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ABSTRACT: In this paper, a high-order eight-node element based on the analytical response of the
governing differential equation is proposed for the analysis of plane structures. The formulation of
the proposed element is based on the Hellinger-Reisner mixed functional and the analytical response
of the compatibility equation governing plane problems. It is worth noting that in order to formulate
finite elements with the Hellinger-Reisner functional, two independent stress and displacement fields
are required. For this purpose, Airy stress functions are first made available by the analytical solution
of the compatibility equation. By utilizing these stress functions, the stress field within the element is
obtained. Also, the quadratic displacement field of the isoparametric element is used for intra-element
displacement. By applying the Hellinger-Reisner mixed functional and stationary of this functional
relative to the independent stress and displacement fields, the stiffness matrix, and the element node
force vector are made available. Finally, with various numerical tests, the accuracy and efficiency of
the proposed element are evaluated. These tests prove the high accuracy of the proposed element in the
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1- Introduction

Since the advent of the finite element method, many
elements have been proposed to analyze plane problems.
Among these, the four-node and eight-node elements are all-
encompassing, but these elements do not receive an acceptable
response in distorted meshes, and the response error increases
as the mesh distortion increases [ 1]. Therefore, many attempts
have been made to find other types of formulation that have
high accuracy and low sensitivity to mesh distortion. In this
regard, we can refer to hybrid and mixed formulations [2]. In
these formulation constructions, the number of main fields is
more than one field.

Mixed functionals are established by defining
independent fields within the element. One of the most
popular mixed functionals for finite element formulation is
the Hellinger-Reisner functional. In this function, the stress
and displacement fields within the element are defined as
independent fields. Due to the definition of the independent
displacement field, one of the most important advantages
of this method of the formulation is the liberation from the
condition of continuity at the element boundaries [3]. Several
high-order elements of 8 nodes and 12 nodes have also been
created using hypothetical test functions and hybrid stress
functional [4-6].

In this paper, using the Hellinger-Reisner functional, the
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formulation of an eight-node plate element with 16 degrees
of freedom is performed. In the proposed element, instead of
using hypothetical functions, the stress field is made available
by the analytical solution of the governing differential
equation. In this method, by solving the governance
compatibility equation, the analytical functions of Airy stress
are available. Then, by applying these stress functions, the
stress field within the element is obtained. Also, for the intra-
element displacement field, the eight-node isoparametric
element interpolation functions are used. To demonstrate the
accuracy and efficiency of the proposed element, various
benchmark tests will be analyzed, and the answers will be
compared with the results of other researchers’ eight-node
elements.

2- Methodology
2- 1- Hellinger-Reisner functional

To formulate the proposed element, the stress and
displacement fields within the element are written as follows:

toy=[P1{p; ()

{uj=[N{D} b
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In the present equations, [P] and [V] are the assumed
stress and displacement functions within the element,
respectively. Also, vectors (B} and (D} are unknown stress
factors and nodal displacement vectors, respectively. By
placing Egs. (1) and (2) in the Hellinger-Reisner functional,
the energy of an element of the plane problem is written as
follows:

18y [Gl{p)
I, = 1

1B [H 1B -{r} (D)

(€)

By minimizing Eq. (3) relative to Vectors (B} and (D}
stiffness and mass matrices are obtained.

[k]=[6] [#] (6] “4)

[G]=] [P ([][~])av (5)

[H]=] [P [C][P]av (©)
o/ax 0
[L]=] 0 &y 7)
0/dy 0/ox
| 1 - 0
[C]ZE -1 0 (8)
0 0 2(1+v)

For plane stress problems £’=E and ' =v, and for plane
strain problems v'=v/(1-v) and g' = g/(1-1?)-
The introduction should show the background of the subject
and main contributions. It is necessary to explain clearly the
novelty and contribution of present work in the last paragraph
of introduction.

