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ABSTRACT: Since the analytical methods have a low accuracy and numerical algorithms are time-
consuming with hardware limitations, therefore researchers are interested to develop models with high
speed and efficiency. The reduced order model is the method that could be an alternative approach
for simulating dynamical systems. These models are mainly developed based on the calculation of
the dynamical systems’ effective structures. The dynamic mode decomposition method is one of the
methods for calculating these basic structures. In this study, using this model and based on the principles
of dynamical systems, a reduced order model has been developed for the Burgers equation. The results
show that if the Reynolds number increases then the effects of the viscous term in the governing equation
are decreased, accordingly the required dissipation of the system to stabilize the numerical solution
is reduced. Also, due to the incompleteness of the modes which are selected in the order reduction
procedure, the dissipation level of the surrogate model is reduced more. Therefore, by creating an
artificial dissipation called the eddy viscosity approach, the stability of the model is enhanced. Finally,
by comparing the results obtained from the reduced order model and direct numerical simulation, the
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accuracy of this model is proven.

1- Introduction

A newer approach to extracting the basic structures of a
dynamic system is the dynamic mode decomposition method
introduced by Schmid [1]. Dynamic Mode Decomposition
(DMD) is a post-processing method that is extracted from
the original data information related to the dynamical system.
Today, researchers have turned to this method to simulate
turbulent flows and nonlinear equations. For example,
Rowley et al. [2] used the dynamic mode decomposition
method to simulate the flow of a large-scale jet. Hu et al.
[3] also investigated the flow of a centrifugal compressor
using the dynamic mode decomposition method. Duke et al.
[4] investigated the growth rate of flow instability using the
dynamic mode decomposition method.

2- Governing Equations
Berger’s equation is a differential equation obtained by
simplifying the Navier-Stokes equations assuming the
absence of pressure changes, and the nonlinear term is the
basis to address the turbulent behaviors of flow like the
Navier-Stokes equations:
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Where Re is Reynolds number. A numerical simulation of
the Burgers equation has been made by using the first-order
upwind method for the nonlinear term and the second-order
central difference method for the diffusion term. Also, time
integration is performed using the fourth order Runge - Kutta
Scheme.

2- 1- Reduced order model based on dynamic mode
decomposition

Reduced order modeling is a technique that can reduce
computational complexity or computer storage requirements.
This can simplify the analysis, control, and design with
alternative Reduced Order Models (ROMs). Finally, the
equation of the reduced order model will be obtained as
a first-order ordinary differential equation for the time-
dependent modal coefficients:
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2- 2- Stabilization of reduced order model using eddy
viscosity approach
The system of ordinary differential equations obtained from
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Fig. 1. Comparison between the Prediction of Standard

Reduced Order Model and Direct Numerical Simula-

tion of Burgers Equation on x=0.25 at Reynolds Num-
bers of (a) 100, (b) 1000, (¢) 2000, and (d) 5000

the Galerkin projection to model the dynamics of the system
may be unstable. In this study, as the Reynolds number
increases, the viscous term in the Burgers equation will have
less effect. Also, neglecting the effects of some modes in the
final form of the reduced order model is an important factor
in reducing the required dissipation and the stability of the
model responses. To correct these effects and compensate for
the lost dissipation, an artificial eddy viscosity term is added
to the model as a linear and constant term to guarantee the
system stability:

Bl = (v,V’u,¢,)
(3)
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3- Results and Discussion

In this study, the direct numerical simulation method was
used to numerically solve Berger’s equation, and the time
step was assumed to be 0.001. It should be noted that the
numerical solution of this equation has been done for one
unit of non-dimensional time and for Reynolds numbers of
100, 1000, 2000, and 5000. To investigate the time-dependent
behavior of the DMD-based ROM in predicting the response
of Berger’s equation, the results of the reduced order model
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Fig. 2. Comparison between the Prediction of Stabilized

Reduced Order Model and Direct Numerical Simula-

tion of Burgers Equation on x=0.25 at Reynolds Num-
bers of (a) 100, (b) 1000, (c) 2000, and (d) 5000

and the direct numerical solution method were calculated at
a specific location point (X = 0.25) and its data are given
in Fig. 1 for different Reynolds numbers. As it is clear in the
figure, for Reynolds numbers greater than 1000, the results of
the reduced order model diverge, and meaningless values are
obtained that cannot be shown in the diagram. A comparison
is made in Fig. 2 between the results of direct numerical
simulation and stabilized reduced order model. So, by using
the method of stabilization of the reduced order model, the
accuracy of the results obtained from the model at different
times has been seen for all Reynolds numbers.

