form of the domain and boundary integrals as follows,
where ¢, is the shape function of node i.

M, = [ pGx T T, d2 3)
Q
0, 0p;, 0@, 09,
K. =|K(x,T L4+ 0 L dQ+ | hee.dD
y i (x ){ o o [. hogdr. (4)
+[ hogr,
F,=—[gpidl,+ [ hTpdl + [ hT,pdr, %)
r, T, T,
h, = ce[(T+T,)T* +T2)] ©

h_in Egs. (4) to (6) is the effective radiation heat transfer
coefficient [11] which is a non-linear function of temperature.
In the t-RPIM, the domain integrals in Eqgs. (3) and (4) are
calculated using the CTM. In traditional RPIM, these integrals
are calculated using the GQ. In this work, the analyses are
performed using both of these integration methods in the
RPIM and the obtained results are compared.
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Fig. 2. Comparison of the temperature-depth profile in the
layered sample with convection boundary condition.

3. RESULTS AND DISCUSSION

A transient heat transfer problem in a homogenous domain
with both convection and radiation BCs is considered. The
analytical temperature response in this problem calculated
using the Fourier expansion [12] has an excellent agreement
with the calculated t-RPIM temperature responses which
verifies the validity of the t-RPIM.

Also, a similar problem is studied in a layered composite
and an FG sample. The obtained temperature responses
are compared with those obtained from ABAQUS software
and good agreement between them is observed. Moreover,
these problems are solved using the RPIM combined with
the GQ method for domain integrals calculation and the
calculated temperature responses are compared with those
obtained using the t-RPIM and ABAQUS. It is observed that
the calculated temperatures using the t-RPIM have better
agreement with those calculated using the GQ which shows
the better ability of the t-RPIM in dealing with transient heat
transfer problems. A comparison of these temperature-depth
profiles for the layered sample along a horizontal path with all
the boundaries subjected to convection heat transfer is shown
in Fig. 2, as an example.

4. CONCLUSION

The t-RPIM is capable of solving the transient heat transfer
problem both inhomogenous and non-homogenous media with
convection and radiation BCs. In radiation BC, the problem has
a higher degree of nonlinearity, due to temperature-dependent
BCs. However, the t-RPIM can calculate temperature responses
with less than 2% difference in comparison with analytical
(homogenous) and ABAQUS results.

Moreover, a comparison of the temperature responses
obtained using the CTM and the GQ method with those
obtained by ABAQUS shows that by using the CTM in the
meshless solution, the error reduces to half and one quarter
in convection and radiation BCs, respectively. It should be
mentioned that the number of integration points used in the
CTM is less than those in the GQ method. Therefore, this
improvement in the accuracy of the calculated temperature
responses is obtained without using more integration points.
This is a positive point for the CTM since it requires a smaller
number of integration points and therefore reduces the
computational time.
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Fig. 1. Different boundary conditions in the domain problem.
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Fig. 2. Domain of integration and integration points in the CTM [20].
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Fig. 3. Domain, boundary and initial conditions for homogenouse problem with analytical solution.
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Fig. 5. Temperature distribution in the layered sample with convection boundary condition at t=1200 sec obtained from. (a).
Meshless method with CTM. (b). FEM (ABAQUS).
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Fig. 6. Temperature distribution in the FGM sample with convection boundary condition at t=1200 sec obtained from. (a).
Meshless method with CTM. (b). FEM (ABAQUS).

Los i 555 5o ol 1 4 cload Joa gyte b & o FUSE o (onlS ke gl sl i msSUT i3l 5 b sgama (ol
aS Dgd o 00 F o O la i anglie b ogdlay 09l oo 0y (U z % dged g Y digad o Les el anslie ool X
Wgod lp B VYo alasd s wged 5 sk o Les s o3l PSSy (b gye Wged )3 Led @jei HelS a5 was oo (i
5 be 505 sl 5 (uslS 42,0 VY g0 gl CupnslS o SESIES, ol e b isad b oS8 Sle ¢ o
2 Pl SSIESe et nlply Sl (palS 4,0 VT dgae g8 (A 4 e (SlY o nalS iges iy S (o1 g

