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Analysis of the semi-elliptical crack in the FGM spherical pressure vessels
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ABSTRACT: One of the most important analyses in the design of various structures, especially
pressure vessels and their safety is the fracture mechanics. One of the important parameters in fracture
mechanics is the study of the stress intensity factor of cracks in the tank wall. In the present study, the
behavior of a semi-elliptical crack in a spherical pressure vessel made of functionally graded materials
has been studied using Abaqus finite element software. The effects of parameters such as crack geometry,
simultaneous internal and external cracks, pressure distribution, thermal load distribution, changes in the
properties of the functionally graded material, and support conditions on the value of the stress intensity
factor have been investigated. To model and analyze the stress intensity factor in this type of tank,
various power, exponential, and linear functions have been used in the form of MATLAB code as well
as a subroutine code. Crack geometry is also an important factor that has a significant effect on the stress
intensity factor. So with an increase in the a/c value, the stress intensity factor also increases. Also, the
examination of the support conditions shows that with the increase in the number of foundations, the
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stress intensity factor also increases.

Thermal analysis

1- Introduction

Pressure vessels are among the important structures
that have special use in industries such as power plants,
petrochemicals, oil and gas, and transportation, so the category
of their design and construction is important. Spherical tanks
have good strength and their pressure tolerance is much higher
than cylindrical tanks. The first article published in the field
of crack analysis in functionally graded materials was in 1992
by Noda and Jin [1] who showed that the correct selection
of material constants reduces stress intensity coefficients.
Eskandari [2] has studied the coefficient of stress intensity
in a spherical tank under internal pressure and heat, with a
functionally graded cover, using the exponential function,
with three-dimensional finite element analysis. In 2020,
Habibi and Bahrampour [3] estimated the stress intensity
factor in a functional graduated spherical tank under pressure.

In this research, a spherical tank made of functionally
graded metal-ceramic material (aluminum-zirconia alloy)
with a semi-elliptical crack is modeled in Abaqus software.
The mutual effects of two simultaneous internal and external
cracks and support conditions (the effect of tank foundations)
on the stress intensity factor have been investigated, which
are not observed in previous research.

*Corresponding author’s email: m.salari@qom.ac.ir

2- Modeling and validation process

The geometry considered in this research for both
homogeneous and functionally graded materials is a spherical
tank with an inner radius of 200 mm, an outer radius of 215
mm, a thickness of 15 mm, a crack tip radius of 4 mm, and an
internal pressure of 20 MPa.

Equation (1) is used to calculate the stress in the thin-
walled spherical tank. Equations (2 to 4) are also used to
determine the stress intensity factor in semi-elliptical cracks
under mode one loading in spherical pressure vessels.
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Fig. 1. Comparing the stress intensity factor in two in-
ternal and external cracks simultaneously in a tank
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Equation (5) is also used to calculate the stress intensity
factor in the semi-circular crack.

K,=%J\/E—>(a=c) (5)

In the above relationships, o is the stress on the crack
faces, P is the internal pressure, ¢ is the thickness and R, is
the internal radius of the tank, a is the small radius and c is
the large radius of the semi-elliptical crack and X is the stress
intensity coefficient in mode one. [3]

For the accuracy of the modeling and analysis process,
a homogencous steel tank containing a semi-circular crack
with a similar geometry was analyzed and the results were
compared and validated with the analytical relations of
fracture mechanics (Eq. 5). Then, the spherical tank containing
three-dimensional semi-circular and semi-elliptical cracks is
modeled with the same method and made of metal-ceramic
functionally graded materials, the inner surface of aluminum
metal, and the outer surface of zirconia ceramic. The stress
intensity coefficient was extracted using the integral contour
method throughout the crack front. The mathematical models
of functionally graded materials used in this research to
determine properties are power, exponential, and linear
functions, which are defined according to equations (6 to 8),
respectively.
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The parameter P in the above equations (6 to 8) is the
same as the properties of the functionally graded material,
where P is the properties of the metal phase and P, is the
properties of the ceramic phase. r is the radius of the desired
point, 7 is the radius of the metal phase (inner radius of the
tank) and r, is the radius of the ceramic phase (outer radius of
the tank). In equations (7 and 8), the symbol y is the constant
of the formula, which depends on the properties and thickness
of the tank. [4]

