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ABSTRACT: Nowadays, the practical applications of shell elements such as beams having thin-wall ~ Review History:
cross-sections are increasing greatly in various fields of engineering including aerospace, nuclear, Received: Sep. 23, 2022
marine, and automotive industries. This is due to their ability to optimally use structural materials and  Revised: Mar. 20, 2023
simultaneously reduce the total weight of the structure. Fiber polymer composites also have different Accepted: Apr. 28, 2023
conspicuous properties such as high stiffness-to-weight and strength-to-weight ratios, corrosion Available Online: Jun. 24, 2023
resistance, and high strength. Therefore, laminated composite C-section beam elements simultaneously
possess both the beneficial features of fiber-reinforced composite materials and thin-walled cross-  Keywords:
sections at the same time. Motivated by these facts, in this research, the flexural-torsional stability
of multi-layer fibrous composite tapered beam-columns with channel-section subjected to axial and
bending loads is investigated. For this purpose, the total potential energy governing the problem is
extracted based on Vlasov’s model for small non-uniform torsion along with the classical laminated plate
theory. Then, using Ritz’s methodology as an analytical solution technique, the endurable buckling load ~ Classical lamination theory
is calculated. Eventually, the effect of important parameters such as stacking sequences, fiber composite  Ritz’s method

materials, boundary conditions, axial load eccentricity, and axial preloading on the linear buckling

capacity of double-tapered multi-layer composite beam-column with channel-section under axial load

and end moment is investigated.
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Composite tapered member
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1- Introduction

Due to the importance of using thin-walled laminated
fibrous composite structural components having constant ‘ e
and/or variable cross-sections in different engineering fields § T > _‘i )
such as axles of vehicles, helicopter rotors, wind turbine . Y
blades, and especially aircraft wings, the static and dynamic
analyses of thin-walled structural elements with various end
conditions under different loading cases have been widely
studied in recent decades [1-4]. Based on these facts, in the
current study, the overall flexural-torsional buckling response
of tapered composite C-shaped beam-column exposed to
axial-transverse loadings is investigated using the Ritz’s : ;
method in the framework of the Classical Laminated Plate " 73N ST
Theory (CLPT) and Vlasov’s model for non-uniform torsion.

Web's lay-up

2- The Variational Formulation

A schematic representation of a tapered laminated
composite C-shaped beam-column with length L subjected
to transverse and axial loadings is shown in Fig. 1. The
orthogonal right-hand Cartesian coordinate system (x, y, z) is
adopted, wherein x denotes the longitudinal axis and y and z
are the first and second principal bending axes parallel to the
flanges and web, respectively. The origin of these axes (O) is

Fig. 1. (a) Schematic representation of axially/trans-

versely loaded thin-walled beam with varying C-shaped

cross-section, (b) Displacement fields and load eccen-

tricity parameter, (c) The stress resultant parameters,
(d) Laminate configurations.
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located at the centroid of the cross-section. The shear point
C is known by its coordinates (yc) in the reference fixed in
centroid O.

Based on the small displacements assumption and
Vlasov’s thin-walled beam theory for non-uniform torsion,
the displacement fields can be expressed as [5]:

Bvn  ow o0
_ @ @ )
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where U .7 . w stand for to the axial, lateral and vertical
displacement components along the X,),Z direction,
respectively, whereas u,V,W are the kinematic quantities
defined at the reference surface, the term ¢(y,z) refers to
the warping function, and @ is the twisting angle. In this
research, the variational formulation governing the flexural-
torsional buckling is extracted on the basis of the stationary
state as what follows [4]:

SII=38U, +oU,—-dW, =0 4)

In this formulation, § denotes a variational operator.
U, and U represent the elastic strain energy and the strain
energy due to the effects of the initial stresses, respectively.
W, denotes work done by externally applied loads. The
expression of the first variation of total potential energy is
obtained as
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m = -[L +(Ely )mm W”5W” dx
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~(M V50 +M 05"
—JL(CIﬁW +q.e,00 - qzeﬂé'ﬁ)dx =0
where (EA),_, denotes axial rigidity. ( EI )., and

