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ABSTRACT: This article presents the interpolative fixed point theorem
with reference to complete partial metric spaces, by taking the multi-valued
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tive Reich-Rus—Ciri¢ type contractions is introduced and criteria for the
existence of fixed points’ of such operators are established. A nontrivial
example is provided to support the validity of the obtained results.
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1. Introduction

Banach (see [8]) established metric fixed point theory’s foundation by proposing a prominent fixed point result. Ba-
nach observed that if a self-mapping €2, defined on a complete metric space (x, d), fulfills the contraction inequality,
i.e., there exists a constant k € [0,1) such that d(Q¢t, Qu) < kd(¢,u) for all t,u € x, then it possesses a unique fixed
point. Kannan [11] proposed new fixed point and considered the contraction d(2t, Qu) < s[d(t, 2t)+d(u, Qu)], for all

t,u € x, where k € [0, %) For a metric space (, d), the self-mapping €2 : x — x is said to be an interpolative Kan-

nan type contraction, if there are constants A € [0, 1) and « € (0, 1) such that d(Qt, Qu) < A[d(t, Qt)]*.[d(u, Qu)] ~*,
for all t,u € x with t # Qt. Very recently, in Karapinar [12], the acclaimed theorem of Kannan was revisited by
taking the interpolation theory into account. The main result in Karapinar [12] via an interpolative Kannan type
contraction states that every interpolative Kannan type contraction possesses a unique fixed point. In addition,
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Rawat et al. [19] define interpolative enriched contractions of Kannan type, Hardy-Rogers type and Matkowski
type, by enriching existing interpolative contractions, in the setting of convex metric space and prove existence of
fixed points and approximation results using Krasnoselskij iteration. Moreover, Karapinar et al. [13] shows that
the result of Karapinar [12] may not necessarily be unique (see [13, Example 1]). Furthermore, Karapinar et al.
[14] investigate the necessary and sufficient conditions for the existence and uniqueness of the fixed point of Proinov
type contractions, interpolative contractions, and ample spectrum contraction mappings in the settings of metric
space. In addition, Reich, Rus and Ciri¢ [20, 21] combined and enhanced the Banach and Kannan fixed point
theorems separately by defining a Reich-Rus-Ciri¢ contraction mapping, i.e., if Q is a self-mapping defined on a
complete metric space (x,d) and d(, Qu) < A[d(t, u) + d(t, Q) + d(u, Qu)], for all t,u € x, where A € [0, 1), then
) possesses a fixed point. Notice that several variations of Reich contractions can be stated. We may state the
following: d(Qt, Qu) < ld(t,w) + nd(t, Q) + md(u, Qu), where [,n,m € (0,00) such that 0 < [+mn+m < 1. For
more details on Interpolation theory (see [6, 15]). Also, [13] looked at the viability of the interpolation method for
Reich contractions that Matthews [17] introduced in the context of partial metric spaces. Matthews [17] introduced
the concept of a partial metric as a part of the study of denotational semantics of dataflow networks and gave a
modified version of Banach’s contraction principle, more suitable in this context. Many authors followed this idea
and provided their contributions in that sense (see for example [3, 4]). Also, Karapinar et al. [16] investigate the
existence and uniqueness of several distinct type contractive mapping in the context of complete partial metric
space. Recently, Aydi et al. [5] introduced the idea of a partial Hausdorff metric and expanded the well-known
Nadler’s fixed point theorem to such spaces. On the other hand, Nadler [18] was the first who combined the ideas of
multivalued mappings and contractions. Nadler [18] proved some remarkable results for multivalued contractions.
Afterwards, several generalizations of Nadler’s fixed point theorem, mainly by modifying the contractive condition,
are obtained. In this vain, Sirajo et al. [22] introduced a new concept of multivalued contraction that was defined
from a combination of Jaggi-type contraction, interpolative-type contraction and Pata-type inequality in the frame-
work of metric space and analyzed the existence of fixed points for such mappings. Moreover, Gangwar et al. [10]
introduce a new extension of Sy-metric spaces, called controlled S-metric spaces and establish some multivalued
fixed point results. Also, Binayak et al. [9] proved fixed point results of multivalued mappings satisfying hybrid
rational Pata-type inequalities (see for example, Ravi et al. [1], Akbar and Mohammed [7], Sirajo et al. [23],
and references mentioned therein). Interestingly, the theory of multivalued mappings has many applications in
economics, convex optimizations, optimal control theory and differential inclusions.