4- Conclusion

In order to develop a physics-Informed reduced order model,
the projection of the governing equation in the modal space
has been used. This model at low Reynolds numbers has a
good accuracy, which is due to the dominance of the diffusion
term in the equation and the effect of increasing its dissipation
effect. In this situation, the results of the standard reduced
order model based on the dynamic mode decomposition
method have good accuracy with the related data obtained
from the direct numerical simulation. In the development of
the reduced order model, the approach of order reduction is
based on removing the effect of some modes. This issue is
also an important factor in reducing the required dissipation
and the stability of the responses of the reduced order model.
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By increasing the Reynolds number to higher values, such
as 1000, 2000, and 5000 in the present study, the required
dissipation of the dynamical system is reduced similar to a
turbulent flow. In order to stabilize and compensate for this
lost dissipation, an artificial viscosity approach called eddy
viscosity based on turbulent flow modeling concepts will
be used as a linear and constant term in the ROM equation.
These expressions are used as a substitute for the effect of
modes that are removed in the order reduction procedure
and are similar to the turbulent flow simulation approach
for modeling small-scale structures that have a lower energy
level. Therefore, the reduced order model reaches a stable
form and will give acceptable results in different Reynolds
numbers and in all time steps.

References

[1] P.J. Schmid, Dynamic mode decomposition of numerical
and experimental data, Journal of fluid mechanics, 656
(2010) 5-28.

[2] C.W. Rowley, 1. Mezi¢, S. Bagheri, P. Schlatter, D.S.
Henningson, Spectral analysis of nonlinear flows, Journal
of fluid mechanics, 641 (2009) 115-127.

[3]C. Hu, C. Yang, W. Yi, K. Hadzic, L. Xie, R. Zou, M.
Zhou, Numerical investigation of centrifugal compressor
stall with compressed dynamic mode decomposition,
Acrospace Science and Technology, 106 (2020) 106153.

[4] D. Duke, J. Soria, D. Honnery, An error analysis of the
dynamic mode decomposition, Experiments in fluids,
52(2) (2012) 529-542.

HOW TO CITE THIS ARTICLE

DOI: 10.22060/me;j.2019.15465.6128

M. K. Moayyedi, F. Bigdeloo, F. Sabaghzadeghan, Stabilization of Reduced Order Model for
Convection-Diffusion Problems Based on Dynamic Mode Decomposition at High Reynolds
Numbers Using Eddy Viscosity Approach, Amirkabir J. Mech Eng., 54(11) (2023) 501-504.

503






75 ool SlSo (owigee g pui

VYA L VYA Gloio 0+ ) Jlo )Y o)les @F 093 ¢y puol SlSlo (uoiao s s
DOI: 10.22060/me;j.2022.20801.7327

dlast 43 Swoliad 390 4.1}4363.3 oo o luls —59.éf Adlro dbwllad, Jowo 5, LL )]
lals,S a3 3,509, 51 5o LYL jWs0,

' Bal5Elus sls b FPuSy anbls M ce pblSserxe

Sl o8 od oEils (3l 5 Hllire SVl Soliys L5 sy olSilesl —)

ul))] 4w3 ‘w_é olKaisly ‘@Laﬁ P?l’c 9 ua.n) ).m..m.:l w&a/w meJLO)’l -y

18,5913 ey ,U

A RRIRLVAY RPN
VN XY 26,5550
VN VIVD 1y
VN A+ 2o ST )

1605 Clols

Seeld 390 4325 (b
awlSas, Jao
NN
3555 les

Sl )G slacadgime 5 139 olej 4 9 (oS (Sla ey dgaome 3l sl 5 (aly < Sl & roMS
lod gl (g9) 5L lasily g o b Jo (slagsby, g e dnwgs 4 liioes 1 LG Bluws 13 poguad 4 (s30 (sl by,
o Jl (Seold glapiusms (Silodend sl 3Nl (65N S wlSas) gy ol ape (225 g, dagSUl ol Sl (S
525 g il o dnog (Saall s 5o (Sl dpslcs (slige 1 Bdas dtlS ag) oo il Sl Sl
Jsol » e 9 o5 b Sl ool b iagy ol 3 adlioo (bl (sl )il (ol dslone sl | (S (Saliad 390
e il g o dimd po Ll guli .Cawlodds 031> dnwgi z3) 5,5 1 doles (gl dolSasy Jae S (Seolind (sbopitmm
350 42lS (5338 > (53l (ol s 3 p3Y SMagsl oS elolns 13 39390 2303 31 8 31 p2alS sl
3903 e Sl (28 ul VL o)led b ladge I Blo g aliene )3 008 (12,8 sladge (1395 Jol > &1 (pizmen
b Caled 53 29800 s (3l il 3 (o b5 Ca )l oS (e giae M S, obrl b cnlply 28 Salss 1y

D90 b Jho oyl €8 les pains (634 (¢ jlodunid gul 5 dialSad)y Jho 5l osel Cants ol dunlio