2- 2- Proposed element formulation

Fig. 1 shows the eight-node proposed element. For the
internal displacement field of the proposed element, the
interpolation functions of the Q8 element are used.
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Fig. 1. The proposed element
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Also, the stress field of the component is calculated as the
following matrix:

oy’ (11)
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3- Results and Discussion

For proving the excellent efficiency of the proposed
element, several different benchmarks are used. First, the
beam with a length-to-thickness ratio of 4 is analyzed in a
distorted four-element mesh under the effect of shear load
with the proposed element. In the next test, MacNeal’s
beam with a length to thickness ratio of 30 under the effect
of shear load and moment in different meshes is analyzed.
The proposed element has high accuracy in both tests. Also,
Cook’s beam analysis with the proposed element proves the
rapid rate of the new element. In order to evaluate the ability
of the proposed element in the analysis of curved geometries,
a curved beam was evaluated in both thick and thin modes
under shear load. Finally, the sensitivity of the proposed
element to mesh distortion was investigated. To do this, a
mesh with two distorted elements was analyzed. The degree
of mesh distortion depended on the distortion parameter. The
proposed element, even in coarse meshes with high distortion,
results in a high accuracy response.

4- Conclusion

In this study, using a mixed functional and analytical
response of the differential equation of plane problems,
an eight-node element with high accuracy was proposed
to analyze the plane structures. To do this, the Hellinger-
Reisner functional with independent stress and displacement
fields was used. The intra-element stress field was obtained
using the analytical response of the governing differential
equation. Also, for the intra-element displacement field, the
eight-node element interpolation functions were used. Then,
by minimizing the functional equation with respect to the
independent fields, the stiffness matrix and the vector node

force vector became available. Finally, in order to measure
and evaluate the accuracy of the proposed element, numerous
numerical tests were performed. These tests showed the very
high accuracy of the proposed element in the analysis of
various plane structures and its low sensitivity to distortion
of mesh.

References

[ITN.S. Lee, K.J. Bathe, Effects of element distortions on
the performance of isoparametric elements, International
Journal for numerical Methods in engineering, 36(20)
(1993) 3553-3576.

[2] T.H. Pian, State-of-the-art development of hybrid/mixed
finite element method, Finite elements in analysis and
design, 21(1-2) (1995) 5-20.

[3]C. Felippa, Advanced finite element methods, Institute

of Theoretical Physics, Faculty of Mathematics and
Physics ..., 2000.

[4]S. Cen, X.-R. Fu, M.-J. Zhou, 8-and 12-node plane
hybrid stress-function elements immune to severely
distorted mesh containing elements with concave
shapes, Computer Methods in Applied Mechanics and
Engineering, 200(29-32) (2011) 2321-2336.

[5]C. Wang, Y. Wang, C. Yang, X. Zhang, P. Hu, 8-node
and 12-node plane elements based on assumed stress
quasi-conforming method immune to distorted mesh,
Engineering Computations, 34(8) (2017) 2731-2751.

[6]S. Cen, G.H. Zhou, X.R. Fu, A shape-free 8-node
plane element unsymmetric analytical trial function

method, International Journal for Numerical Methods in
Engineering, 91(2) (2012) 158-185.

HOW TO CITE THIS ARTICLE

298.

DOI: 10.22060/me;j.2022.20650.7287

M. Karkon, M. Yaghoobi, Mixed Finite Element Formulation for 2D Problems Analysis Based
on Analytical Solutions of Deferential Equation, Amirkabir J. Mech Eng., 54(6) (2022) 295-

297






75 ool SlSo (owigee g pui

VEOA B AVFFY Glio AF ) Jlo & o)loss DF 0,93 ¢S puel Sl osigen 4 s
DOI: 10.22060/me;j.2022.20650.7287

Jamd] 290 ddlro o Gl aly o o 43 390 (g15a ] (g U (gar9d Jluwo Judodi

T sin A oSl dae

Ol b)Y eyl )Y anly ¢ oMl o131 oSy ¢ e 00y =)
Ol e yde Co g s Co s ol ¢ wdige g (8 0aSisly Y

