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ABSTRACT: Let 7.(G) be the set of elements orders of G. Also let s, be the Review History:
number of elements of order n in G and nse(G) = {s, | n € m.(G)}. In this paper, Received:21 April 2019
we prove that if G is a group such that nse(G) = nse(PSL(4,7)), 19||G| and 19% { |G|, Revised:11 June 2019
then G = PSL(4,7). As a consequence of this result, it follows that Thompson’s Accepted:12 June 2019
problem is satisfied for the simple group PSL(4, 7). Available Online:1 February 2020
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1. Introduction

If n is an integer, then we denote by 7(n) the set of all prime divisors of n. Let G be a group. Denote by
m(QG) the set of primes p such that G contains an element of order p. The set of element orders of G is denoted
by 7(G). Let k € m.(G). We denote the number of elements of order k¥ in G by s;(G) or simply by si. Let
nse(G) = {sklk € m.(G)}. For a finite group G and positive integer n, let L, (G) = {g € G|¢g™ = 1}. The groups G;
and Gy are called of same order type if and only if |L,,(G1)| = |Ln(G2)|, for each n € N. In 1987, J. G. Thompson
posed a question as follows:

Thompson’s Problem. Suppose G; and G5 are the same order type. If G is solvable, is it true that G5 is also
necessarily solvable?

It is well known that if G; and G2 are of the same order type, then |G1| = |G| and nse(Gy) = nse(Gz). It is
interesting to investigate Thompson’s problem by |G| and nse(G). The following example shows that there are finite
groups which are not characterizable by nse(G) and |G|. If G; = (Ca x C3 X Cy x C3) x A7 and Go = PSL(3,4) x Cy,
then nse(G1) = nse(G2) and |G| = |Gs|, but G; % Gs.

Let G be a group and H be one of the following groups. Then |G| = |H| and nse(G) = nse(H) if and only if
G=H:

e All sporadic simple groups. [1]
e Simple K;-groups, where i € {3,4}. ([11],[13])

*Corresponding author.
E-mail addresses: khosravibbb@yahoo.com, siruscag@aut.ac.ir

89



Behrooz Khosravi et al., AUT J. Math. Com., 1(1) (2020) 89-94, DOI:10.22060/ajmc.2019.16174.1022

In [8], it is proved that A4 = PSL(2,3), A5 = PSL(2,4) = PSL(2,5) and Ag = PSL(2,9) are uniquely determined by
nse(G). Recently, it is shown that PSL(2,81) (see [10]), PSL(3,4) (see [9]), PSU(3,4) (see [3]), are characterizable
by nse. So far it is shown that PSL(2,q) (see [2]) and PSL(n,2) (see [17]), with some conditions on ¢ and the
cardinal of the group are characterizable by their nse. In this paper we prove that if G is a group such that
nse(G) = nse(PSL(4,7)), 19]|G| and 192 { |G|, then G = PSL(4,7). Since |PSL(4,7)| = 2317591180800, we use
GAP [16], Python and Microsoft Excel to handle extreme computations for proving n(G) = {2,3,5,7,19}, the
computation of sy, 83, 55, 57, 519, ... and the number of Sylow subgroups. Let p be a prime number and S = 9X,,(q)
belong to a family of finite simple groups of Lie type with rank m on a field of characteristic p. Let Y = {p1,p2,....,on}
be a set of primes. We write ord,(S,Y) = « if GF(p®) is the smallest field of characteristic p such that ¥ C 7(S).

If p is a prime number, then we write: p®||G|, if p*||G| and p*™! { |G|. We denote the set of all Sylow
p-subgroups in G by Syl,(G).

2. Preliminary Lemmas

Lemma 2.1. [5] Let G be a finite group and n be a positive integer such that n||G|. If L,(G) = {g € G|g" = 1},
then n||L,(G)

Lemma 2.2. [14] Let G be a group containing more than two elements. If
s = sup{sp|n € 7.(G)} is finite, then G is finite and |G| < s(s® —1).

Lemma 2.3. [11] Let G be a simple Ks-group. Then G is isomorphic to one of the following groups: As, As,
PSL(2,7), PSL(2,8), PSL(2,17), PSL(3, 3), PSU(4, 2), PSU(3, 3).

Lemma 2.4. [13] Let G be a simple K4-group. Then G is isomorphic to one of the following groups:

(i) Az, Ag, Ag, A1g, M1y, Mia, Jo.

(ii) PSL(2,1), where r is a prime number and r*> — 1 = 293¢, where a > 1,b > 1,¢ > 1 and t is a prime greater
than 3.