«Yoleo oyl 5l edlainl b oS b 3 068 o obul |y gyl sla i)l
e eVl o b s S s ol ¥lee I ol IS5 &S
> e 38" st ) Sl S8, il (2 3 Gl oo caitn
i ad) Gl Jae e gilede slaghy) cow @ gL Riagk
Sl gl S yials daulSas, Jlo dawg jl an S0
a0 b adpe Jials b (Sealod glapius (giloand ;5 ool pl .ol
olyie 42 o 5 Vgano 45 35 o dulome ol Jas | a5 < Jao 31
Gde 50 Cawl B Las  Seolod i (pl Dgd 0 3L dtwlSas, Jio
Olyie 4 555 dble S (giluand 1) J5 3j00 dius (5508 o
Slggdd Hlid p 5 Bls b S gk gl Y¥oleo 5l o o0l dseud
2l oo do5 9 S yod )5 Lol p 5 dus (gl 5,5 0 dolee [V Jeuslons
iy S¥oleo (b)) Glasuio 4 g L e 5 ol 5l S j2 &S
e g dblee § 55 dolee s o sl |y olb k8, S

cu.:‘).:Lu WS g 1) u.i.mi Jolo L;»Lh:b..\.,.b D952 )Ua.ul o= Cuws)

1 Reduced Order Model (ROM)

doddo —
ol Sl o] duaslie o Cul ol oy oy il Gl
Sl gl 6 sy ol il Jhw Sleogad Slugdl
W51 s 4yl o3l 3 S0 d 005 o iluwn iy pend ) oS
lagiluosls 5 Slus B L wiil b adlbs &l Julos (slaby,
el g2 2alg5S onomn Plue (955wl uy distuad ol yon ()l
S paians (5308 (ildenss Wlodyg] (g9 (5305 (sla by, & e
5 e Oygo & Yl ol 3 &l wiwdl ol s by,
Silodnd (Mo dliin and U gd o Jo (silode 455 (19
Sy Slwlre Sl S92 pie Jd> & g, ol jl eslil

abaly jagn) dae pow lg b (ilwand ol plsl aje e Ses

Ol & e s Sl L Y gty eolis 55 5 039 YUy s

(S Jds 4 (oose slagilwand ;> S giwk el Yol Jls

moayyedi@qom.ac.ir :olsle soigs oding

(Creative Commons License) _edpe (Sl ule cov dlio cpl ol oad odly pu pal oSty @)l & 156 Gois 5 (Bsimng 4 cuilpe Goi>
BY NC

Asleyd s https:/www.creativecommons.org/licenses/by-nc/4.0/legalcode sl jl (uilud ol Slija (sl ool 48,5 )5 las yoy2ud )

yeva



225 Ul WS e i Slojm e e e 4 ] S
b ol Seoled ol 4 by sla Sy alseil sl (Seeliss 550
S 9] oty sl oodls ) aalSas) degasme ;S ol diejls
b 4 Lol el ppe (65591 (slgiome &S ol )i e anlSas, Jue
@ slug) » oBgR ol 3 s BB (Seels )18 wrd sl IS
Caslodd (8ymo [A] daddl Lawgs aS o0 35 403 Suolisd 290 43355 gl
Iy gl G Shy Slyce & oad Sl (239) g 4 sl
‘}31 ..\chl):id.wl Oolej QIMW){5£5>A;J>L{GD>§L5LMA|J
Sl (o) (slp Ao dalsie 4355 (Bo) (Rl Gl @ ()
gl leand ly Qe 0ol Culord (Byae (Jad s
Shp plde p ca K b ilwand Glp D] e 5 Js)
oasde gl imgh )3 63,8 oolil (Sielind 390 4355 b9,
b g by &Y b gy e laylislo (ol clazge &S 13
Sloslazwl b g0 [WNV] ohlSen g (LS s o plis 1) Jlasd Koo
901y Sob 5o AY (99 S ea p (Swelid 390 455 )
099y 5 edlael b b ys i Kol dlan )] adlllas j3 .50l JL3 o)
ol IS b 390 Sy o5 5l Gl 5 43 o Sl 390 2050
s 5y &S g Gl Gl 3 Glug L ke o8 50 252
4355 hey il eolaiel L VY] Klgn g Sisn )00 5939 S'aid (s5l> o
090> LLU gl j Jolbs balisee gl olise JyuS 4« (Seolns 390
g0 355 gy 5l ealaiwl b VY] o)\ Ken g Sgn aiidly yy jiaa0d S
o] gl 315 518 sy 0590 1y Gl ()bl 05) &5 ¢ Sealipd
935 las iy F 5 g pasiiio y5b lgel LU S5 48 amd o oL
OSee sy 9 slo)l 3 gge wile) (g pas (> @5 L glye!
g Elyel 4 Cand 655)5 glad (b Gl klyd s cul
oyin Sy 9y oy eide) ol 1 ootz b 55 V] Sl ¢ Lo .zl
Slogs 395 Sl b (oladge (alulid & 3850 9 315 )13 (cy 2 3)50 )
4355 yogy » s Mol jleslawl b VO] ) Ken 5 SSg8" 85050 5
Wbl e oligS (S pSILL (e 69y 2 adllae 4 (Snlind 29
OHKen g9 5n 20y Gl 1y (Seelod 250 4 jo0 yog, YL Cdd 4
O jlodlatnl b3S pe 5l 125 sowpeS o gl swon 4 g [V
Jesl b a8 5,8 jasuiio byl adllas guls a3l (Sealis 390 455