1891 au )b

V¥ e [-YIY redl
Ve AYIVD 16,5550
AAEAVER FA RV IURY
VXY oMl )

1605 Clols
dgdze (gl
PRl Sde (6
B Cudd cj
Sl s
9> Jiluw

sloojls Jilos (gl oS Juiha dles Llod oy gl (25 Cutin (VL adpe e G dlie oyl o iaoMS
WS (3l dolee (Jlod gy g il Sle o0)d (ol arl (et e (sjloalayl) 23,5 o oy (sangd
52 2 Jb il ke 02 (il b dgazee (lial (il dal) Car cunl S5 (LIS Dl e pll gangd Gladlins
13 ol 5 (Sl el Adlns o o L il polaie ] (slys Ablyso e cygp0 3 el 5 i Jitaue lse
2 bl e nzed e Cand 422 093 G (e 15 Slal ol Jl szt b 25 0 LB ey
Camd ) 53,5 bl g 5l Kk 02> (ol (3,01 4 L3500 S i 193 (ool (sl ()5 Cadn Jaloen pg
Syl b bl 2 5y o )8 o yid 3 ef (o) Slagy oy g (B il (ol 5 (A5 s slaplise
el )3 ) (o3l 2 (YU o €83 lagygail ) 25 o )13 (3] 5590 (o3l e (DS 9 €80 (5SS (s1e

by o il &y s> (slao

Sl Cnyygrate 1 (o Ml o2)3 slasja 1) wllgil @)
2 8l pplm Kids (b ogioe il ile daly sl @)
slaplie plyie @ e b9 el 5 G bl (b
S lraly Jiee Ghue Gy > @ 05 e iy S
2 Siwgn byd 2l gjlwabaly oged (pl o (n e
slodlus Jibos (sl 15 o2y e s (Y] Lbbigo jo sljyo
cin gl de ) b oty VOl ;5 [F] i Loy (gl i
oS h 500 )5 slue ey o5 (pl Lol g oYU By (glyls
(o 5 slagl el b [0] hlSen 5 Sluwl e85 )8
Cud g (25 oz 232 93 (AT (S Ng d9ame sl sy sl
I o b )8 Sl gangd gladlus Jlos ly 1y (25
Nl (U e 5 U5 ol @y B Gz clagls
slodlus oo () (255 ke 52 o [F] Lkewos 5 o il
J> S b ol Rimgh (S S iledaly laio i

dodko -

Jo sl b lasjp wgioe lial Ghgy il olej )
255 Jke bz (b ol 3wl o Slgidiy sldxiio (gla Allie
N slass o s pl bl 581,68 an § Jelepn 2)5 Cuinn
S IS5 3 I L g a4 | o B ey U
Sy ol sl o plpls [V] WS o lag (iolidl 55 Gl (glas
S (05 Culuss 9 Vb €85 (gl & (gjlwalasl) sladiss S0 (428l
4 ole o bl ek )0 .l a8 \F plool il dnily s xS @
el Ghe Sl G el slag e

by =i 0 0 Jhee laglie Gy b Ten)d slanls
S b sloegy iyl () 3i05,08 1 lanls ool 25 0

dL&wu.suL’ dé\;b).: LY LS’LQ"P .JJ)JU.Q w.m\)s dgdoe d|)>| B \jl)

1 Mixed finite element

mo.karkon@iau.ac.ir :olsle jboge oriwg ®

(Creative Commons License) _edpe (Sl ule cov dlio cpl ol oad odly pu pal oSty @)l & 156 Gois 5 (Bsimng 4 cuilpe Goi>
BY NC

Asleyd s https:/www.creativecommons.org/licenses/by-nc/4.0/legalcode sl jl (uilud ol Slija (sl ool 48,5 )5 las yoy2ud )