(iii) PSL(2,2™), where 2™ — 1 = u, 2™ + 1 = 3t*, where m > 2, u,t are primes and t > 3 and b > 1.

(iv) PSL(2,3™), where 3™ +1 = 4t, and 3™ — 1 = 2u® or 3™ +1 = 4t*, 3™ — 1 = 2u with m > 2, u,t are odd primes,
b>1,c>1.

(v) one of the following 28 simple groups:

PSL(2,16), PSL(2, 25), PSL(2, 49), PSL(2, 81), PSL(3,4), SL(3,5), PSL(3,7), PSL(3,8),

PSL(3,17), PSL(4, 3),S4(4), S4(5), S4(7),S4(9), S6(2), Og (2), G2(3), PSU(3, 4), PSU(3, 5),

PSU(3,7), PSU(3,8), PSU(3,9), PSU(4, 3), PSU(5, 2), Sz(8), S2(32),% D4 (2), 2F4(2) .

Lemma 2.5. [7] Let G be a simple Ks-group, Then G is isomorphic to one of the following groups.
(i) PSL(2,q), where |m(q®> — 1)| = 4.

(ii) PSU(3,q), where |7((¢*> — 1)(¢> — 1))| = 4.

(iv) Os(q), where |7(q* —1)| = 4.

(v) Sz(22m+1), where |7((22mH — 1)(24mF2 +1))| =4

(vi) R(q), where q is an odd power of 3, |r(¢*> —1)| =3 and |7(¢> —q+1)| =1

(vii) Ay, Ara, Mas, Js, HS, He, McL, PSL(4, 4), PSL(4, 5), PSL(4, 7)

(viii) PSL(5,2), PSL(5,3), PSL(6,2), 07(3), O(2), PSp, (3), PSp, (2), PSU4(4)

(iz) PSU(4,5),PSU(4,7),PSU(4,9), PSU(5, 3), PSU(6, 2), 0 (3)

(r) Os™(2),° Da(3), G2(4), Ga(5), G(T7), G2(9).

Lemma 2.6. [6] Let G be a finite solvable group and |G| = mn, where m = p1®1pa®2..p.*" and (m,n) = 1. Let

7 ={p1,...,0r} and h,, be the number of Hall m—subgroups of G. Then h,, = ¢ q2"*...q,% satisfies the following
conditions, for alli € {1,...,s}:

(i) ¢;® =1 (mod p;) for some p;.
(ii) the order of some chief factor of G is divided by q;%.

Lemma 2.7. [12] Let G be a group and P be a cyclic subgroup of G of order p®. If there is a prime r such that
p°r € me(G), then spor(G) = 5,(Ca(P))spe(G). In particular, ¢(r)spe |sper, where ¢(r) is the Euler function.
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3. Main Results
Throughout this section always we suppose that ¢ = p®, where p is a prime.

Lemma 3.1. Let S be a simple group and 7(S) = {2,3,5,7,19} and |S| < |PSL(4,7)|. Then S = PSL(4,7) or
PSU(3,19).

Proof. Let A ={2,3,5,7,19}. Since S is a simple K5-group, using Lemma 2.5, we consider each possibility:
First we note that G % Sz(22™*1), since 31 |Sz|.

Case (a). Let S be isomorphic to PSL(2, q), where ¢ satisfies |7 (¢? —1)| = 4. Since |PSL(2,q)| = q(q®*—1)/(2,q—1)
and 7(S) = A, if ¢ = 2% or ¢ = 3%, then a = 18, since ordy(S,7(A)) = ords(S,7(A)) = 18. Similarly if ¢ = 5%,
then a = 9, if ¢ = 7%, then a = 6, if ¢ = 19%, then o = 3. But in all cases we get a contradiction by |7(¢* —1)| = 4.
Similarly S % O5(q)

Case (b). If S =2 PSU(3,q) and ¢ = 2%, then a = 12, since orda(S, 7(A)) = 12. Similarly if ¢ = 3%, then o = 6,
if ¢ = 5%, then o = 10, if ¢ = 7%, then o = 6 and this is contrary to |7((¢®> — 1)(¢> — 1))| = 4. If ¢ = 19, then
S = PSU(3,19).

Case (c). If S = R(q), since |R(q)| = ¢*(¢>" (¢ — 1)), where ¢ = 32"+ then 51 |R(q)|, since 3¢"+3 = 273n+1 =3
or 7 and 3673 + 12 4 or 8. Also 32"+! — 1 26 or 2. So this is a contradiction.