3- Results and discussion

In this section, to determine the points on the crack
front, the ratio of the radius of each node of the crack front
to the inner radius (#/r,) is considered. Figures 1 and 2
show the results of the stress intensity factor based on the
effect of two simultaneous cracks and support conditions.
The results revealed that in two simultaneous cracks with
the same geometry and loading, the stress intensity factor
in the internal crack is lower than in the external crack.
Investigating the impact of the support conditions of the tank
on the stress intensity factor also shows that increasing the
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Fig. 3. Comparison of thermal analysis results for dif-
ferent values of the internal surface temperature of the
tank (°c) and constant pressure (P =20 MPa)

number of foundations with each cross-sectional area also
increases the stress intensity factor. Also, the comparison of
the obtained results indicates that the base tank with a circular
cross-section is more optimal. Figure 3 also shows the
thermal analysis of the tank, taking into account the boundary
conditions, for different temperatures on the internal surface
and 25 °C on the external surface. From the results, it can be
seen that as the surface temperature inside the tank increases,
the stress intensity coefficient decreases.

4- Conclusions

In the current research, by finite element analysis of the
functionally graded spherical tank containing semi-elliptical
cracks in three dimensions by Abaqus software, the stress
intensity coefficient was analyzed and investigated. The
results indicate that the external crack on the surface of the
tank is more critical than the internal crack under similar
loading conditions and at the same time. The results of
thermal analysis also show the good thermal resistance of
functionally graded materials.
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Fig. 1. Schematic of the tank geometry containing a semi-elliptical crack

Sypan w8 S5 Se b oRek (59,5 jFe Su Ml (e (giloand
Loy, b ool Cawnts gl s ool 005 (65l e 51581 p 3 5>  edaws

s dwsin =Y )
OFen 03lo 95 93 2 (slp GimgR nl )3 00 48)S Jlai )3 awsia
B gl (iadleo Yoo (IS plad 4y (69,8 (50 S el zade
B0 L g stede ¥ STl glad ianlio VO Clolbes «ianlio VIO
B S5 g e dwdin 5 Sled ) UK 5 bl e JISubiSo Y-

) 00

DS A5 b e Lo balgy Y )

CanSs Hldy bl ol )l 5 G g b A4S &S jelailon
0yl 3> i dslxe (gl ] o Candy o SYolae I (69,8 Ui o
55 (FUY) @Yolee 33,5 o odlawl (V) doleo jl S50 jlan (69,8 5500
Sl Sphn w8 S P IS OAD G pd e

PR

p— mn

o 0)

vy

LS e 03 sgin v S5 Se b ol e Slge i ]
NP ey Gl Toanls b (W gie ole olss 2980 Jao
ool 15 g 005 Al S SeilSlo Jalors oo 955 o i 5
0l Sl U (5 5 S5 dwain 136 )l @i o e Lt
OS5 CAd Copd gy p (BB AT bl g lojen Sy 9> wile
Ol o pd dieS late | Sl o S Caled 3 9 (o)
Tode 03le Sl puo I8 iz Sl Gimgy 53 D95 o0 (Syre S 5 S
ool S5 4 oY sl 0ad 485 a5 53 LS smpgaizagll SLT (b
Oygar (U gyde Ao ol Sl @b el Slahanghy > &S
(Slo @l aw o 80 pl o Lol el ous a3 3 i s ol b glgs
93 Jlite il ol I8 55 sl oad duslio 5 wyp (Jod 5 ol
sboal Jl) pEASS llpd J rizmen ((2)B 9 3D lojer S
o Coleg 3 sl odd (qwyp 35 SRS BB cu S s9) 2 (0
O Sy b 5 (ol L Sl 100 5 0 bl il