Aol ()0 g diged Job j0 Lo ST ol eS el o b diged 2l dged Ll g ol jo aS g sbay ol ouls Je eSS sles

o1y



OVY U OOY Olxbws ¥ JL» A o)ﬁ b)Le.afS LY 0,9 u_g.:JL(.a (sWNRR Ai).u-u

Temperature(K)

—E— Abaqus(FEM): 1200 sec
—A— RPIM with GQ :1200 sec
—¥— RPIM with CTM :1200 sec

10

12 14 18

Depth(mm)
(e pod (5530 bl pl b sl diged )3 (S o SO gLl 53 Lod &8 Ao L Y S
Fig. 7. Comparsion of the temperature depth profile in the layered sample with convection boundary condition.
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Fig. 8. Comparsion of the temperature depth profile in the FGM sample with convection boundary condition.
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Table 1. Error value in the problem with convection boundary condition compared with ABAQUS solution along the depth.
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Fig. 9. Comparsion of integration points distribution in the CTM and background cell method.

L pdaiol e 5o slasels sla JI,K0) 5888 aculors ccly g5o90

Dgd oo (0355 hawd (b, ,l eolaul

B e (Sipe dal o b Al o oles dzey L-V-)-Y
Gl 50 g el ool Sl aels 56,5 S iy 40
Ui g, b Jo 5 Jol> clos gesly 4 bgrye (ilo az
Lecn 35l oo sl oslanal b olads lablads (2l 9,0 e oo
dulia gSLI jl38le 5 51 eolial b Jo 5l Jol> Gloj azsu )b

oo

S5 6,5 L0l adags V\OYF Egoime )0 dunj g o (09, 5O

oolazwl b (5,8 JILS0! bl losus s lie Cgo .l 0ol 00
R3S o Gogy «ely 5o Canl ol US55 by 50 2 ]
WS oo oliiuwl (6,58 (6,8 LSl blis sloss 5l asl sgg b
asls Jsb o (6, S K0 bl a9 anolie b 09l oo Cgme
(1S 0,85 510 (59, bldi dlaad 4 Dad oo 00ud ¢ by, gl 0

o ol Ao g Johoo (09 51 s o0p 351 haud by 50



OVY U OOY Olxbws ¥ JL» A o)ﬁ b)Le.afS LY 0,9 u_g.:JL(.a (sWNRR Ai).u-u

700

—— Abaqus(FEM)
600F —e— RPIM with CTM

wn

(=

=]
T

B
=)
=3

Temperature(K)

sy
=3
=

200 L \ L . .
0 200 400 600 800 1000 1200
Time(sec)

Y=1F MM 9 X=1Y MM 45 881y 0,5 ;5 b pad (550 bl b slar¥ Wiges yo sples Ay, 1 S
Fig. 10. Temperature history in the layered sample with convection boundary condition at x=12 mm and y=14 mm.
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Fig. 11. Temperature history in the FGM sample with convection boundary condition at x= 13.5 mm and y= 9.5 mm.
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Table 2. Error value in the temperature history calculation in problem with convection boundary condition compared with

ABAQUS.
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Fig. 12. Temperature distribution in the layered sample with radiation boundary condition at t=600 sec obtained from. (a).
Meshless method using CTM. (b). FEM (ABAQUS).
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Fig. 13. Temperature distribution in the FGM sample with radiation boundary condition at t=300 sec obtained from. (a).
Meshless method using CTM. (b). FEM (ABAQUS).
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Fig. 14. Temperature depth profile at y=14 mm in the layered sample with radiation boundary condition.
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Fig. 15. Temperature depth profile at y=9.5 mm in the FGM sample with radiation boundary condition.
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Table 3. Comparsion of error values in problem with radiation boundary condition compared with ABAQUS solution.
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Table 4. Comparsion of erro values in the problem with radiation boundary condition compared with ABAQUS solution.
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Fig. 16. Tmeperature history in the layered sample with radiation boundary condition at x=12 mm and y= 14 mm.
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Fig. 17. Temperature history in the FGM sample with radiation boundary condition at x= 13.5 mm and y=9.5 mm.

b 65 LSS gy 99 52 slp (ples azu )b dnslie (iznen ool 0ol ¥ g

B oo lis adadd (60 dalis b alies j0 weSLT > duolie jo oz e gl oo camline ¥ Jguz 0 a5 jghiles