oS ooy a1y by sdge (loi o ybgy oyl 5l eddp Mol (63,550,

Ay aiasl by adllae 4 5,5 5 dolee I odlitnl b (goaxie ldie
Q1 550 dilee adllae ilisen slag by opilinsS (Jlie g 4
AMB] glas dpwls (gl 1y ool gy S [V] 3,150 5 lagy [V] 2D
2l b ] awlio 5ol sliin (oolul 50 5,5 dblee ,d sy
IS Sob Sy Seolind bawgh o Cuow dllds a8 ol L (gdae
Cpiomad g 313 S plesl b dbol slaan]d S 4 5l g 3¢
Db Mol ws o pod (g wsSae b Gl (Koo o Cans Alid
oolital | gy <S5 555 2 oles (sl 1y s3e ooy [F] olylSam 5 Uyl
ol 53,8 e 0 ppie M (g9 o (1S (slagpelide g, ]
b Cinogs (sl |y gy ol 5 oobizal b 5,5 alsleo o cotal
silodte sly 3,809 025,08 31 S S oo b il b
Selaie 35 ol Mainge Soleie 4y o5 (e A5, g (Pl
@ljlednd (Siom (Ll el & cwl aae by S A
ol |y ol oo 5 a5 Slasbre SVl Saald wilo
S 0] oY (sl a3 4y atug dolxio a5 g el Calodg]
o329 sdge By jlolitul b by slapite B9y cul 3 23,5 o0
wile aiie; 5 )l 1> 2y oo < g, oyl Mg oo oy
gy Jsa amngp Al g laodls il oSl gy S
il slaasls (il 5 50 513 gyt B S 0
Ohen g olf iy cpl > adlioo oo g (wgildl g o2 by jload
P e Seelud 090 ajod g Ay deleie 45 by pn @ [F]
LGP ey g At dagl Ghegg )3 sl JUK o be
2 V] ohlen g gl ccowl ond @3l pbys (gilujl 5> gy telaie
S35 porde slaojle LS g 4jo0 5 dlge elsie (il 45255 (55,
e stimgfy > 0ol plowl gy wihdl b b aladg) 5l
Olej & dtly 5 syl wwlSas; Juo I [A] (B35 Elo 5 sge
2ml358 5 398 Pluwe (gilodnsd (sl dinge Solaito 4325 1 (e
5 eolitl b (gl Jre VL cds 5l ol bl ol .x50,8 eolatl
sbajlbo gl )5 Gaie 3,505, o)l disgg dalais 4525 S,
ol T (Sealad 90 5 ) (Sl e Sy (ol
sodly leMbl 5l aS” canl (B3l0p s Bds hey S (Seold 350
2 glye 4 050 ) 39 g 5] Ko s 4 pyn o
el b o gl (sloosls 5 35, 155 e 3 Sl 2015 g,

1 Proper Orthogonal Decomposition (POD)
2 Dynamic Mode Decomposition (DMD)

YEA-



T B YFVA asio VF ) Jlo ) o)l @F 0,93 S yuel Sl pwiigen s

s (6348 (6 jlwdems —Y"
ables (e3ae o 5l daasles loa b adgl (claosls 9501 ot ¢l

ol (gjlwlin )8 duwle (gly jslaie pdy .l i edlaiwl z3) ;53 5

125 T 4 Jol adye cansVl (g 5l das pué p 3

u; - U 4

u ——L i (u; >0
Lo Az ( ) ")
Or 1, Mm% e <)

Az )

ous odltul o3 asye (535 p0 JOliS gy jl 398 (s p 5 sl g

1wl

0%u Uy - 2u; - u; ’
ox? B Az? ©)

4y 83 L BS =Sl g Sl 3 (Sloj 605 U5l sl (imen

aS oud 48 )S IS &y (505 cadllas pl 3 [VA] Conlonds solatul pyle>

55 dblae 3> o b ol 5l ol piis (g200 (Gjluded b
JA] caslosss (oLl o gan Sy

Swolad 390 4525 (g —€
b ol loosls b casl (oalnl (il o9y (Seellsd 250 2305
ol S s B Sloj — e poraie jlSle 4 1) Syj sl L
(bt oy plie dnwle sl ()5 slasdyy wlidie (63,509, 51 b9,
1 oolawl «Bam hgy cpl g0 LS e oolaiwl Jed s Blus plo b
e > Bl 5l 45 «(939)5 slaodly 4SS L kil san et S
e Ghgy So Sl ely 0 adlie il e cunts bl @l b
SS9y 0o 2 g Sl (Seelus Cledbl gl gl Jue
I slasgerme gy cnl lply Cuslond 3503 03> (e )
Le5)i8 ) cpl WS oo W (ad ST Jae S L ol ] Ladge
e Sl gilubir (gl gy Glyis 4 sl ooy e &S
sbldlo s jolate & (Jlw gz ile) Jaid)ge (Syoliydptnes
5 USs ardord e lainyse Al Sealyd 5, oxjle Lol
0)leyd (sl 4 5l5 pae o (Sualiad 390 45255 ) 1 eoliul (sl s