Case (d). If S is isomorphic to one of the 30 other groups that are mentioned in Lemma 2.5, then by [4], we can
see w(S) #{2,3,5,7,19} so this is a contradiction, except for S = PSL(4, 7).
O

Remark. Using a simple program in GAP, we determine nse(PSL(4,7)) = {1, ..., A27}, which are presented in
the appendix of this paper.

Theorem 3.2. If G is a group such that nse(G) = nse(PSL(4,7)) = {\1, ..., Aar} and 19]||G|, then G = PSL(4,7).

Proof. By Lemma 2.2, G is a finite group. We know that s,, = k¢(n), where k is the number of cyclic subgroups of
order n in G. Also we note that if n > 2, then ¢(n) is even. If m € 7.(G), by Lemma 2.1 and the above discussion
we have:

m‘ Zd|m 84.

Using (1) we can see that if {2,3,5,7,19,25} C m.(G), then s3 = 21527311120691, s5 € {2% x 3% x 7% x 19 x 43 x
1731, 26 x 3* x 70 x 19}, s7 = 25 x 32 x 52 x 13 x 19 x 43 x 1811, 519 = 210 x 33 x 52 x 76, 595 = 26 x 3% x 5 x 76 x 19.
We first prove that 7(G) C {2,3,5,7,19}. We know that s; = Ay, since Ag is the only odd number in nse(G), so
2|\G|. Using relations in (1) we see that m(G) C Uy, ense(e)T(1 4 A¢) and so 7(G) € B = {2,3,5,7,19, b, ey bgo -
If bg = 1471213 € 7(G), then ¢(bg) 1 Ai, for every i € {1,2,...,27}, which is a contradiction by (1). Therefore
bg ¢ m(G). Similar to the above discussion we get that b; ¢ 7(G), for each b; € Bs, where B; is defined in
Appendix. For by = 257, using (1), if 257 € 7(G), then sa57 € { A4, M6, A1s, A2z, A2z, Aog, Aas, Aar . But we have
no elements of order 2 x 257, since 2 x 257 t (81 + S2 + Sa57 + t), for every t € nse(G). So Pasr € Sylasz(G)
acts fixed point freely on the set of elements of order 2. Therefore |P257H32 and this is a contradiction. Now if
b; € B\ ({2,3,5,7,19} U Bs), then similarly to the above 2b; ¢ 7.(G). Using the fact that Py, acts on the set of
elements of order 19, fixed point freely, we get a contradiction. Therefore {2,19} C #(G) C {2,3,5,7,19}. Since
19][|G|, so Pig is cyclic. Now if there exists an element of order 2 x 19, by (1) we have 2 x 19|(1 + s2 + s19 + S2x19)
and this is a contradiction, since by Lemma 2.7, ¢(19) X $19|s2x19. So there is no element of order 2 x 19. Therefore
P, acts fixed point freely on the set of elements of order 19 and |Ps| ’319 therefore |Ps| ‘210. Since Pig is cyclic and
exp(p1o) = 19, the number of Sylow 19-subgroups of G equals s19/¢(19) = 2% x 3 x 52 x 7%||G| so {3,5,7} C 7(G).
Therefore 7(G) = {2,3,5,7,19}. If there exists an element of order 5 x 19, by Lemma 2.7, 4 x S19|85><19 and
we get a contradiction in the similar way to the above. So |P5H319 and therefore |P5H52. Similarly, if 7 € 7(G)
by Lemma 2.7, we get that s7x19 = Aa5, which is contrary to (1). So |P7\|319 SO |P7H76. Now we show that
Ps is cyclic. If exp(Ps) = 5 and |Ps| = 25, then by Lemma 2.1, 25’(1 + s5), but this is a contradiction since
14 s5 € {5 x29 x 1801 x 187129,5 x 17 x 251 x 543143}. Therefore Ps is cyclic. Similarly to the above we get

lsee Appendix 4.1
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that there is no element of order 25 x 3. Therefore \ngS% S0 |p3|’34. Also we know that the summation of all
members of nse(G) is less than |G|, s0 27 x 3* x 7 x 19 x 91 = 1 + Zil Ai; < |G| and by the above discussion
|G| <210 x 3% x 52 x 76 x 19. So |G| = |PSL(4,7)| = 2% x 3* x 52 x 75 x 19 or |G| = 2|PSL(4,7)|.

We claim that |G| = |PSL(4,7)|. Otherwise suppose |G| = 2|PSL(4,7)|. Since exp(Pig) = 19, it follows that
Nig = (;d%) = 29 x 3 x 52 x 7% and by Lemma 2.6, we get that G is insolvable. So there is a subnormal series
1<K QL <G such that L/K is a simple K;-group where, ¢ € {3,4,5}. Now using Lemmas 2.3, 2.4 and 2.5 we
consider each possibility for L/K, separately.