Wb o A £95 0l Ho LS o sl b > YL ooliiwl b J> g sgame sliz! by, 90 1 sl ples azes )b

RS o sl eolasl b o cds oS RYWIPF IR Iom as REX P olad 5‘5ch;’; slakads @L{Qj)o O H9ds g,y 3l

el Ain e o gy 3l oo ool gl MelS golpiin i 9y hg, 3l odel Cewoay >

oY



AYY 5 OOY wlxio VFer Jlo ) 039 0)lod DY 090 «SilSo owdige &y il

and characterization of titanjum with radial graded
porosity for bone implants, Materials & Design, 110
(2016) 179-187.

[3] S. Naga, M. Awaad, H. El-Maghraby, A. Hassan, M.
Elhoriny, A. Killinger, R. Gadow, Effect of La2Zr207
coat on the hot corrosion of multi-layer thermal barrier
coatings, Materials & Design, 102 (2016) 1-7.

[4] P. Miranzo, M.I. Osendi, Thermal conductivity of a ZrO2-
Ni functionally graded coatings, Scripta Materialia, 58(11)
(2008) 973-976.

[5] J. Sladek, V. Sladek, J. Krivacek, C. Zhang, Local BIEM for
transient heat conduction analysis in 3-D axisymmetric
functionally graded solids, Computational mechanics,
32(3) (2003) 169-176.

[6] A. Khosravifard, M. Hematiyan, L. Marin, Nonlinear
transient heat conduction analysis of functionally graded
materials in the presence of heat sources using an improved
meshless radial point interpolation method, Applied
Mathematical Modelling, 35(9) (2011) 4157-4174.

[7] M. Dashti Ardakani, M. Khodadad, Identification of
thermal conductivity and the shape of an inclusion using
the boundary elements method and the particle swarm
optimization algorithm, Inverse Problems in Science and
Engineering, 17(7) (2009) 855-870.

[8] W.Ge, C. Zhao, B. Wang, Thermal radiation and conduction
in functionally graded thermal barrier coatings. Part I:
Experimental study on radiative properties, International
Journal of Heat and Mass Transfer, 134 (2019) 101-113.

[9] P. Wen, Y. Hon, Y. Xu, Inverse heat conduction problems
by using particular solutions, Heat Transfer—Asian
Research, 40(2) (2011) 171-186.

[10] J. Wang, G. Liu, On the optimal shape parameters of radial
basis functions used for 2-D meshless methods, Computer
methods in applied mechanics and engineering, 191(23)
(2002) 2611-2630.

[11] J. Wang, G. Liu, A point interpolation meshless method
based on radial basis functions, International Journal for
Numerical Methods in Engineering, 54(11) (2002) 1623-
1648.

[12] G. Liu, K. Daj, K. Lim, Y. Gu, A radial point interpolation

method for simulation of two-dimensional piezoelectric

ovy

& 5 dzii= A

e Gy byl L 1,38 ol sl Llos o annlis
O3 J> 5l el Cewsdy 4t b Ko aals SO0 il g
(RO s S IS g 9 ol labaii (obiogys e
sl g30e b, ol bl ol > gYL b eaisS anb
09 e e Ghyy ot o sl 4 4z g5 b e
Gzl Gig,y b annlin ;o YU e 8o b wilgh oo ¢ olad glalais
Los s aunly (olo> b g o\ RKedl olge 401,08 &l > Jla] cogasxe
S ol )08 Ll e Ll b alies 0 o oS o,
Sy Sl bod p)lez 4yl it Glls e 5l et it
o, Vol S gl b gy ol ccwsl as L\;M alive
e Jo 5 )08 (023,55 oo (655 1SS! g Sl eolial L)
O e J YL 2B w4 az g b cnl (S o)l > Jli]
O8S S o b g el b RS IRl (e, b S 5 0
P9y S RIS cage (P Jaas ) 5 esliinl aST el ]
Wlgior Jhg) Crl Ogdior deim e 4 5lS Gy g e g
5 138 &l JUsl ugSae Sl o gl oo (glayuils
Sy 0 pwiins o 3l ooliid 4y 5L a5 s é g Keal Slge
b sl S5 ddl>