L;Lmal;)f!u,.owml;@ J—S'Lwﬁ)] u.’:-)J L;I)JW).:WSB ddlso

YEAN

&l JI VY] sue 5 53136 k0 2551 oty 2oy S o815 55 5
dy90 |y (Suolind 390 55 4By, 3l eolatnl b ol diwgy & o Colin
d90 435 o9y sV Ul 51 ol gl (il 53l )8 adllae
bl dblre yr e Jde S§ g0 oyl sl gile e sl (Seolid
e (gilwdnds Il cunl oud oolaiol o1 9o 5l pols yimgh 43
wlfady Jho dag o g (2 5,50 Adlae) (olmb=dgis doles
bis b (Seold 390 025 jome 03> gy (e e dlee
ol Juo Coleg 3l 485 g0 ai 390 Al S sla S
s 3 oo Sl il (S o (55l a8 3l 5 (S
09 ok 2Byl i il cow bl (o)lubb oS as, cla Jae
Sl (il 990 cnl Jds adloe YU yolie 3 ooy 4 julgin; dae
Seolad 1Sl Slpess pizmen 9 230 5 51 G868 1 (86 (gt
s £o0 ) Al o bdge jl o3l Gl | Lols i s b5
ol (Sn 3 035 alts g oSl (Siolyd s Gl 5l nlS
b g ol 53 oshaie (e 439, Gl (2l STy Caouw 4y s 513
b gl ca il 0,50y p (e (S gas ST porde Sl ol
gl ;3 Sty i ol g 00 Mol ol azslSag, Jue
Syl gy opl cawlio 3 Sas 3l L5 38> > (slaodls b

S ¥l -Y
s Sy Oygo 4SS gk el GVl I oeolaiwl
@bles )3 9290 (Jadp o S92y Jd 4 wul (Jad e (Sl
o |y aidl ol G g s pogad 4 5 (Sadl porde (g
Yol (gilwodlo I a8 Conl  uwslyass dolee S 5,5 1 doleo )8
Syl (slise g ol sty JLtd Sy 3525 pde (155 L S gtk gl
(S gk gl SVoleo Ailon ddlee oyl 5> (Saadl 4 4 ola, s,
& e b 8y 5,5 Asken o gl ) Al e bt
— 150 &Yolee (gl oLl 3yg0 (sl gy dld uS giwl gl Y slao
Sl eslaw! cplplo aius odlaiwl JoB 35 dolee opl (gly \fﬁ“" oS gl
oleo slr a1y orolio sy ptalesl 590 Gl lsis 42 5,5 Alas
g 4y da 0igds p 8 3 alales (el salss S gtk gl Suail

Dy dnlgd (V) dayl,

ou ou 1 &%u
2u St 0)

+ - 7
ot "9z Reos?



VFAA B YFVR dscio OFe) Jlo ) o)l OF o5 eyl SlSo siae dy piti

S =U0TAUsSWIW!' = UtV ws! ()

37 ).s.)l&o s Ul?’kf o MLL;o A u»))JLO d;l.u.uo Su.w).sl.n

Sy, = py,  i=1..,M ()

it 5 ilo 03ag plia i g 0329 500 Sl y; dlay ool
P UTU Slon g le 093 0poU 3 dasly bl & 5pg0 5

..\M:,\lb|9> odld )I)B dolso S Crow

USU Uy, = Uy, (V)

2] Jaled Cunds yj baslgy cplply

UsuT = A (WY)

AUy, = Uy, (\v)

o rle 93 0 o5y polie 5 Ml o A ple oy slajby Uy,
u,.:s) )I o.)«o] Cauwdy L;)KA Lglb.)yo UJI))L’"‘ MLL;Q H’lb ).JI))A 9S
Pgd e Jolb (Sealid 390 435

& = Uy, (VF)

A¢i = 14,0, (Vo)

bl acgommo (5lul 5 e dily 3 e 1) i sl
S e Seolsd (sladge 5 bdgo sloj culps dnlone I o3l b casl

g 5l Gy Gilupgai b Jos cnl 9800 03] o) (s o
Dodse plsl i daly B aled gl 5 (el 350 415

t
@ = @yl (V#)

e S 595 32 Glalefl b g (AT slaosly S0 4 9395
b o pS05lul glallas oy cpo 5l (gl bl odd (5 uSejlul Blg
I lasgorme 4 Jol pa8 )3 2598 (Bl Cunl p5Y (Slusl sl ]
ol 3L (Seolisd 390 4555 gy (gl odly L ylo olan b aosls
6354905 b odd (65l zex ol slaglies IS hog L ile
a8 beodld Dgds o Eg b (2)20 (sloodld b puiius (345 (¢ 5lwdnd ]
)b)g Oly.c CoU cdilumd uLP L;\Alé:x.] L;Lmol.\yo )'I Jbosr K Cygo
Wyly H1y8 K0S @ cd <ol Sloj pB L by led i diled Loy,
G Gyt IV g sl ML (o 5o ©)p90 &0 adlllas 390 i (] 2l