VFFY



VEOA B VFFY docio VF) Jlo & oyl OF 093 ¢y pwol CSilSln ubies &yt

1,0 [f}{o}]-
J (o) -3 oy - )av -
[ {w) {f}as

t

Sl St oot iy 4 O] o{U} g a5

4 dly G395 {8} Jole izen Mbl oo cjo (19,0 LD
32 09 0555 4y i 35[C ] ey e ool sl Jae
bl lge (e (ogSine e pile cul ol S5 LS w30 g
Sy 5 o> gy S ‘{tA} oD} sl els cuizen
09 el 5 5 slaghise e e (LB 1) e 2 0)ly (v
G ol ol x oy Gl Glagys rzed 5 lxio e

by ) O ygo

{O‘}T={O'X o, TW}T (v)

. | 0
[C] :E —V' 1 0 ((5)
0 0 2(1+v')

g BE'=E (o i sladlus gly 598 iy

s E'=E[(\=v") st g5 slodlls gl 5 V' =V
cops iy 4 s Ve E gladde il =v/(\-v)
a dnly GBS by orrer Wl guly Cond g SluniS

23)51 Cuwd 4 )J) Sy & u‘?’uﬁ |) Ls’l>‘bl>

inlejl slagl 5l eslanal b [V] oL)Sen g 98 blodiius 0y S o
S lp ) (25 A i o S e )80 ) )5l dblee oS
Lo [A] ohler 5 o comizen 00y Skidy (slaxio slaojls
Silodaly ) (A5 s¥gn (255 5ke sir o 0ged Gres 5l edlisl
b5 )5 WY 5 2,5 A Vb 4y celbe o i ey 1yl 108
Gl 00 03,8 (15 (Ngn U g 58 dulojl clagl ) odlal
Ables &S (5,8 (] iS5 slagl 5l edlatul wunl S LLs [A-1Y]
Slaiio laojlo 393 slipl Jdod sl iS00 )30 1) )83l
LY 9 VW] ool sy I8 4 555, Sluoals
il isalm Sidn lise 93 Lol (6,5 @ b cllia ol
Auwyo pbul a4 (ol ax 3 VL e cua lais cp S
092° 2y 5 G5 Glive ¢l Sile (> S sl
OMee 028 ol jl oslil (glox (ooloiudy s> ) bl e 3>
P28 B ey 2 Sl ewihid bl (Lo o b i
2 sl G5 oo clagl oSl )il ablas o L oged
OPee 25 Sl cnl (o2 ) @ b i S o0 58 ey
092 el Gl lp oz Ml Cand 4 s (g S5
P 29 B & Jelepn (25 il e Cbg sl G ej
Jaiws o lie 4y Caus il SKida w)d (0l 9,5 Lol b cdold]
iy s> (2)5 gy g g (B paple (plrals g S
s S g By b Ui el pbuliw 3,08 e 48 L yied
bguol g a5 aled Julos  5e5UeS ailis Siw slaallus ¢ oolpidiy
ol 38 o duglie G Kdagh plo (25 Cudn glacke mlo b
) e sl o ) (3l j2 (VL o <85 lagygej]
Sud (25 4 ol o2 05 Yl Coples iz MmO 0 (LIS

g o ol agygasl ol sl

PRl S o2, (b -
o oloity s dgame gl (gilwdlay oy Wlie ol 5
05 5 by Gl (U cnl ) 25800 edlitul nlmKils
sl danly e 23S e 9 Sigd oo ol ol lare e 4

b o pj Gygo & (b opl b g ojle JS atans wlo)ls (ol plo

1 Hellinger—Reissner

VEFY



AFOA BAFFY oo VF ) Jlo & o)losds DF 093 ¢ pusS yrol Sl wdins 4 s

L (1) b g slipl Lbe sladlaly 4 L cuwd (gl

dfox 0
i cplply 2355 ol plrale 5 5 Jitae Glaglise & Cond eV =[L]{u}=| 0 o/ay {”} 5
Soleals 5 {BY U5 ol Jatems oy 40 S (8) (sl ofey ofex |
23,5 o yio {D } 5

oI, 7 09 el 5 G5 Sbplie ogie lil iluda) gl

a{ﬂ} :[G]{D}_[H]{ﬂ}zo (W‘) Csgs ) Q)?“’“—!O‘}’.@ ‘)

oI r r to}=[P1{A) )

