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ABSTRACT: Aecrial structures under non-conservative forces especially follower loads, may be
exposed to dynamic or static instabilities. Thus, it is essential to design these structures so that it would
prevent this phenomenon. In this paper, for the first time, dynamic instability of a thick sandwich beam
with a flexible core under the follower force is considered using the high-order theory of sandwich
beams. In the present paper, shear and normal core plate stresses are also considered, which have been
ignored in higher-order sandwich panel theory and improved higher-order sandwich panel theory. The
sandwich beam consists of two surfaces and a flexible core. The common surface of the core with
the surfaces comprises a complete connection, capable of withstanding shear and vertical stresses.
The sandwich beam is considered as a linear elastic structure with small rotations and deformations.
Equations of motion of high-order sandwich beams under follower force are derived using Hamilton’s
principle. The Beam fluttering phenomenon is investigated by applying boundary conditions and using a
generalized differential quadrature method. in addition to the verification of results, effects of the beam’s
geometry and mechanical parameters have been studied. These results revealed that the threshold flutter
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force of the sandwich beam is similar to Timoshenko one.

1. INTRODUCTION

Investigating the behavior and dynamic stability of
structures under the influence of the follower force is a
topic of interest for many researchers. For the first time, the
problem of elastic structure stability under the influence of the
follower force was studied by Nikolai [1]. Investigation of the
follower forces in structures has become of serious interest for
researchers when three classic problems were simultaneously
stated by Beck, Leipzig, and Hager, which became well-
known under their own names. So far, few studies have been
performed on the dynamic stability of sandwich structures
influenced by follower forces and the behavior of sandwich
structures with a targeted flexible core under the traction
forces has not yet been investigated. In this paper, for the first
time and using the Improved Higher-order Sandwich Panel
Theory (IHSAPT) [2], we investigate the dynamic instability
and probability of fluttering phenomenon in thick sandwich
cantilever beam under compressive follower force.

2. METHODOLOGY

The three-layer higher-order theory used in the present
paper is a polynomial model based on the distribution of
core movements in terms of thickness, which is based on the
results of first Frostig’s model, except that the polynomial
coefficients are considered unknown. The mathematical
formulation of the higher-order sandwich panel theory for
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unidirectional panels and sheets is available in Refs. [3-5].
The sandwich beam is considered linear elastic with small
displacements and consists of a core with two thin beams and
bending rigidity. The core surface is in full connection with
the thin beams capable of withstanding shear and vertical
stresses. The external load can also be applied to the upper or
lower surfaces. Fig. 1 shows the structure of the beam.
Using the first order of the shear theory, the displacement
field on the surfaces is considered as in Eqgs. (1-a) and (1-b)

[6].

u, (x,z,t) =ug (x,t)+zp] (x,t) (1-a)

W, (x,z,t):woj(x,t), j=tb (1-b)
For the beam core, the displacement field equations are in
the form of Egs. (2-a) and (2-b) [3].

u, (x,z,t) =u, (x, t) +z.u, (x, t) + zfu2 (x, t) + zf,u3 (x, t) (2‘ a)

w, (x,z,t) = w, (x,t) +z,w (x,t) + 22w, (x,t) (2-b)

With the displacement functions defined in Egs. (1) and
(2), the strain and stress distributions are determined in each
of the layers. The required dynamic equations, rotational
inertia, and boundary conditions are derived from the
Hamiltonian principle [7]. Boundary conditions of the Beck’s
beam are derived from the Hamiltonian principle; the values
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Fig. 1. Geometrical properties of Beck’s sandwich beam

of the unknown displacement functions at the two boundary
points of X, and X, are calculated from the value of the
function at other points. After applying boundary conditions
at the beginning and end-points of the network, the number of
unknowns decreases to 9(N-2). To solve the reduced equation,
eigenvalues for different values of P force are calculated
and, given the values of oscillatory frequencies, the stability
or instability of the beam motion is determined under the
influence of the follower force. Due to the lack of access to
an analytical solution for the existing differential equation
system, the Generalized Differential Quadrature Method
(GDM) is used [8]. In this method, the first and second-order
derivatives of each uniform and differentiable function of f{x)
at point x = x, are approximated by Egs. (3-a) and (3-b) using
Taylor expansion [8].

df (x) &
L) Sarts) .