..).))fuw' odalin u.w.u; LfL&’L)““Q’ﬁ)" 0 .))|9n J‘ ) 005 IR

e iy =) =)
u}ﬁu ).) .)9?9& dlhk_{).} )L(é) LJ.?U" 5 ¢ .sg.m'“” 5 L’)i‘ Pl?}}l j‘ g.é.lb
GMb cupd (wedS sl U zide oo il (59,8 Hlid cou

5 oo gulis i 4o (sl epshate (et A8l bl i

1 Abaqus
2 Subroutine



VYY B VoD domin VoY Jlo & 0)led DO 093 «yusS ol SilSlo pusiio 4y 3

a5l )8 oS ams 5 duslie cunSs SlKe oo Ll
el it S)L g gjpe llpd 4 dag bl de s
ol Jdo 35w i S Judod o b ieS g CBg )0 pendd o
J).: 9 O Jsl.s 9 4 Jde Tuue (S ke dl).g e L]
"9 x> g5 3l oS 5 Sl (gl edlal 3y90 el £5 03,5 (G punnds
Soh st Sl S a)d g (s g8 il (i Sol g Al
9> 0B 4 U e )50 T ke lall eilg o canl s cpl e S
S e Jo> sl )gls olas el Csd AT GAD G pb dplne
ol 0l Gl dae O G
g 5l 4 jehailan amd o i 1y plodl ol Ken g0l ¥ S5
i .l 0ud | ol dn & Ll YEFYY slaws | ol ascin
S 53 0,5 DOVEY o7 g5 Ll YEFYY Jolds (cats Lo slagyledl ol
4,0 slogS ldl A8 Fgd dn 3 xS Ll FODA dlaxs 45 o 4i8 )5
599(5 cgﬁj‘ M Y‘ ng ).) Sl ;u.‘aﬁ Qs‘fxi‘o Ol.o” \RVA' 9 Ag.)
o1 03 )3l (st 2lag JSb e Cand )3 9 S5 Sl syl
polde ey o inles 1y 258 Sl oled N Jgds itred Gl
Ls‘)" 5&170 ]a)‘g) 9 .)9J.>:A ;1).>| Ja.l}t) )] odléswl lJ ‘)MJ.) s w).\o
O led a8 24 o dan Mo .l 00 ob)ﬂ Y Jodo ) (Srwwous
25 el bsly, 3l ool sy aei g 158l p 5 0 85 g0 s
Cors jl Sk aS 208 0 sdalin ol oes Bl g Canl o Y

Al osSUL 581y 55 oo 5 (iluasnd X,

U e (5 )0 S9dn p dm dw S5 (gilo e —Y =Y
Ol 2 )5 ()i (Jlod g (giludnd Ny SO 4 g L
95 Bl )b s ( 1 )Uid mje5 (S5 dwsin Sl oy 4 i
sslaied 5 (ol z)de o3l Lolgd Clyds ¢ 2yl g (3D lojen S
ssaie onl (gl Do Ay S Al o ps p (2B kl)d
009y Oled b (S5 o 9 (S92 o (g A S5 (gl (59,8 (550

Slge iz 5l odd (o3l Jde 5t 33,5 o (il e 0l ¢ |iases

Quadratic

Singular

Solid

Quadratic hexahedral
Quadratic wedge
Linear hexahedral

AN N AW

il 0del pdy pu S dgun > LS S oy (V) dblre
1
oNma aY N
K, =———o0 sin2t9+(—) cos’ 6 (v)
D c

D9 ge iy ) Sy P ol 558 abolas ) oS

il o Candy ) Oy (69,5 G D (shn w8 S Sl G
1
a ) aY ) E
K=——"—" _|sin“@+|=| cos" 0
! [3 (a 2} (cj ()
Vs

oo (59000 o8 S > L GAd Cu pd duwlxe (sly Cpiren
23,5 oo ol (B)