O P95 5 (RS i Ghe, b o s aalie (e
2 e s Gy sl eolitul oS e pe LS ey
s 0 g a4l s Bls 2800 650 balh b alies
3 aed o a5 pler S B ) S ordalS (550 Lalpd b
oS s i e iy 53 5 L Ll Sl a5
8o Gl pl il by el 00gy (35 oo (g 5l yden
bl slaws (2l 5l e e 38 s Gbg, 5l ool L
Siel S 055 a5 i oe Cesoty Alts > (o 5 (5,51,

&zl

[1] R. Joshi, S. Alwarappan, M. Yoshimura, V. Sahajwalla, Y.

Nishina, Graphene oxide: the new membrane material,
Applied Materials Today, 1(1) (2015) 1-12.

[2] Y. Torres, P. Trueba, J. Pavén, E. Chicardi, P. Kamm, F.

Garcia-Moreno, J. Rodriguez-Ortiz, Design, processing



OVY B 0OY Olxio AFer Jlo ) 0315 0)leud DY 09> «SilSo cwdigs & i

[19] J.N. Reddy, D.K. Gartling, The finite element method in
heat transfer and fluid dynamics, CRC press, 2010.

[20] A. Khosravifard, M.R. Hematiyan, A new method for
meshless integration in 2D and 3D Galerkin meshfree
methods, Engineering Analysis with Boundary Elements,
34(1) (2010) 30-40.

[21] Y. Cengel, Heat and mass transfer: fundamentals and
applications, McGraw-Hill Higher Education, 2014.

[22] M. MUNRO, Evaluated material properties for a sintered
alpha-alumina, Journal of the American Ceramic Society,
80(8) (1997) 1919-1928.

[23] P. Auerkari, Mechanical and physical properties of
engineering alumina ceramics, Technical Research Centre
of Finland Espoo, 1996.

[24] K. Schlichting, N. Padture, P. Klemens, Thermal
conductivity of dense and porous yttria-stabilized zirconia,
Journal of materials science, 36(12) (2001) 3003-3010.

[25] R. Taylor, X. Wang, X. Xu, Thermophysical properties of
thermal barrier coatings, Surface and coatings technology;,

120 (1999) 89-95.

structures, Smart Materials and Structures, 12(2) (2003)
171.

[13] G.-R. Liu, G. Zhang, Y. Gu, Y. Wang, A meshfree radial
point interpolation method (RPIM) for three-dimensional
solids, Computational Mechanics, 36(6) (2005) 421-430.

[14] G.-R. Liu, Meshfree methods: moving beyond the finite
element method, Taylor & Francis, 2009.

[15] G.-R. Liu, Y.-T. Gu, An introduction to meshfree methods
and their programming, Springer Science & Business
Media, 2005.

[16] X.-H. Wu, W.-Q. Tao, Meshless method based on the local
weak-forms for steady-state heat conduction problems,
International Journal of Heat and Mass Transfer, 51(11-
12) (2008) 3103-3112.

[17] A. Singh, L.V. Singh, R. Prakash, Meshless element free
Galerkin method for unsteady nonlinear heat transfer
problems, International Journal of Heat and Mass Transfer,
50(5-6) (2007) 1212-1219.

[18] J.N. Reddy, An Introduction to the Finite Element
Method, (1993) 227-230.

DOI: 10.22060/mej.2019.16538.6383

e gl Ao ol & digSy
S. Kooshki, M. Khodadad, A. Khosravifard, Nonlinear Transient Heat Transfer Analysis Using
Two Integration Methods with Different Distributions of Integration Points in the Domain in
a Meshless Formulation, Amirkabir J. Mech Eng., 53(Special Issue 1) (2021) 553-572.

ovy



	_ENREF_1
	_ENREF_2
	_ENREF_3
	_ENREF_4
	_ENREF_5
	_ENREF_6
	_ENREF_7
	_ENREF_8
	_ENREF_9
	_ENREF_10
	_ENREF_11
	_ENREF_12
	_Hlk471544953
	_ENREF_1
	_ENREF_2
	_ENREF_3
	_ENREF_4
	_ENREF_5