S =1y el Y = o

fu}=[¥1(D} @

4 (B} o5 e Jsaome sloa o oy (W) doleo & d2gs |
23)5 0 My pj &g

9 o0 bl sl wwiy @ [N ] 3[P] (S9S ledal)
(pr=[H]'[G]{D) (Va) B} sl for omizen duilise 32 09 el g gl
o Sl Jop g G5 @il glaJole o 4.5 {D )
el alolee ol V) omtl 53 (A) 5 (V) coloalasy ()3 el b iz 5

b dgdoee (¢linl dblro (VF) (calasly 4o 18 ¢ b ) .. . :
)’.rv§ 9 S ( )L5 1)) {ﬂ}d) [l :39‘35‘“9’)&}&)9“’4".‘&‘ dd\]L\.uAQP&_i’

2l oo Cawnd 4 ) O ygo 4 Alne

[K]{D}={f) ) Mw={A) [GlD} -5 s} -V (B} @

[K]=[c] [H]'[G] vy el odess [H ]5[C] stoimsle s dsken o

Mg oo Ly 5 O ygo & {f } =3

Cusl )3 s w3l o sjn e L ple [K]‘(\V) bl 5 [G]=J [p]T ([L][N])dv (V)
hol 09 U5 ez (25 slalbale 3l g dls o 5l a8 V
2,5 Clas ) S jgo 4 i o0
[#]=] [P] [C][P]av M)
{o}=[P][H] [G]{D} (OA)

{f 1= L [NT {f}dA (W)

VFFD



. Y
~D}:{uxl uyl ux2 uy2 uxS uy3 ux4 ( )

T
uy4 uxS uyS uxé uy6 ux7 uy7 ux8 uy8}

5 & dn e Slase oS 3 N Clygy claal (owzes

2l pj ©oge 4l

N, :%(1+§f§)(1+77177)(§j§+77177_1)

for nodes j =1,2,3,4

N, =%(1—§2)(1+77j77) fornodes j =5,7 (¥v)

N, =i(l+§j§)(l—n2) for nodes j =6,8

s ilie o an g chatie (£,77; ) oS ) 3
Olaie oS g X =Y (JS Glaisw oS oy daly wul S5

b pj Cygo 4 =17 dx (el (b

x=2 N, (&mx, . »=2N,(&n)y, (¥Y)

Jj=l J=l

2) Sope @ olge ) (V) Gy slagl suie (puizen

:.))5 uL.«.o
ox o | o0&
=[J V¥
ov, [V (¥%)
oy on
x N, ON, R
of o0& | &l o og
[7]= =2 (v)
ox Oy ‘S| ON, ON ;
&y . }
on on on 7 on 7

4 7 3
® L L
n
95 > 96
)
L o
I 5 2
X

Sl 2 Sl s3a ) UK

Fig. 1. Proposed 8-node element

3 lal glaw Y
Oee sl md o ol 1) (oolpiiy (25 cudn sV JSS
S St e gy sloal §) (olkidy o (B eals
s 09 lals gl calple D580 odliiel QA Jolonn

by 5 Ojg0 & Ol

ux
h={o LW leo) ™
y
S
1 2 3
O N, 0 N, 0 N, 0 N, 0
N, O N, 0 N, 0 N, 0 N,

VPS5



AFOA BAFFY dorao V¥ ) Jlo & ojlasd O 090 ¢ pusS yuol SOl uwiins 4 puis

S bl oyl sl (liwod JB 5 ©yg0 4 b @) cnlple
V] s &) e g b

¢k+2 = },2 Im

G =1 Re(zk)

( )
¢k+3 :Re( )
Pris = Im(z“z)

U5 @l s dlea VO k=, ), Y, Y Ol b diged g 4

ord 3 5 Sopge & il Jareme Sacuys Il Gre b )]