_2 _
Kl—ﬂax/aé(a—c) (0)

t ‘L.A&b )LuB P c;{).s 09>9 (59) U‘“" o ‘(399 SYolro ) &
S5 Sy gl € g S8 glaid @ o500 L3 glas Ry ool

V] asbioe 5 990 0 (a5 @Ad o K 5 5 oo

Gaiod (R, Y
B (i Cono g (Ken (5 (gjlede Bg) - Y

2 G dw Oyge dlie dwdid (gilwdud 5 e Jdod gl
2o Julow pol 51 8 sl ol oad Jae wsSUl dgaee clial 158l 5

S9pl o S5 gols 3V 58 (Sad 5 S5 Il )0 yelaie pl (sly

VoA



VIV B V-0 doxio AFY Jlo & oylad B 093 pusS pual SlSlo (nties & 5t

400
365.73 365.737 —8—38198
350 —e—11004
—8— 16996
7
o 300 ——26434
by 265.77
= —0=—35313
g 750 235.617
2=}
E 200 | 205.6
—
R
150
100
3000 8060 13120 18180 23240 28300 33360 38420
Number Of Elements

S oo (o]0 (90l Y IS

Fig. 2. Mesh convergence test

(<) (1)

2 X e (S 5 Sgly g (y35w (g i) (AI1LY JSCS

Fig. 3. a) Tank and crack block partitioning, b) Final meshing

v-a



VYY B VoD domin VoY Jlo & 0)led DO 093 «yusS ol SilSlo pusiio 4y 3

Wb Sl polss ) Jgon

Table 1. Mechanical properties of steel

E(MPa) aicmmcian¥! Jgow

V) Howley oy

SWT e

YoAxy-T

At St¥v

o bulgy g (6348 Julodi 31 ool Cuwiy gl omiuw Come Y Jgua

Table 2. Verification of results obtained from numerical analysis and analytical relationships

Lb?‘M)é

el by

Gous Judoxd . .
O D i

£IYYSE YAY/#H4

FEV/) MPa.mm”-/d)

[V8] (Zirconia , T6-6061 Al) sl g 80 03k (5l 9 (SHlSe (olgd ¥ Joua

Table 3. Mechanical and thermal properties of functionally graded material (Al 6061-T6, Zirconia) [15]

o039 wrlo)S cud b J&= stloyS colus blusl o po Sl Joe e ST ey
\B r
(mJ/Tone.K) (Tone/mm’) (W/m.K) (V/°C) 5,y E(MPa)  (Mgysmly:
AsFaxy -7 Y/vxy \oY Yivexy -~ FAAxY ¥ ¥ Al 6061-T1
SVOIExY +F ExY 1 Y/-vF YV YXY T 1AYxy Y ¥ Zirconia

o dle sl s Lilg, I lgee (oSen (e ile) ol
(qu} Ty 3]9&) /p.laa) Podous Slwo )‘fl 5 L;lﬁ 3)5 oslatwl oS DA
oLl sgame clinl 58l o5 5l ealil wile gode (cla ybg,y 4 5L
2 PNl Hesls hgy 5l edliwl b i s o pi ) 4o bl e
23,5 oo glyil (S 5 dpz pli

o3latuwl 3y50 (b gyt dlas (Sl (lo Jdo s diaS &S jobo lon
bl (oo (ot g 2led @bl @b el o sl GRagR cnl 2
Pigd oo iy 5 (A B F) SWolae Bl i 4 oS