If L/K is isomorphic to a simple K3-group, by Lemma 2.1, it is isomorphic to one of the following groups:
As, Ag, PSL(2,7),PSL(2,8), PSU(4,2),PSU(3,3). Let L/K = A;. Then |G/L||2% x 3% x 7 x 5 x 19. Let A/K :=
Caq/k(L/K). Then A/KNL/K = 1. Also (G/K)/(A/K) — Aut(L/K) = S5 and so G/A — Ss. Since A/K,L/K <
G/K,A/K x L/K < G/K. Therefore |L/K|||G/A| and so G/A = A5 or S5. So |A| = 2% x 3% x5 x 70 x 19 or
27x32x5x75x19. By Sylow’s theorem and using easy GAP computations, n19(A4) € {1, 20, 96,210, 343, 1008, ..., 27 x
3 x5 x 75}, Since A <1 G, we have njg(A) = n19(G), and so s19(G) € {18,360, 1728,3780,6174,...,2% x 33 x 5 x 76},
which is a contradiction. Now let L/K = PSL(2, 8), we know that |Aut(L/K)| = 1512 and it has just one non-trivial
normal subgroup N such that |[N| = 23x32x 7. So |A| € {27x32x52x 7% x19, 27x3x52x75x19}. Now by Sylow’s
theorem nj9(A4) € {1, 20, 96, 210, 343, 400, 1008, 1920, 2205, 3136, 4200, 6860, 20160, 32928, ..., 6914880,
15126300}, which is a contradiction. Similarly we can rule out the other cases and get that L/K is not isomorphic
to other Kj-simple groups or Ky-simple groups (for the computations we use the program in Appendix 4.2.1).
Therefore L/K is a simple Ks-group and n(L/K) = {2,3,5,7,19}. So by Lemma 3.1, L/K = PSL(4,7) or
PSU(3,19). If L/K = PSU(3,19), exactly with the same manner we get a contradiction using s19(G) (see 4.2.1).
Similarly, if L/K = PSL(4,7), then |K|[2. If |[K| = 2, then K C Z(G) so 2||Z(G)|. Therefore 2 x 19 € m(G) and
this is a contradiction. Therefore K =1, L = PSL(4,7) and |G/L| = 2. So G acts on L. Let & be the kernel of this
action, If K = Cg(L) # 1, then G = L x C(L). Therefore 2x 19 € 7.(G) and this is a contradiction. If |x| = 1, then
G < Aut(L) so G/L < Out(L) & Zy X Zs. Therefore G = L : T, where |T| = 2 and s3(G) > s2(L) = s2(PSL(4, 7)),
which is a contradiction. Therefore G = PSL(4,7) and we get the result. O
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4. Appendices

4.1. Numbers
{1, o darh = {29% 3252 x 13x19%x43x 181, 3x74x19%x43,2x52x 73 x 11x2069, 210x33x52x 75, 25x32x 5% x
T4x19x43, 22x32x74x19x3853, 24 x32x T4 x19x43x 173, 26 x33x52x 74 x13x19, 27 x33x52x 74 x13x19, 2! x3x
53xT4x19x 1151, 26x32x53x T3 x11x13x19, 26x32x52x T4 x19x109, 26 x34x76x 19, 26x34x5x76x 19, 27x 3% x
76x19, 28x34x76x19, 27x3*x5x70x19, 28 x3*x5x70x 19, 23 x32x52x 75 x 19127, 27 x33x52x7°x 19, 2°x32x53x
79%192,28x33x52x 75 %19, 211 x 33 x 52 x 76, 210 32 x 52 x 76, 21 x 34 x 52 x 76, 26 x 32 x 52 x 76 x 19, 29x32x 52 x 76 x 19}
The b; values:
B = {b1,bo, ... beo} = {2,3,5,7,19, 1471213, 2299, 14461, 4279946779, 11, 1283967491, 4889,
1294277,29,1801, 187129, 61,79, 5316379, 51239260801, 9257, 22273, 211, 318004891, 13, 1181,
4663817,17,251, 543143, 191, 23334587,23175911809, 23, 4909, 37321, 12379, 9360979,
931759118081, 17623, 4142287, 113, 653, 373909, 218423772001, 97, 631, 883, 1021, 29191,
506501, 101, 421, 49037, 257, 36809, 51577, 139, 21052169, 257510131201 }.
Bs = {bs, bz, b11, b12, b13, b16, b21, baz, baa, bag, baz, 30, b3z, bas, b3g, b3z, bsg, bao, baa, bag,
bs0, b50, D51, bs4, bse, bs7, bsg