2. Preliminary

We recollect some basic definitions and terminologies that are required throughout the manuscript. Let (x, p) be
a partial metric space, CB,(x) be a collection of non-empty closed and bounded subset of x with respect to the
partial metric p. For M € CB,(x), we define p(a, M) = inf{p(a,t) : t € M}. For A, B € CB,(x), set

5P(A7 B) = sup p(a, B),
acA

and

6P(Ba A) = sup p(b7 A)
beB

Also, for A, B € CB,(X), define H,(A, B) = max{0,(B, A),d,(A,B)}.

Definition 2.1. Let x be a non-empty set. A function p : x X x — [0,00) is said to be a partial metric, if the
following conditions are fulfilled for each t,u,v € x:

(p 1) if p(t,t) = p(u,u) = p(t,u) then t = u;

(p 2) p(t.t) < p(t,u);

(p 3) p(t,u) = p(u,t);

(p 4) p(t,u) < p(t,v) + p(v,u) — p(v,0).

In this case, (x, p) is said to be a partial metric space.

The function d, : x x x — [0,00) defined as d,(t,u) = 2p(t,u) — p(t,t) — p(u,u) is a standard metric on x. It
is natural to define the basic topological concepts, in particular, convergence of a sequence, fundamental (Cauchy)
sequence criteria, continuity of the mappings, and completeness of the topological space in the framework of partial
metric spaces (see [2, 16, 17]).
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Definition 2.2. In the framework of a partial metric space (x, p), we say that

(i) A sequence {t;} converges to the limit t, if p(t,t) = lim p(¢,¢;);
11— 00
(1t) A sequence {t;} is fundamental or Cauchy if lim p(t;,t;) exists and is finite;
1,j—00

(iii) A partial metric space (x,p) is complete if each fundamental sequence {t;} converges to a point t € x such
that p(t,t) = lim p(t;,t;);
1,j—00

(iv) A mapping F : x — x is continuous at a point to € x if for each € > 0, there exists & > 0 such that
F(By(to,d)) € B,(Fto, €).

Definition 2.3 ([13, Definition 3]). Let (x,p) be a partial metric space. A mapping f : x — x s called an
interpolative Reich—Rus—Cirié type contraction, if there exist A € [0,1) and o, 8 € (0,1) such that

o(ft, fu) < Ap(t, w))?.[p(t, FOI*.[p(u, fu)]' =2,
for all t,u € x \ Fiz(Q).

Lemma 2.4 ([13, Lemma 1]). Let d, be the matching standard metric space on the set x, and let (x,p) be a
partial metric on a non-empty set x.

(i) A sequence {t;} is fundamental in the framework of a partial metric (x,p) if and only if it is a fundamental
sequence in the setting of the corresponding standard metric space (x,d,).

(i1) A partial metric space (x,p) is complete if and only if the corresponding standard metric space (x,d,) is
complete. Moreover,
lim d,(t,t;) =0 p(t,t) = lim p(t,t;) = lim p(t;,t;).
71— 00

n— oo i,j—00

(iii) If t; — v as i — oo in a partial metric space (x, p) with p(v,v) = 0, then we have lim p(t;,v) = p(v,u) for
71— 00

every u € x.

Lemma 2.5 ([5, Lemma 3.1]). Let (x,p) be a partial metric space, A, B € CB?(x) and o > 1. For any a € A,

there exists a point b € B such that
pla,b) < pH,(A, B).

We observe from the literature that there is insufficient research done on the fixed point theorem of multivalued
contraction employing interpolative type. This study uses interpolative Reich-Rus-Ciri¢ type contractive inequality
to present new multivalued fixed point results based on the prior knowledge. As a result, we identify and examine
a few exceptional examples of our findings in the context of single-valued mappings that enhance certain related
ideas.

3. Main Results

Our idea of multi-valued interpolative contraction of the Reich-Rus-Ciri¢ type is defined in light of the definition
of interpolative Reich—Rus—Cirié¢ type contractions [13].