J=1

(3-b)

In Egs (3-a) and (3-b), N is the number of network grid
points. As can be observed, in this method, the derivatives of
the function are calculated at each point of the weighted sum
of the function itself at network grid points. The length of the
beam is disrupted by Eq. (4).

X, =a(l-cos[(2i—3)7 /2(N -2)]/2, (4)
i=2,3,.,N-1

The set of equations of motion of the beam converts into
the problem of eigenvalues of Eq. (5).

[K]{xX} = o’ [M]{X} (5)

where the square matrices of [M] and [K] represent the
stiffness matrix and beam mass matrix, respectively. The
unknown vector of {X} also contains the values of the
displacement functions at the network gird points. To check
the validity and validation process, the results of the present
study are compared with the results in Ref. [9].
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Fig. 2. Variation of the frequencies of the first and second
oscillations of different values of the length to core thickness ratio.
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Fig. 3. Variation of the dimensionless flutter force with the
length to core thickness ratio for different core thickness to shell
thickness ratios.

3. RESULTS AND DISCUSSION

At times when the imaginary part of the first and second
frequencies is equal, the system is at the threshold of
instability and the flutter phenomenon occurs. Variations of
the frequencies of the first and second oscillations of a high
order sandwich beam for two different values of the length to
the core thickness ratio are shown in Fig. 2. As observed, with
the increment of the length to the core thickness ratio, the
force and frequency of the flutter will increase. This increment
in the force and frequency is due to change of beam becoming
thinner and taller, in which with the increment of the value of
the length to core thickness ratio, the beam will be considered
taller and thinner and a large amount of the force is spent on
swinging the beam.

In Fig. 3, the effect of core thickness to shell thickness
ratio on the instability threshold force value of a symmetric
sandwich beam is investigated. Accordingly, in the long
beams, as the shell thickness increases, a larger proportion of
the follower force is attributed to their oscillation, resulting in
a larger instability threshold force.
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4. CONCLUSION

The results of this research are presented below:

1- In tall beams, the threshold value of the fluttering
phenomenon tends to the corresponding results in
Timoshenko’s beam.

2- When the imaginary part of the first and second
frequencies becomes the same, the system is on the verge of
instability and the fluttering phenomenon occurs.

3-In tall beams, as the thickness of the surfaces increases,
the amount of instability threshold force increases.

4- In sandwich beams, the force and the flutter frequency
increase, as the length to core thickness ratio increases
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Fig. 1. Geometrical properties of Beck’s sandwich beam [35]

[¥O] o alins ;3 (mguils 5 (cwoin Slasuie ) JSb

wj(x,z,t)=w({(x,t), j=tb (V)

(V) Ly, Ojyg0a obul> e OYolaws 5 awn gl y

Ivy] sl e
b 9t = )t 7t
u, (x,z,8) =uy (x,0)+zu, (x,0)+ o
zfu2 (x,t)+ zf,u3 (x,t)
,Z,t)= )+
w, (x%,2,6) = wy (x,1) o

zZw (x,t) + szz (x,t)