4.2. Python Codes
Using Version:3.7.0a4

4.2.1. finding number of Sylow-subgroups of A where A/K = Cq/x(L/K)

alpha=2xx9x3x+x4+x5+x+x2+7+x6x19 #|G|=alpha or beta

> beta=2*x*%10%3**4*5+x*x2%T*x*6x19

s p=|]
a=|]
5 def factors(mn):
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global leng

leng=0

g=int (n)

for i in range(l,g+1):
if n%i==0:

leng=leng+1
p.append (i)

A={"z 17:2xx3%3x7,’2z 27:2%%x3x3%%2x7, 'z 3 :2%%6x3%*2x5x7, 2z 47 :2x+5%3xx2%T**x3%19, 'z 5 :2%%6x3%*x4%5,
'z 67:2%%x5%x3%x%x3%7, 72 T :2%x4x3%xx245%%3%7, 7z 8 :2%x9x3xx4%xT%19, "'z 97 :2xxT*3%x6x5x7, 'z 10’
2% %9434 x4x5%7 , 7z 117 :24%x2%x3%5, 72 127 :2x%3%3%%2%x5, 'z 137:24x3%3%*2+5x7, 2 147 : 2% %63 +x2%x5%7,’
z 157:2%%x6x3%%x4x5+7 , 'z 167 :2%+x7*3xx4x5+%%2xT7} #z 1 is the size of simple K j—Groups candidates
for L/K, determinated by Lemma|[2.3,2.4 ,2.5].

B={"1 17:2%%4%3%7,’]1 27:2%%3%3%%3%7,’] 37 :2%x8%3%*x3%5%7,’] 47 :2%%x06+3%%3xT**%3%19,’]1 5 :2%xT*3xx4x%5,
T 67:24%%x6%3%xx3%7, 7] 77 :24x5x3x%3454%3%7, 7] 87:2%x10#34x6%x7*x19,'1 97:24%x10%3x*x6%5%7,’1 10’
(2%x9%3xx4x5%7, 71 117 :2%x3%3#%2%5, "1 127:2%%5+3%%2x5,7]1 137:2x%x4x3%x2x5x7,’1 14~
(2w Tk3xx2x5% 7,71 157 :2xxTx3xx4%5x7,"]1 167 :2%x8+3%*x4x5xx2x7} #1 i’s are the size Aut(L\K),
where |L/K|=z i.

NSE=[13841287200,5884851,390316850,81318988800,14123642400,6327720252,

48867802704 ,25619630400,51239260800,39380601750,67099032000,71603582400),

11587955904 ,57939779520,23175911808,46351823616,115879559040,231759118080,

72999523800,27590371200,218423772000,55180742400,162637977600,27106329600,

487913932800,32188766400,257510131200]

c0=cl=c2=c3=c4=cb=cb=cT7=c8=c9I=c10=cll=cl2=cl3=cl4=c15=c16=0

h=0

for i in range(1,17):
ci=B[’l {}’.format(i)]/A[’z_{}’.format(i)]
factors (ci)
print ("list of c¢{}".format(i)," divisors:"
for j in range(0,len(p)):

hj=beta /(p[j]*B[’l {}’.format(i)])
q.append (hj)
print ("{}".format(i),q) #Computing the size of A.
for k in range(0,len(q)):#Finding the number of Sylow 19—subgroups of A.
if int(q[k])=—=qlk]:
m=q [k]/19
for t in range(l,int (m+1)):
if t % m==0 and (t—1)%19==0:
if t*18 in NSE:# checking that computed values for s 19 belongs to NSE or not.
print ("computed values for s 19:",t)

,P)

4.3. Implementation of (1) relations

from math import gcd as gecd
def phi(n):

global ¢

c=0

for i in range(1l,n):

if ged(i,n)==1:
c=c+1
return (c)

NSE=[13841287200,5884851,390316850,81318988800,14123642400,6327720252,
48867802704,25619630400,51239260800,39380601750,67099032000,71603582400,
11587955904 ,57939779520,23175911808,46351823616,115879559040,231759118080,
72999523800,27590371200,218423772000,55180742400,162637977600,27106329600,
487913932800,32188766400,257510131200]

; def fc(n,o0)

global a

for i in NSE:
if i%phi(n)==0:
a.append (i)
if o—"print":
print ("s {} candidates determinated by first condition:".format(n),a)
elif o="return":
return (a)
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def sc(p):
for i in fc(p,"return"):
if (14+1)%p==0:
print (1)
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