Definition 3.1. Let (x,p) be a partial metric space. A mapping Q : x — CBP(X) is called a multi-valued
interpolative Reich—Rus—Clirié type contraction, if there exist X € [0,1) and o, 8 € (0,1) such that

H,(Qt, Qu) < Np(t,u))”.[p(t, )] [p(u, Qu)]~7, (1)
for all t,u € x \ Fiz(Q).

Theorem 3.2. In a complete partial metric space (x,p) if Q : x — CBP(x) is a multi-valued interpolative
Reich—Rus—Cliri¢ type contraction, then ) possesses a fixed point in x.
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Proof. Assume ty € x be arbitrary and choose t; € Qtg. Since Qty € CBP(x) and t; € Qty, so by Lemma 2.5,
there is to € Qty such that p(t1,t2) < oH,(Qto, Qt1). Also, since Qt; € CBP(x) and ty € Qty, then by Lemma 2.5,
there is t3 € Qto such that p(ts, t3) < g*H,(Qt1, QUt2). Continuing in this manner, we have a sequence {¢;} of points

of x such that t;11 € Qt; and p(t;,ti11) < 0"H,(Q;—1,0t;) for each i € N. Consequently, from (1), we have

ptistiyr) < 0" Hy(Qti1, Qt;)
< o' Np(tior, t)]7 - [p(tir, Q1)) - [p(ts, Qb))
< o' Np(tior,t)]7 - [p(ti, t)]* - [p(tss tigr)]' 7
< ' N[p(tior, t)]7F - [p(ts, tig)]' 07
From inequality (2), we have
[(ti; tis )] T < ' Alp(ti1, 1))+

Hence, inequality (3) gives
pltirtir1) < 07 AT [p(ti 1, )]
< oFE AT (g1 H (Ui, Qi)
< Q’”")\‘”“ [0 Alp(ti2sti1)]? - [p(tia, Qti2)]* - [p(ti—1, ts1)]' 7]
7 [0 T A pti—a, ti))? - [p(tiza, tima))* - [p(ticy, 1)) 707
7 [0 N [p(ti—2, tim )P [p(timg, )] 0P,
But
pltio1sti) < 0 Ao, ti1)]P T p(tia, 1)) 070
Thus, inequality (5) yield,
[o(ti1,t)]° T < 0" A[p(ti—a, ti1)]P T

Therefore, inequality (6) becomes
i—1
pti—1,t;) < QmAﬁ[p(ti—Qyti—l)]-
So, from inequalities (4) and (7), we have
p(tlvtl'i‘l) < QB+Q)‘B+Q Ql IA[p< i— 27 )],3+06 [p(tl 17tl)]170‘75]
< oFFE AT [of 1A[P( i—2, i 1)]ﬁ+a [0775 AT [p(t;_a, ti1 )]
}1 “ 6p(ti 2, ti— )]
&)(1—a— A1 AFra)(1—a- Np(ti—z,ti—1)]
= QB+a /\B+a Qﬁ+a )\B+a (p(ti_27 tz—l))]

1

[
[
= Q/H—cx AFHa [0"~ 1)\] [
= Qa+a )\B+a [Q’
[

2i—1

= o FFINF) [p(ti o, ti1)]

< Q[ni_%n(n_l)]k)‘nkp(t(h t1)7

wherek:ﬁandizl,z...,n

Now, to show that (¢;) in x is a fundamental sequence, let j,7 € N, with ¢ < j, then

p(tist;) < p(tistivr) + p(tivr, tive) + -+ p(tj—1,t))

< Q[nifén(nfl)]k/\nk[p(to’tl)} + ‘Q[n(iJrl)f%n(nfl)]k/\nk[p(tmtl)] +..

+ gD OIRARR [ 1 )

Q[ni—%n(n—l)]k)\nk_’_Q[n(i—l-l)—%n(n—l)]k)\nk_i_

R L LN PYEE Y

< [Q[ni—%n(n—l)]k _"_Q[n(i-i-l)—%n(n—l)]k +

[ [ni—in(n—1)]k Q[n(i—i-l)—%n(n—l)]k

IA

- MG =Dk Nk g

n

o GO S 1 1),

=1
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Letting ¢ — oo in the above inequality, shows that {¢;} is a fundamental sequence. Hence, p(t;,t;) — 0 as i,j — oo,

that is {¢;} is a fundamental sequence in (x,p). By Lemma 2.4, {t;} is also a fundamental sequence in (x,d,).