(EI.),,, represent the flexural rigidities of the y- and z-axes,
respectively. (E1,),,, and (GJ),,, are, respectively, warping
and torsional rigidities of composite thin-walled beams with
doubly symmetric I-section, defined by [1]:
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As mentioned earlier, in this study, the tolerable buckling
loads are attained using the Ritz’ method. To this aim, the
shape functions including the torsion angle 6, the lateral
deflection v, and the vertical deformation w for two different
types of beams are chosen in the following forms:

Cantilevers with completely restrained warping at the
fixed end [2]:

{w(x) V() G(x)}: .
2 b %}(H'”S(%j)

J=l

@)

Simply supported with free bending and warping at both
ends [2]:

(W) vx) @)=
3o, b, o foon

J=1

(2 -Dnx j) (8)
L

Here, the terms a, bj , C; represent the undetermined Ritz
coefficients.

3- Results and Discussion

To assess the effects of axial preloading on the buckling
moment capacity of laminated composite double-tapered
C-shaped beam-column element exposed to pure bending,
a web and flanges tapered member with a span of L=2.4 m
is considered. At the left end, the web of the selected beam
is supposed to be 110 mm deep and both flanges are 70
mm wide, respectively. In the presence of a double-tapered
element, the tapering parameters for the web and flanges
are also considered to be £ =0.4and a =0.4, respectively.
Additionally, it is assumed that the web and each flange
respectively consist of n =36 and n=24 fiber-reinforced
composite layers, and the thickness of each ply is considered to
be 0.25 mm. Based on this assumption, the whole thicknesses
of the web section and each flange are respectively ¢, =6 mm
and 1=9 mm. The material features for the fiber-reinforced
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Table 1. The sequences of lamination for the web and
both flanges of channel-section beam

No. Top and bottom flanges Web
1 [0/90]:s [0/90]:2
2 [45/04/45]3s [£45]12

composite layers (glass-epoxy) are as follows, E = 75 GPa,
E =5.5 GPa, Gxy =2.3 GPa, and vxy = 0.34.

Considering a prespecified stacking sequence (Table 1),
the variation of the sustainable buckling moment of simply-
supported as well as fixed-free C-shaped beam-column with
respect to the compressive axial preloading (P’) is depicted
in Fig. 2.

4- Conclusions

Graphical results reveal that the fluctuation of the lateral
stability strength with axial preloading is nonlinear for both
simply-supported and cantilever channel-section beam-
column elements. The extracted diagrams show that including
the compressive axial force diminishes the buckling moment
capacity for different axial load positions. The total deflection
of the C-section member grows dramatically as the axial
compression force approaches the critical load, resulting in
a considerable drop in the buckling moment resistance of the
selected member. Furthermore, all of the situations studied
show that compressive axial force acting along the centroid
provides the greatest resistance to lateral instability.
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Fig. 1. (a) Schematic representation of axially/transversely loaded thin-walled beam with varying C-
shaped cross-section, (b) Displacement fields and load eccentricity parameter, (c) The stress resultant
parameters involving the axial force and internal moments, (d) Laminate configurations
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Table 1. Mechanical properties of unidirectional ply composites [6]
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Table 2. The sequences of lamination of C-section beam
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Table 3. Convergence study of the lateral buckling load using the Rayleigh-Ritz method
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Table 4. Comparison of the lateral buckling load achieved using the present method with other studies.