VIN = [vl,v2,v3,...,vN (¥)

o] iy s o sl pli glalasd e Sl V, el ol

VL = [Ul,uz,vg,...,vN_l]
(®)
N
V2 :[02,113,1)4,...,11]\[]
(Jol degome) v (slaland line oy ¢ od cadlSS S oalissl L

g2 a2l53 L85 g daly pgd asgerms) v, slabad lae b

vy = Ay

VN — AN ()
85 JolS5 e Jols &l e ¢ A 315 o
S A s yle 4 @yle 1L (F) dasly (61,85 (gl [A] sl pitacn
455 Ubgy 3l o3l b g 5 yge VN apé e yile il

Do o0 4355 ( (1SS polde

Vi =uzwt (v)
:49.:::.; )J
vy = Ausw?t (A)

1] oo Cawdy i Adlao (A) abasly ydyb s WET 3 UT s

YEAY



T B YFVA asio VF ) Jlo ) o)l @F 0,93 S yuel Sl pwiigen s

il JB g Oyge 4 (pS I o, bl aliel Giso

!

W) = a6, (2) "

b &S wsn Sloj culps al g olgds claabe, ) opl
> w1y Sl doles B 29 Ol (o6 4 gl polie
e (Aliie] 5 bugie (i5u 4 bype bl (5)lI00 L s L)

1l oo Cawndy ) 4ot )55 0 ddlae 3 b ys (glalasd

N

6.(7) x Z%(ai(t)) (@ xai(t) x

1

> Ve(x) +1 x
>V + a'(t) x ZV(U, ¢;(z)) + (vY)
a'(t) x al(t) x > V(g,(),¢,(2))) =

i=75=1

é(v%j +ai(t) x 3 V2,())

Sl Gl SRSy 4 G badge cdiuge dalaie 3o (B9 5

U5 G b Culid )d (ST ke 43z (hey 5l edlael b g diiud tolss
dg0 425 (hey 53 Ll ediee (gilwerls S5y sy Ay L 1)3S
sols (S5sg el Ll ladge s atiS 5t 4 jshalen «Sueliyd
opo dly byl 13 B el o3V dolste and (bl 4l S ey 0395

Do e iy p 5 Oygo & (Sl b (pl Dgd (s ile

= (¢ (@),,(@))" (v¥)

Seolizd 390 455 g (sladge o3l zed5e B 3gb alai
390 425 Sbadge o3l zg3je 3 (VV) by (pd)bo 0pd b
s Salgs Juols 5 Aoleo ¢ Sealiss

YEAY

Dy 0y ol pj Akl jladgl claales 1 o (g5losl

M
Vi = Zai%]’/%k_l (V)
7

Porie s Swalld 390 w0 p (e LSS Jho dawgi (sly
opl p o odlazul gy 50 il e el Pl Ll JS (655l 5 adge
dawg gl Bl sladge iy dolxio i gy OBy calllas
LS o Sy (651 L) 6531 s Jloges 5] atulS 4 sla e
g 03955 ol Cupold (gLl (Seolnd 390 4 jo5 () adge nlplu
5l odal Cany p 3l 3lanal b oyl plis it S SIS0 &) s
ol 16 9 25l sty o 1) 3ge (opms 5531 (W) sy 3o 90
2 s S50 e g daly el o)k Sl Sl ol byl el g
)8 paseie |y 635l Sdge (g 365 390

N = (V)

a; ;5

8l cund pialy 4 olg e (VA) 5 (V) dal) o 4 a9 L

k-1

Ny

QiP5 || H (V)

ladge ()l Camdg lpion fy piie 2929 Jd> 4 (398 bl >
45 sge I oy b g Cuanl 03,5 pasie (flp )5 )

295 oy ol aled o g Al o il (Seelid

Sg0 43T gy (oo yoxe Aolre awliady Juw -0
Slwbre (Shomy Al o &l (S5 alfas; gjle e

u;)ib dleJ.Lo l.s )lf "):{‘ RS u...a:lf |) dldjl.g.\) d)‘L.uo),.,é-S )L; l.s
@S ol |y (b g S (s g 455 Slg e Siml 4y b
g & e Solnd @Sl CuoS @olSas; Jio dawg jslaie
ahy Galat] iz Sy g Sloj o1 (s Slawgte (5 gar Sl

Py 0

= u(z) + u/(z,1) (V)