S o )18
= +
k=0 = ¢ =3ty ;
¢, =2xy
$=x>—y’ (YY)
) =X Srxy?
=x"y+
=1 ¢ y+y?
¢ =x’=3xy’
—3xy y
go=x'-y*
2x Yy +2x
o2 = ¢, = y y ;
go=x"—6x’y’+y*
¢ =4y’ y - 4xy
—2x7y? =3xp*
k=3 — ¢13:3x y+2x yS_yS

B, =x"—10x>y > +5xy*
ds=5x"y —10x°y’ +y°

L olpee e 09 O e sl U8 @B ) oS B L

25 Gl pj ©jpe

VEEY

;}? & oee O‘M _f
Ables (Lot gy jl 5 (e dusle (gl (oolpidy s>
leo ) 398 0 20> oy mio sballus p WSl Jasynd

Slioe ) g oo oy Sl S o b Jeuilyind

ot o' o'
V4¢:—?+2 2¢2+—i5:0
ox ox“oy~ Oy

il oo o b sl o "opl 55 b (@ alaly ol 5o
D033 33 ) Spgo & e Fuly (b (sboaaie > V=
DS )l

a,r"cosn@+b r"sinnf+
p=>|c,r"" cos(n-1)0+ (vv)
" d,r""'sin(n-1)0

by Gy obgl abaly (30 B 4 b

z=re'’=r [cos(9)+i sin(@)} (YA)

z" =(rei6)n =" [cos(n@)ﬂ‘ sin(nﬁ)] (V1)

Fosls ©ygo dbles pl (YY) by 3 S98 selaily ISl b

WS o by 1y ;5

p=2o{rel(a+ )z Jem(e,vra ) ]y

n=0
2

rP=x"+y’, z=x+iy

1 Airy stress function



VEOA B VFFY docio VF) Jlo & oyl OF 093 ¢y pwol CSilSln ubies &yt

Of & Ay BT 9 5] GRS SRl Y Jgus

Table 1. Airy stress functions and related stresses

Ty O, Oy 9,
Y v x +y
-y Yxp
Y = 5 — 3
-y sx YX x4+ xp
—Yx Yy 7y xy+y"
7y £x —£X x —vxy'
—FX 7y —Fy Yx'y—y"
VW' —\vy' xF =y
—sx' =5y \Yxy \Yxy Yx'y+ Y
V¥xy \Wx' = vy VWY —yvx' x—x"y 4+
Wyt avx Y¥xy —Yfxy 17y —fxp"
WX yHivy" v vyt —fx —vexy” X —vx"y =y’
—\YxTAvxpyT ovexy+fyT awxy—vey' Yx'y+vxyt =y~
FX Y=Yyt XX —fexyt Y +7ex)! x* =1 x"y" +oxy"
Pyt =vexT  Fxy=YyT —fxy4veyT x"y =\ exy + y°
o o’
2 o9
F 0 Si; o, 3)2,2
LA I R 1 R B b8
7, g , 5
Ox Oy oy

Sla gt S3bis Jspme slacays oy { B G55 s, 3

ol 03l N Jgan 33 o gl des V0 (gl ol (5 @b 4 al

YFFA

("7)

Dgdee Clus pj ryile Cpgo d cjp (S G5 (e cplpl



AFOA BAFFY oo VF ) Jlo & o)losds DF 093 ¢ pusS yrol Sl wdins 4 s

AY

e
P=40

AVAVAVAVAVAVAVANAN

12 12 12 12
i \ / /
16 4 3 20

—_ X

3250 B gy 05k Y S

Fig. 2. Cantilever beam under shear loading

S sl 5ps00i0 Jlad ) cise ol > 4 ) 4 (o0
N a4 lamio claciy S g cdy i lp oS cul Sl
Dgyse ) & duglie sl pj (25 A Glasir @IS g