N.m) alls s N/M) 315585 00 5 b ;
o995 &z o095 &= &z oy b Jlesl e &)E w}é
Ll [\ el vyl [\ e s

OFIFAY  OFIFOY  OFFOY  YARE YA Y/AAN S S e
_ - - SIYAY  BAFY BASA N a=p=)
_ - - VAIYSE N EEY N EEY b JU
- AAYAC IR R A £ - fieah V.- Sr e
_ _ - - YIAYY YIAYY Yo Jb a=p= ¢
_ - - - o/IvEa OIVEY omb Ju
- YOFEY  YO/FE) - YIOFE  YIOFY Sip S e
- - - - \IRRT N YRRV YL Jb a=LF=f
_ - - - Y- A7ATL) ok Jb

) 55 5550 3 5 00 plosl SasS JS ueis (25 b e I3
&AQMJ&G@MW(%L >0) 88 o Soxm kgl 95
Wilodds plos] el dga0te ledl 380 5 53 SooS lygn 9 JSKS puss
2 eyt ¢ luate o5AST (giludie jolaie 4 a8 Conl pusgr @ Y
@ g Cwl 0d)S e (X=1) o o ghale ol S50 ) (yg7e
sl sloo, S (oll anyd i eled S oBaSS (iludie jslaie
Ble s o oads Jao slasl plos o ol onds diny (X=+) G Cuowo
b o9 byl 1l jd Olox olSen p gl slus 5 ¢ yuasus]
Mhe S 4 Jolbs mls g sy calie Jio SO @ plgn oS So;
o Jhaite gac 4l 15,5 L g yelaie opl gl Ngd | Sen cob Lo )5
o> bl slaws yls H18 5y S e (sliwly o CAIgSS eduS b
Gl sl (askin ¥ SS 5 &S jslailen g adl yiol38l calisee ol e
—5l el Jloo cou Sl )b e lia slee 935 I e 4

9 Jb slieg Ol cod QRIBIL & (Jboyd b o0 [)Sen (olony

b loll slass l33 b (@

dlﬁdfcma\)'lﬁj b Lﬁ\)in.m dl).g dwwblwzw ol t\.é.’{)l
ot o bpldl Gl b (a=B=117) 085085 )b glaio b i

oY«

ook bl s Gl T g 5 okel Cusday gl Aylie
S sl dgpuatio oS jalaslon Lm0 i [YF] gds bawgs 0uds plool
P Sl G b g (e (oS (09, b 38 065 Sl SlBen
A 350l euglas g 1)y odd  Syme [V] g 50
g oxd Bl (o bg) (ayd g CB3 (awyp polate 4y caaldl
o Bl oleS )b olie @Y dx (jels slasl ogas
S5l ey ol booli—y S 5 Jabe yw 93 5 93 (sl ol duwlee
Sildie Cas (eoax0 slalodl Liloyd )3 duslie ol 3gazce sl ]
3959 (sl 1581 o5 5l edlatul b Y M SugeelS (sboojle (sdmsdw
Sl ple 4y Cobs cans 4SSl cde & S3bls oy gl bl ol
sloY Al o o)y Coze )l o)lgen diwg Hled sl K568l
90,5 Cutid b YAV aiwg olodl 3l edlatel b ST3bjls 15 (0jeuelS
@ oljl Sl &S ol o gildie 05 o (ol dnyd i
de ot s Z 5 ¥ X sl aw ol > ploals : Jold o3
Ol bl cpl 5l ool Cygo 3 [YE] sl Z g Y X (sloygmo
Sygo Y olo la Shy iy g Cebis polaitl i gpaY
Py odd plosl sl Jdow eled &S il 5 LLE o)y 2455 S8 Tus

1 Shell281



2.9674

2.9672

2.967

2.9668

>
o
153
153
>N

2.9664

2.9662

First eigenvalue (kN/m)

2.966
0 0.2

0.4
Number of element (<10%)

0.6

0.8 1 1.2 1.4

1.6018

1.6016

1.6014

1.6012

1.601

First eigenvalue (kN/m)

(b)

1.6008 L L L
0 02 04 006

0.8

1 1.2 14 16 18 2

Number of element (< 10%)

o 1 e s 53 5570 bl b 1095 e b el (oS s (oo S i g0 Y JSd
e ghlio L 555 (81t (555 RIS 4l () el ghle b 58 (81t (o555 AILSS 5l (1) ololl sy (oil381