VFAA B YFVR dscio OFe) Jlo ) o)l OF o5 eyl SlSo siae dy piti

B s S 4y i Liliss olse 13l o Wl e oy s
03 )3 Wy e Jde 5y b ol )3 30 Susub et cloodld b Joid
@l 251y cul A8 Iy B ()l ls @ il b oS Sloj
o555 (Serlss 390 4215 gy 1 (sien (sl e e L
oanliie 35 gy dolito 45 by, J Sl anulsas, slosSl 5
Tk 318 Jgame Jouiliind CYslae g C5 (500 o D950
Syl s b i J18) Gilode Sl g 0ad Jolbs (158
2 eyl g3 53 Al LU Slg oo 29y 00 )0 Al (S oo
e ol jalg) dae polie b g adsl clacdls )3 gl & (J)5e
wlSas)y Jao g mabims (o3de (ilwdnd I odel Condy gols wisl
Mol oo Candy lians HlB) 5| wyd oy g 039 (abate v p DlS
5 Aok > 35 Sle a5 e Wigm £den ol BV J (S
3,9y 5 atwlSagy Jho dawgi y3 3l ol (SMegwl 51 )l sk
03y 0y Wdge (S I Blo (e (Seolnd g 4 ye SIS
Sl gAY Sl (125 )3 wre (Jols j gpo9e ol Cuslord
P g0 3 p 5 sahy dae il b Lol .asl o dtwlSas, Jae Fwly
35U sl s bulys b alie g culd sl oS 5l 5,5 0 dolee
)L.: ))yJMwl ‘).:Lu AJL@MKAJ)LA)QC)JU)L&L;Mwl
el Cul Sao g 00 oS AwlSasy (Suolind i (5L 1y
S Mgiw!

Coid Oile Sl b A plaaw 335 )y sl a3y s

Al 9 bl opl Mol X5 oISy sl Jeols

i ole (al romed 3580 o3kl Jao 3 ' e gian slay S
i)y )5 4 ye GEalS ALTS ) eadils cladge Bl iSile Gl
byl lo (gilodde oly sl Sl e ilwans 5,59, alie 5
A 3)90 ups 9 edlitel W) syl S5y e & bt
s jlgin) e Clite palie il 4 analfas; Jae gilujlul Gl
Py sl odd (08 b o] b (imesy cnl )3 IS ysbo 4 Lol o3,
4 gd o a8l 3 lulis] s, Jio & &S L csuae Syl

8l pj daly 050

B} = (v,V’u,¢,)

B/ii = <Vev2¢i;¢k>

(¥%)

S johailes .ol (gl S o oz lis v, Hlade alaly 93 oyl 5o

1 Artificial Eddy viscosity

(@ (@).¢
2w

() X
(' (D) + (i (2), TV, (2)) x a'(t) —

(& ( ), @V — (¢ (), ¢;(2)-VT) +
(63(2),¢,(2).V;(2)) x a' (t) x @’ (t) =

(6! (@), V") +

i(@ (2), V26, (2)) x a' (1)

2
&lg‘

ool lewslyand dolee S o 4 dtwlS Ay Jlo dolre Colys yd
el salgd vy (loj 4 atunly g0 culys sl Jol 4550

da"(t )
7 Akl] a'(t) +

(va)

ol s duwlee (gl oS 000y (Seolind i Gygo 4 Juols Jie

dg>g0 wl).ao 'J)ifu" )I)B odlazwl D)0 alisee L;)LA) Lghhflf PN J‘.)yo
Wgd e Ao 5 g0 4 (V0) dboles 5

A k ad
] = Aij X¢
Bkz = sz X d)ad
Ck _ Bk X¢ad

1S x5k &

A = (6,@) Ve, (@), 0f @) x ™
Bf = (UV¢(x)ef (v)) +
(61(2).V U,8f! () x ¢ —
= (V26(@), 6 (2)) % 6

F = (O 6] (@) x 6" -
= (V20,9f!(z)) x ¢

coy 0,509y jl eoliiwl L awlas; Jow Mol -#
EFuan glalo S
5 b pt S L (Sl bt alias; jlodse

YEAL



T B YFVA asio VF ) Jlo ) o)l @F 0,93 S yuel Sl pwiigen s

lis pl (gl 0dd duwlore (Suoliud 390 Vol oolaiil b ¢ o Cns]
Condy (s> ji50) JPge culps culord gilujl Hlaizyge (e
Py aBeee gVeoe Neovw 5lon) dae it plie il 4 ol
390 Ve 4y bayye Sloj s cplCuslodd oald (isls O UY la S5