Also, since (x, p) is complete, (x,d,) is also complete. So, there exists t* € x such that p(t*,t*) = lim p(t*,t;) =
1—00

lim p(t;,t;) = 0. This implies that, lim d,(t",t;) = 0. Now, we show that t* € Qt*, then we have
1,j—00 i—00

p(t7, Q%) < p(t7, 1) + p(ti, A7) — p(ts, 1)
< p(t* 1) + 0" H, (i1, Qt*) — p(t, ;) ()
< p(t*,t:) + 0 Ap(tio1, 1)) (i1, Qi) [p(t, QE) =P — p(ti, )
= p(t*,ti) + ' Np(ti—1, )] [p(tio1, t:)]* [p(t", Q) =P — p(ti, ti).
Letting ¢ — oo in (8), yield p(t*, Qt*) <0, so p(t*,2t*) = 0, implies that t* € Qt*. O

Corollary 3.3 ([13, Theorem 4]). Let (x, p) be a complete partial metric space and f: x — X be an interpola-
tive Reich—Rus—Ciri¢ type contractions, then f possesses a fixed point in x.

In what follows, a comparative example is constructed to support the hypotheses of Theorem 3.2.

Example 3.1. Let x = {2i +1:1 € {0,1,2,3}} be a set equipped with the function p : x x x — R defined by
p(t,u) = max{t,u}, for all t,u € x. Then, (x,p) is a complete partial metric space. Define a multivalued mapping
Q:x — CB(x) by

{13} ifte{1,5)
43,5} ifte {3 T}

Now, to verify the inequality (1), we see that for t = u there is nothing to show. So, choose a = 5, 3 = £ and
)\—i Let t,u € x \ Fix(Q). Then, t,u € {5,7}. Take t =5 and u =7, then

10°
p(Q5,Q7) = H,({1,3},{3,5}) =5

Alp(5, 7)) [p(5, 25)]%[p(7, Q7)) =7~
Alp(5, 7)) [p(5, {1, 31)]%[p(7,{3,5})]' 7"~
Alp(5, 7)71p(3,5)][p(5, 7)) =7

Ap(5, D' [p ( 5)*

[7]1 “[5]".

Hence, all the conditions of Theorem 3.2 are satisfied. We see that ) has at least one fized point. On the other
hand, consider a self mapping f of x, takingt =1 and uw = 3 such that f1 =1 and f3 = 3. Then for X € [0, %), we
obtain

p(f1,f3) =3 > Ap(1,3) + p(1, f1) + p(3, f3)]
= Alp(1,3) + p(1,1) + p(3,3)]
=A3+1+3]
=T},
hence, it is clear that the contractive inequality (1) is not a Reich-Rus—Cirié¢ contraction. From Ezample 3.1 we
see that the set of all fized points of the mapping f is given by Fy := {1,3}.
Proceeding as Theorem 3.2, we shall extend [13, Theorem 5] to multivalued settings.

Theorem 3.4. Let (x,p) be a complete partial metric space and Q: x — CBP(x) be such that H,(Qt,Qu) <
Ap(t, )]*.[p(u, Qu)]t=2, for all t,u € x \ Fiz(Q), where XA € [0,1) and o € (0,1). Then § possesses a fived point
mox.

Proof. Let ty € x be arbitrary and choose t; € Qtg. Since Qty € CB*(x) and t; € Qtp, then by Lemma 2.5, there
exists to € Qt1 such that p(t1,t2) < 0H,(Qto, At1). Also, since Q1 € CBP(x) and to € Qt1, then by Lemma 2.5,
there exists t3 € Qto such that p(ta,t3) < Q2Hp(ﬂt1, Qts). Continuing in this manner, we have a sequence {t;} of
points of y such that ;11 € Qt; and p(t;,ti41) < 0" H,(t;—1, ;) for each i € N. Consequently, we have

p(titiyr) < QiH (t;_1,Q1;)
S [ (z 17Qt2 1)] [p(thtz)]l_
Alp(tio1, )] [o(ts, tiga)]' . 9)
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From inequality (9), we have