D] Jelepn 25 et s 1-

o Slaie by bodd (il sl ») cuda g 2-
(W] (ompe

e Glaie gy bodd (gilw daly (25 cuin o> 3-
DA] (2 ye

DAIYL asye Bolo (25 cudasie 4+

W] o i slogl aby 25 cuim el 5-

[Ve s W] o)liel (oo gulo b ()8 cudm sz 6-

[VV] etins 65 SIS0 L ()5 coln s3> 7-

sy s Ailo 0l SO glasis oled &S cunl S5 LLS

Al e ol3l 4 )3 V8 6,5 A (gl

i A i e 5= <
@ig b P =% by )b 31 pj ok 5 G lanl ggeil cnl
oo L =¥A b (s y5 ol 235 e s g, =%—%
@ aSed ol yon 4y 4 dwrian ¥ S5 Bl o £ =) Culs g =Y
G g (S o5 it A3 0 LS |y oo (gl 4y S
Aiboo V=2/Y0 g B =Yecee Cipa o 8 dlas oguly,
2o losir 5 oloidey 2 lp A A ) 53 gy b sl L
d9 0 odalio Jodo cpl pwyn b 33,8 0z Y Jada pd o Singhy
@ ye e b odal Cundy Fusl g sl YU jla (o3l ¢jo <> oS

VFFA

o & ditunly o o GBSl ow o 5l a8 pladles saieS
‘5)59l> d‘ﬁ uélf &g P}Y Lgl.bd\lo.} Slase .l £ L;Lbd')lﬂ 4>
@ pj by g e ple (45 35068 g (o33e o lubl

V0] ] o cawd

m=2n—r (m)

4 3938l Bb e ol ) o s < cacllar Lole

BLol 85,8 salo)lS sbul s o pus S > slacls (0 )
scdls ol Dged Bl |y adls pl Wb gy copl 5l 25 0 s> 52
sl (F=1) o b ply shomivo sallus 3 o g <8 >
Aibe Z e 35 Sl s g Jasl el g Juls a5

m>n-3 (v%)

(Y7) gablao by o5 (Ko slagely Jlod (35265 Jgome yob &
£ 3> u?.‘)"l“’ [\;]))91@ NZZs‘)B £ 3> Lg‘)’ ‘) Cdd ‘)))JYL? s.))'l.w D))a]ﬁ ‘)

KLdas ‘_gl:oayo}i -0
DyS o 38 b 390 o3ty s 2 By isu l
b ooleidiny =32 gl 533,50 Jelod (lamio ol diz jglata ol (s

Slaygnil S sl 153 LD 290 on dulin ol Sutingy ol (slaaly



VEOA B VFFY docio VF) Jlo & oyl OF 093 ¢y pwol CSilSln ubies &yt

w55k B gy 05k 8 8 pleale Y Joaa

Table 2. Tip deflection of cantilever beam under shear loading
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Fig. 3. MacNeal’s cantilever beam
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Table 3. Normalized tip deflection of MacNeal’s thin beam for different load cases and mesh geometry
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Fig. 4. Cook’s skew cantilever beam
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Table 4. Deflection and stress of Cook’s skew beam under unit shear load
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Table 5. Normalized tip deflection of a thin curved beam
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Fig. 6. Thick curved beam with 1x4 mesh

Yoy

b g 23,5 o Clus o1 3lj] sl bl (ooletiiy j2 0,0 L
2 bl Wb olals oy oo b 0gd o dunlie (JLdos Zuly
ot e3> (Slp jud 00d Hloigy slagusl b oV, =</ AAF

8 &S amd o il Jada cpl iCaol ol 253 0 o 3 s i plu g

Al o YU sl (o3l 5o (] Sed o pun g

O S A A

msud odsed oyl 15 odlpiidny s B lomiuw sl el jd

S50 oawed 0,b i 0O JSUS
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Table 6. Tip deflection of a thick curved beam under shear loading (v = )
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Table 7. Tip deflection of thick curved beam for various Poisson’s ratio
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Fig. 7. Cantilever beam with two elements for the mesh distortion test
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Table 8. Normalized deflection and stress of cantilever beam subjected to a pure bending for different values
of the mesh distortion parameter e
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