il o dialS gy Jaa ] ol Gl olise Snl
Jio g pebites (9305 (Gilodd @l (Sloj P 8] 5 il
FosSGl (Seolisd 350 i e 0z Mol 5 3 kil awlSas,
9 adiane (338 (¢ 5lodends 3l odal Cawds ol £ JSK5 13 los duwlie
Oinles oy p8 3T (el Voo gy dae 3 skl awlSas, Jae
5 d)lubiwl s, Juo jl ol s o lawlis (casloss ool
Y IV Y Sy sasly gly puiiane (gdas > 5l ol sleodls
aS jolailed .l o odly LS Y JSE 3 Ve e slgny dae 3 /¥
L oawnlie )0 awolSas, Jao <y dgd oo odsd oadodld Liles gl o
5> g wbl Sl e sbaplej )3 pudins 34 > glaodl
@l ()2 b ggdge cnl Caslod, SO (oo |y dlis oSl Sialind
P sy a4 dS Beee g Voor jien; oliel o allas, Ju i Jolbs
Glpley lp & USS g o/F o /Y /Y /Y ol sl A JSS
@ lSas) Jde €B3 g odd od yidw wdodyl </ 5 +/Y /)
S oailen cuslail, ialS Sloj glaplS 3y 5 cislas &g
Gyl g g5 oo 00 Alslas o et iy oo IS b wel skt
g b 3Vl Gloy slaojl o (Jhle 4 b o il aulSas) Jae
Sl Stusgnls Sy cnlods Lo h e ] 3 45 Sosed Ll
bl dolee jd D535 SMpgl py 31 ials ssimd ylis &S ol
Ll )5 3gry SSL Syt /Y loj 5l U b A S5 5 oSyl
uie ) (Suwsnl & Sloj daly cpl ) olisl 4 atwlSas, Jae
lalo) 1 Slymis ol iy e i) &S Casl Jlo 3 ol Cslod,
15 Mgzl 1 & wimd e ol b ol e S Syeo 5L
ol sdord I alslas by 3 dad iy g bl ialS Aliwe
Jols @l & JKb )3 a5 L5 0 Saspdio jalghy das a3l L U3,
alSas) Jio g cul odnlie JBB /Y o U b atwlSas, Jio jl
2 )S1aS o 1S G slaglej ln 1y (egerdal g polaels plio
sl e MolS Lol 3,015 o] Sy 208 3t dlae] s azwls'as, Juo
SV sloples @l ol 5 935 b ol | diass K38 oS

Y&Ao

S 4y Jao cob @)le 3 bl 51 (S canl paseie lile &0
Cod S ulol opl g a8 Cunl Caslie €8s Laas b ol )b G &)
B9y ol b el S (oo BLSI a8 VL 3 ) (e guan
31 otel Cowds polie g ol ol wiew (5ylb sl p3Y (65l e
Slog polis .cuily aimled wlio gusl YU juas ) slael 13 (g5l Jso
ol i 150 5 Gl aliseo 095 o Juolbs (Sualiys 390 2505 51 &5

WSS e asuiie 1y (Seolnd D50 3355 sladge (gylL

==Y
piitne (6338 (& 5lodnds I odal Cawds ol oy p & LiSu cpl
Pgd e Ay (Spelid d90 S p (e llSAS) ilede
) odizal U rilinSls g3 smcSe LU 35 Al g o5 50
Tois 3,59, 3 oolaiol b g g 0dd o paiiins (g00e (g jlodeni
Je il g odel Conty alSal, Jdo oy (slaisu 5> odd
ool Cowds (glaodly Ly yile dcgaso 5,8 oyl jolaie 4y 395 o Lo
Cawlodds odldiw! diwlSas,; Jde (£35y5 (gl palims (o33 (5lwduss
s Silodnd (bg) 3l )5 p Al ase o sl ol adlas
@ Y Cwlodds ()8 f++) Jolee Sloj p 5 0uds edliiw] padiiune
Slael Glil a4 g oloj dnly & (sl Aol opl (dae o wul S5
adgl 5 (gipe oty Cunlodds plol Beee g Yeoo Vewe Voo jilon,

ibioe 2z 4 Aliue )l

u(z,0) = sin(2nz)
(V)

w(0,t) = w(l,it) =0
Voo Jolis Woaly Ly yile 55 5 Adlee puiiuns (g33s Jo> 5
polie Altue > 5l e Cuwlodds aB)S a5 dtwlSas, Jde (6349
2 A5 Kalgs dubre (Suoliud 390 430 gy 5l Juols sladge 0fig
ey 4L o)led (Sald 390 (k> is @ig Vg ) ladsd
o3y Lisled dliwe (pl )3 jlgny dae polie (i g opsieS slp
@355 gy 5l edel Cands (cladge b 4S5 i &S jglailen Calons
Floaal cpl g ausls (5l pdaws (655 SR0aSs 4 Camd (Spolizd 290
sy S5 (ol )3 JoIS o @ et () 5 bl g05 S o2



VYA B YFVA asios 0F ) Jlo ) o)l DF 0,93 « S puel Slo owigen 4 it

Voo jodgiyoae il @ 5,5 0 dalae Jo 5l Jols (gaodls 1 (e (line (A 6 2lans) (Sl gladge Sl qujgi ) JSKd

Fig. 1. Spatial Distribution of Dynamic Modes based on the Data Obtained from Solution of Burgers
Equation for Reynolds Number of 100
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rect Numerical Simulation of Burgers Equation at Reynolds Numbers of (a) 100, (b) 1000, (¢) 2000 and (d) 5000
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Fig. 12. Comparison between the Prediction of Stabilized Reduced Order Model and Direct Numerical Simula-
tion of Burgers Equation on x=0.25 at Reynolds Numbers of (a) 100, (b) 1000, (c) 2000 and (d) 5000
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