5 Contour integral

\ARS

..\»)L‘_;o A uu.’>o PRI R kJJ).!) dwlid ul.on L cl»}f):) L_iub‘).u) )I
b 4w LY Joo 13 35290 (2l gyte 0o ()l 9 (SHlSe olss
dloyo 5> by gusl g iy acdio S B oS g lod ol
&S ol S 4 p5Y g e oS LugSUl 8l e > oled gl
5 L',,{‘ d‘)?l dl).g 9 Cowds \Qﬁ.»"sﬁlw S @ (N blg,o 459§;,{1 Julos dl).f
L "saagtol Il Jztal o "sdstel gy ousSLl Il oy il ez
Sy o p Jloy 4l il Gimet cpl ) pmiomen aiil TS Soden
podluw Bluo &5 (63150 55 el o oolaiwl S Sl s glp

Subroutine Usdfid
Microsoft Visual studio
Intel parallel studio
Link

R R S R



VYY B V-0 dsmho oY Jlo & 0)led DO 055 S ool Silslo i 4y 23

(<)

S, Mises
(Avg: 75%)
+1.677e+03
+1.540e+03
+1.402e+403
- +1.265e403
+1.128e+03
+9.909e+02
+8.538e+02
+7.166e+02
+5.795e+02
+4.423e+02
- +3.051e+02
+1.680e+02
+3.081e+01

()

Sy (Sl (O oSy agn 1 53bo o9 id Heuls (WP IS

Fig. 4. a) Contour plot of von Mises stress at the crack front, b) crack opening
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Fig. 5. Location of node 2 at the crack front
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Fig. 6. Comparison of the effect of different pressures on the stress intensity factor at node 2 (for four
different values of the power parameter, n)
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Fig. 7. Effect of crack geometry (a/c) on the stress intensity factor (constant thickness, t=15mm)
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Fig. 8. The effect of changes in tank thickness (a/t) on the stress intensity factor (large radius of con-
stant semi-elliptical crack, c=4mm)
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Fig. 9. Changes in the stress intensity factor in terms of r/70 for different values of the power param-
eter of the power function (n)

280 1=0.051
i~ 260
[e=)
<
g
=
—
g/ 240
—
2 220
200
1 1.005 101 1.015 1.02
T,

(7 =210V ol 7 yielyby) (lod @b el3l a0 coms g3 (i Coiwd g gud ol gt Yo SIS

Fig. 10. Changes in the stress intensity factor in terms of »/r0 for exponential function (constant pa-
rameter ¥ , ¥ =0/051)
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Fig. 11. Changes in the stress intensity factor in terms of r/70 for linear function (constant parameter ¥ , 7 =0.046)
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Fig. 12. Comparison of the stress intensity factor in two internal and external cracks simultaneously in a tank
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Fig. 13. Comparison of stress intensity factor in two cases of one internal crack and two simultaneous internal
and external cracks
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Fig. 14. a) Comparison of thermal analysis results for different values of heat flux "q" (mW/mm?) and con-
stant pressure (P=20 MPa) b) Internal pressure and heat flux surfaces
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Fig. 15. Comparison of thermal analysis results for different values of internal surface temperature of the
tank (°c) and constant pressure (P=20 MPa)
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Fig. 16. Comparison of thermal analysis in a homogeneous material made of aluminum and functionally graded
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the power function
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Fig. 17. Variations of the stress intensity factor at different angles on the crack front and comparison with a
homogeneous tank under similar conditions
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Fig. 18. a) Investigation of the support conditions on the stress intensity factor in one-leg and two-leg models

with a square cross-section in the quarter of the tank containing a transverse crack b) Example of meshing of
two models
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Fig. 19. a) Investigation of the support conditions on the stress intensity factor in one-leg and two-leg models
with a square cross-section in the quarter of the tank containing a longitudinal crack b) Example of meshing
of two models
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Fig. 20. a) Investigation of the support conditions on the stress intensity factor in one-leg and two-leg models
with a circular cross-section in the quarter of the tank containing a transverse crack b) Example of meshing of
two models
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Fig. 21. Comparison of the stress intensity factor in the square and circular cross-sections of one-leg and two-leg
models in the quadrant of the tank containing a transverse crack
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