Fig. 2. Mesh sensitivity test for C-shaped cross-section element subjeceted to simply support end
conditions: (a) The transverse buckling load of uniform beam, (b) The transverse buckling load of
tapered beam.
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Table 5. Verification of the values of lateral buckling load for different thicknesses and end conditions.
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Table 6. The lateral buckling loads comparison between the present methodology and ANSYS for laminated com-
posite tapered C-shaped beams subjected to simply supported end conditions.
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Table 7. The lateral buckling loads comparison between the present methodology and ANSYS for laminated
composite tapered C-shaped beams subjected to fixed-free end conditions
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Fig. 3. Mesh sensitivity test for C-shaped cross-section element subjeceted to simply support end

conditions: (a) The transverse buckling load of uniform beam « = g =1, (b) The transverse buckling
load of tapered beam a=£=06.
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Fig. 4. The first buckling mode shape extracted from the analytical solution for simply supported

C-shaped beam under transverse loading.
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Table 8. The influence of tapering parameter and loading position on the capacity of axial buckling load (kN)
of simply supported tapered C-shaped columns made of glass/epoxy with different lay-up arrangments.
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Fig. 5. Variations of the axial buckling load of cantilever C-shaped column versus of the tapering
parameter: effects of different materials and compressive load positions.

Glp Il o jlas se g elaie puy Ll (Rl ied cod oY
P

)b e S Jleelpae (25 L (15, ) e 9o )b dlons
ol JU> 4 29300 (sl phad (oS Lo (M) =M, = -)
adgl §pg2me )38 )b ilisee plis b cog Joo LB pisleS” S
2 UL oS pe il zgys 5 baome cals yo pl 53 095 o0 drwlone
el 08 gy (S (pied S g (y97e S9 LSH
=85 Pl LS el & Sl ool S Ol & S
Cod & olSin ]) 358 o0 (oS gl aded UL Sl (g )9utio (g
9 sl (PP = P, 5=P" -jl) cusl 5L35 550 )5 bty

6)W ol 005 W)’ cual.@.m uLoJ» 9.) 9 Lg)l“"‘"e )lg JLQ.C‘ J?(.a

ot

ol o350 jlzes bl Jlael )l & (arlyd 3 0)1 136 555
&L b & o (dsleS b Hlade sl aies ST ool Wb &
b S8 4 dog b opimen Cunl 038 Iy (il a0 9 2
OleS syl (( SHgsSH b Cuns e yi (gly A5 D9d 0 auie
[inS Jl S ey JB e & Sallaied o oded

gl ygoe Sl dg2g S -7
2 G G G b epp e ol ol Gaa

Xy (59elS slamale gl Juate ju 93 gty (Sl (g)lub



8000

—®— Lamination No.1, X=L .e=0

7000 —@— Lamination No.1, X=0.L. e=dL/2

6000 —@— Lamination No.2, X=L. e=0
5000 —@— Lamination No.2, X=0.L .e=dL/2
4000

3000

Buckling moment (N.m)

2000

1000

0 20000 40000po (N)GOOOO 80000 100000

9 Sl (5 y9m0 (5155 gt od ol glalle b ualto s 93 Y i (50 5000l8 (19U gy (lileS K Sl JSCS
(Ol gW kdeg jomo Sl 35 50 5l Zossie) Aites plosnrgd (510 (AlS Hlod
Fig. 6. Variations of buckling moment for simply supported laminated composite uniform C-shaped beam-

column subjected to pure bending moment and compressive axial preloading for two different laminations
(e: axial load eccentricity, d: the web height)
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Fig. 7. Variations of buckling moment for simply supported laminated composite tapered C-shaped beam-

column (o = f=0.4) subjected to pure bending moment and compressive axial preloading for two different
laminations (e: axial load eccentricity, d: the web height)
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Table 9. Critical bending moment Mcr (N.m) of fixed-free laminated composite C-shaped beam-column for
different values of axial preloading.
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