SEha (M) 5 () Lulg; 0 oad s obel> @y b
P LS i Y 51 SG e ol s 85 &y Ol
@ laol bm i Lyt el o JWlS Gles by (285 )L
Rolie b dtan (Job g (o0 lml (m 3eb o0 iy e (Sl
Lol aiply Jlal Jow )3 (ol 5 Y0 slaay, jo wlie
sl 00 08 551 (-Y) b (HY) Ly, o 6,85l

w =h—(wf)—wf,’) (&I-v)

w = (hi)z {Z(W(’) +wg)—4wg} («-%)
y 1 2(uf)+uf)’)— o

Ao

ablpresd &8ly 10 (595 (nl D9d o0 oolitul a¥an (Y 4y
aye 658 ST a4 ool SIS o g 6T pez slagsysn
205 swyp s Joe ) manle sladn 5 oS Glgiee YU
5 oade slsyet Sl sasy 90 ly Al o se
3 Sl A gl g 0,5 colatul b, b o,y ool aslil
S, L Gl se D )goinl 53 gei oolitul atni Yl (6555
) Sl ain (s e )18 55 5 Gl (50 Ll d il
9wl p ol dlis ,o olitul 5,50 Jow [¥V] 8,5 L o
! Cales ‘_gl:;,...»‘) ) Slado> A Ojgody Aw 6L‘°L;’L7°L>
[V ] el 5 Sl 3 Jsl o 51 ool Gy gl ol a8
3 Jgtme O ygots aglaerais ol po a5 Oglas cpl b wel
cdlo o c¥slae Ll sl gl allie Cpl 4o el oi 28,5 ks
IR C‘)M‘ Gula ).n.dea.u‘ A L ‘;usd.ul.m ),u Ls‘)" (515
@9y oz 2 b (Zrgsile 25 Elel Glp 0p) 8 SllE &S ol
oads glyminl giben fol abiwssa Sl S)se g3 kulyd
slogys 5 bdn sl Yl ad e )55 ($2k) HeeYsesd ool
gy 99 b dwd Sy Juld 9 S5 slaolmla b (o SVl
s i ol dlie [0 abl g e b Joli g S5
YL a0 (5,55 9 YL Ao (5,95 )0 &S died Glaio Jleoji
FEEK SN RS S RCHN PRV VPSS P B | Y EPCEIRIOe
aS el JolS” Jlast Jolis baay g, b s S s prlas .ol ool
B b sl Ll 1) 090 5 (B sl Jood cobilB
553,15 ol slodig; 595 2 b g YL slads) 59, 2 Wl o0
aS jelailen .cawl 0als ools Lis Hlas 5,90 o3l Ll Y JSKS o
h, cabes b ougaile 5 YU 4y, 0ad oo canlice S
sl 0o oaly lis
Jsl 4y (S 655 SwS @ bays; o obmlr (lae
5 iy o5 (VO] 0o o s 5 11 50 (V) Ly, &0y

B oo L 1 Z 9 X slisly 1o 5 ol w59

u; (x,z,t):u({ (x,t)+zy/)f (x,t) (A -y)

1 Higher-order Sandwich Plate Theory (HSAPT)



M+ B ASY axan Y- LJL» Al b)lo.a.f} HY 0)93 ‘)....5)...0‘ L_{AJKA L;“’“\-*-@(" d:)uu

i=tb (w-0)

slaolos plnil g (gails 25 pSl> S¥sles 2l 5l 6l

alal ) [¥V] ot ous solaal gileas Jol 5l ks 5590 (Scolins
Slyss OU i o550 Slpais OT Jol cpl G » ()
g I8 51 (o3 Jomiliy (6531 i3 55 OV 5 (22555 655

! L;?)B
j S(-T+U+V)dt=0 ¢)

Dedige Jol> (V) alal) 5l pdoiz (65, Dl s
5T:.|.V(ptutéut+ptwl5w’)dv+
IV (P, wy, Suy+ p, w, 6 w,)dv + o