[o(ti tis)] < o' Alp(tizr,t:)]* (10)
Hence, inequality (10) gives
pltistivr) < 0*A%[p(tio1,t)]
< 0F AR [0 T H,(Qtig, Q1))
< 0F AT [0 T Ap(tio2, Qi) [p(tio1, Qi 1)]' O]
= 05 AT [0 A[p(tiza, )] p(tior, )] 0. (11)
As,
pltici,ti) < 0" A[p(tiza, ti1)] ™ [o(ti1, )] 7, (12)
inequality (12) yields,
[p(tim1,t)]* < 0 A [p(tizz, ti1)]* (13)
Therefore, inequality (13) becomes
pltioit) < 0% AR [plti-a,tio)); (14)
and then, from inequalities (11) and ( , we have

[0 Alp(ti—2, ti1)]*. [p(z 1)1

[0 N[pltivasti 1)) [0 % A [p(tizz, tim1)]]' 0]
oI AR 11 *plti-2,ti-1)

[

[

1 - i—1 a o
= o= A& [pli=D) p(T) A=) [N A(Z)(- )]p(z 2,ti-1)

< gi=n(n=Dlk \nk p0 4y

where k = é andi=1,2,...,n
Now, to show that (¢;) in x is a fundamental sequence, let j,i € N, with ¢ < j, then
p(tit;) < p(tistivr) + p(tiv1,tive) + -+ + p(tj—1, ;)
Q[ni—%n(n—l)]k/\nk[ (tO tl)} + lQ[n(i—i-l)—%n(n—l)]lﬁ/\nk[p(t07 tl)] 4oy Q[n(j—l)—%n(n—l)]!c/\nk[lo(t07 tl)}

< [ ni—3n(n— 1)]k)\nk + ‘Q[n(z—i-l)—fn(n 1)]k}\nk S Q[n(j—l)—én(n—l)]k)\'nk]p(to?tl)

< [Q[nz——n n—1)]k Q[n(z+l)—§n(n—1)]k NI Q[n(j—l)—%n(n—l)]k])\nkp(to’ tl)

< [olmi=An(=DIk . gn(e+D—dn(Dlk L pfeG=D=dn(m-00] 3 Nk gy 1),
i=1

Letting ¢ — oo in the above inequality, shows that {t;} is a fundamental sequence. Hence, p(t;,t;) — 0 as

i,j — oo, that is the sequence {t;} is a fundamental sequence in (x, p). By Lemma 2.4, {t;} is also a fundamental

sequence in (x,d,). Also, since (x,p) is complete, (x,d,) is also complete. So, there exists t* € x such that

p(t*,t*) = lim p(t*,t;) = lim p(t;,t;) = 0. This implies that, lim d,(t*,t;) = 0. Now, we show that t* € Qt*.
i—00 1,]—00 i—00

For this aim, we have

p(t", Q") < p(t*, t;) + p(ti, QL") — p(ti, t;)
< p(t* i) + QZ:H/J(QtH-la Qt*) — p(ti, t:) (15)
< p(t*, 1) + 0" Alp(ti—1, Qi 1)]* - [p(t, )] = — p(ti, ts)
< p(t*,ta) + 0" Alp(tio1, )] - [p(t", Q)] = p(ti, ts).

Letting ¢ — oo in (15), yields p(t*, Qt*) <0, so p(t*, 2t*) = 0, which implies that t* € Q¢*. O
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Corollary 3.5 ([13, Theorem 5]). Let (x,p) be a complete partial metric space and let f : x — x be an
interpolative Reich—Rus—Cirié type contractions type contraction, that is, p(Qt, Qu) < Xp(t, )] - [p(u, Qu)]t =2,
for all t,u € x \ Fix(2), then Q possess a fized point in x.

4. Conclusion

In this paper, multi-valued interpolative Reich-Rus—Ciri¢ type contractions have been initiated as well as the
corresponding fixed point theorems are proved (Theorem 3.2 and Theorem 3.4), an illustrative example (Example
3.1) supporting the hypotheses of the main result has been constructed. It has been observed that the idea studied
herein improves a few corresponding results in the literature. Some of these special cases have been highlighted and
discussed as corollaries.
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