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1. Introduction

For a commutative C*-algebra Cy(€2), where 2 is a locally compact Hausdorfl space, a general form of the Serre-
Swan theorem [6] asserts that the category of Hilbert Cy(€2)-modules is equivalent to the category of continuous
fields of Hilbert spaces over €2 (see [4, 7]). For more information on the continuous field of Banach spaces, see
[1, 3]. This approach can be used to study the structure of Hilbert C*-modules over a commutative C*-algebra.
For example, in [5] this approach has been used to study the frame existence problem for a unital and commutative
C*-algebra. However, there is no basic and direct proof of the theorem in the literature. In this brief note, we shall
state a basic and direct proof of the mentioned theorem.

2. A proof for a general form of the Serre-Swan theorem

Henceforth, we assume that Q is a locally compact Hausdorfl space and Cy(2) is the commutative C*-algebra
consisting of all complex-valued functions on 2 vanishing at infinity. In the following, we will recall the definition
of continuous field of Hilbert spaces from [1].
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Let {H, }wecq be a family of Hilbert spaces. Every element of [] ., He., that is, every function 2 defined in
such that x(w) € H,, for every w € , is called a vector field.

Definition 2.1. Let {H,}weq be a family of Hilbert spaces. We denote by Co(Q) — [],,cq Ha the set

weN

{ze ] Ho:wr llz@)]l € Co()}.

weR

For a subset T' of Co(2) — [, cq Huw, we say an element v € Co(Q2) —[],cq Hew is locally a member of T' and denote
it by & €1oc L', if for every w € Q and every € > 0, there is some &’ € Tsuch that ||z(w') — 2/ (W)|| <€, for all W' in
some neighborhood of w.

Definition 2.2. Let © be a locally compact Hausdorff space. A continuous field T' of Hilbert spaces over € is a
family {H,}oeq of Hilbert spaces, with a linear subspace T' C [] H,, satisfying the following properties:

1. T is a subset of Co(Q) = [],cq Ho-

2. For every w € Q, the set {zx(w) : x € '} is equal to H,,.
3. If v €10 T, then x € T.

weN

We denote a continuous field of Hilbert spaces over a locally compact Hausdorff space Q by ({H, }weq,T'). Indeed,
({H.,}weq) can be considered as a Hilbert Cy(€2)-module equipped with the point-wise multiplication

(fr)(w) = f(w)z(w),

for every w € Q and Cy(Q2)-valued inner product

(2, 9)(w) = (z(w),y(w)),

for all f € Co(Q),z,y € T, and w € Q (for more details, we refer to [1]). Moreover, corresponding to every Hilbert
Co(©2)-module &, there is a unique continuous field of Hilbert spaces isomorphic to & (see [?, 7]). However, there is
no direct proof for the following fact in the literature, so we present its proof.

Theorem 2.3. Let £ be a Hilbert Cy(Q2)-module. There is a continuous field of Hilbert spaces ({Hy}weq, ) iso-
morphic to £.

Proof. Proof. For every w € Q, let N, = {z € £ : (x,2) = 0}. Since, for every = € £ there is some y € £ that
x = yly, y}é, one can easily see that N, is a closed right Hilbert submodule of £. Consider the quotient space
H, = NL, equippd with inner product [z + N,y + Nyw := (z,y)(w). Indeed, (Hy,[.,.]o) is complete and hence a

Hilbert gpace. Now, for every = € £, define Z € [, ., Ha by

#(w) =x + N,.

Since ||Z(w)|* = (z,z)(w), we have & € Co() — [[,cq He-

Now, we let I' = {# : x € E} and show that I' is a continuous field of Hilbert spaces. Indeed, I' satisfies
Properties (1) and (2) in Definition 2.2. Suppose that 7 € Cy — [],cq Hw and for every e > 0 and every w’ € €,
there is an open subset U of € consisting of w’ that for every w € U, ||7(w) — &(w)|| < ¢, for some x € €.
Let € > 0. Since, 7 € Cy — [[,,cq Hw, there is a compact set K, such that for every w € K¢, |7(w)| < e
Now, by the assumption, for every w’ € K, there exist an open subset U, containing w’ and some x € £ such
that for every w € Q, |[7(w) — &(w)|| < e. Now, since the compact set K is a subset of |J, U, there exist
Wi, w2, ..., wy € K, x1,29,...,z, € £ and open subsets Uy, ...,U, containig wi,...,w, such that K C U?:l U;
and for every w € U, ||7(w) — &;(w)|| < €. Now, the partition of unity theorem yields that for the finite family of
open sets {U; : 1 <i < n} there exists a finite family {f; : @ — [0, 1]|1 < i < n} of continuous functions, such that
for every 1 <i <mn, Suppf; CU; and X", fi(w) =1, for all w € K and also X", fi(w) < 1, for all w € J]_, U; [2].

Now, considering y = X', x;.f;, we have y € £. Moreover, for every w € (2,

[7(w) = G| < 2.

In order to see that, for an arbitrary w € Q, if w € K, let I, = {i € {1,...,n} : w € U;}. The following holds:

[m(w) = g(w)| = [[EiLi filw)m(w) — Bl 2 (w) fi(w) |
< L fiw)|m(w) = Zi(w)l
= Bier, filw)[r(w) — Zi(W)|| + Bigr, fi(w)[7(w) — Zi(w)]|
= Bier, filw)[r(w) — & (w)|| < eXier, filw) < e
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Ifwe (U, U;)\ K, then
I7(w) = gl < llm(w) = Bl filw)m (@)l + (1B filw)m(w) — B 2s(w) fi(w) ]| < 2e.

If w e (Ui, U;)°, then for every i € {1,...,n}, we have f;(w) = 0. Hence, §(w) = 0, which yields that ||7(w) —
g(w)|| = ||Im(w)] < e. So, for every w € Q, ||m(w)—F(w)|| < 2e. In other words, |7 —7| = sup,cq ||T(w)—F(w)| < 2e.
Hence, with chosing € = i, for every k € N, there is some z € & with |7 — & < % Since, for every x € &,
|lz]] = ||Z]|, one can easily see that the sequence {xy }ren is a Cauchy sequence in £ and consequently, there is some
x € & such that {zy}ren converges to it. Moreover, m = & and so w € T". O

O
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