IV (p.u,ou+p w ow,)dv

e olbol @l o IS L el JBs p (V) akaly jo

2,5 dwlxe |y siaim (65,50 ke les o (V) 5 (V) Laslg, 5l ons

Gl Ol .l ouls &l [vs] &= o 5 Sl Ol
IV ] el aculoe BB (A) alad, 51 ougile 5 23,5

U =Y (I(o el +7Ldy. )av; )+
i=t,b (/\)
[(o0.06;, + C.06s. + 70y )V,

SRR b izmen 5 46,5 5 G5 O b akal, o5 L
S5 Dlss Ol oo (1) 5 (V) Lty )3 00l (B0 olml w5
b oS el (215 (59,0 L1 Sl ged dnlxe 1) (225,5
SaS @ Z, = G dlee Sl aladi 0 505 Al 0)ls (58
cos 1 Job b 5 IS8 ol o [¥V] 05 oo aalone ¥ S8
sy by 5 bl ad s 18 P saS uhia Soli g9, ]
itlo i IS8 et amie )0 (s35ee 5 (B Sl o 4G
Sk elmlr o bl b Jlesl S jo 15 5l a0 olnl
el W (X,1) sos0 bl S s u (1)

Lbe g9y 5 3l akdl » Slaise @Bl SO o 0 0

A

c

O TR | (bt + ) -2

2 [ 2(uy—up)-

(w-Y)

)Y 5l OV gpome slasd il oS SV g ol L

t ¢ t t b b b ¢ c
O slraztie sy oo (U, Uy, W, W U, W, Wy Uy, Wy

v ] Sei oo ciu s (2-F) b (QIHF) Ly, &gty atas 5o

2
he
2
c
J. z,0.dz,
h
2

(@ -Y)

(«-9

(-9

(-9

(&-H)

-9

Ol 9 Vb slady) o (i ladiie g oo i 5 ey
Ly o] o5 Gy s (0-0) b (D) Lails, &0 |,

N, =

h
2

i .
Iaﬁdzi, i=tb
hi
2

b
2

i .
jZiO'de, , 1=t,b
—I
2

(- 0)

(¢-0)



M+ B ASY axano NF- - Jl.w Al D)Lou:': HY 0,93 ‘).A.S).Aﬁl LSAJKA u»\:.b.e(e du).a.w

‘I’.’-'_'f[t’“"'-"'i:|I

“1.{“1

Fig. 2. Beck’s beam geometry and its related parameters [37]
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Table 1. Material and geometrical properties of the beams of this study
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Fig. 4. The compression of the variation of the frequencies of the first and
second oscillations of isotropic beam under follower force with reference
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Table 2. The compression of the force and the dimensionless flutter of the current work with [24] for the orthotropic multilayer composite beams

[YF] a2 yo uils 5 yldio ol gy S 3 lude [YF] &2 yo 9508 slotia oo (g 95 slade a5l
AAVARAY VE/-YY FAFAQ FEINEY .
\PIEN - Vo[-V F+IVAQ OAIFYY VO
\PIYYY IZARR! FVIAYF V4520 Y.
W/EY ARV/EFN Y/ DY YV/AOA 7
Ve/q-Y V</AYD VA/AD - YAIA70 q-

Variation of ©,, versus Uhc
Timoshenko beam
3.5F
1500
3 L
2 1000
g, 3
151 500 4
1
05| 0r 1
0 . . . L 1] 2I0 4I0 60 80
0 20 40 60 80 100
I P

c
Fig. 7. The variation of the first dimensionless natural frequency with

respect to the length to thickness ratio in sandwich and Timoshenko beams
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Fig. 8. The variation of the second dimensionless natural frequency with
respect to the length to thickness ratio in sandwich and Timoshenko beams
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Fig. 5. The compression of the variation of the frequencies of the first and
second oscillations of composite beam under follower force with reference
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Fig. 6. The variation of the first natural frequency based on the length to
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b a0 (Fugsile 15 SO Slog pgs g Jgl Slouls 8 ol s 14 Sl
(XSSP Yy S9p )L.\.'é.e L

real part of s for /h =50, h /h=15, p/jy =3 and E/E =10
8 T T T T

Damping (8)
o

-8 I I ' L I
0 5 10 15 20 25 30 35

F
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Fig. 14. The variation of the second dimensionless natural frequency with

respect to the length to thickness ratio in sandwich and Timoshenko beams
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