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ABSTRACT: Weighted essentially non-oscillatory schemes are among the most successful methods
in numerical solutions to problems involving discontinuities. Since the accuracy of these schemes
mostly depends on their weights, various methods have been proposed to improve the weights. Although
some numerical experiments show that the introduced improvements have some drawbacks, there is
no suitable criterion to show which of them is superior to the others. In this study, we introduce a
new way of assessing the performance of weighted essentially non-oscillatory schemes: the schemes’

performance in the long-time integration. This assessment can show the endurance of the scheme in  Keywords:
preserving its maximum accuracy, which cannot be identified in a short time. Several methods from the
literature are considered and is tested for the fifth, seventh, and ninth-order schemes. First, the third- and
fourth-order Runge-Kutta schemes are used for the time integration. The results show the third- and
fourth-order Runge-Kutta schemes have a very small effect on the results even for long-time integration.
In contrast, increasing the order of the spatial accuracy has a significant effect on the accuracy of the
results. Furthermore, it can be observed that the parameters that have negligible effects on the results in
the short time have considerable effects on the accuracy of the results in the long time, and choosing a

proper value for them is crucial to obtain reasonable accurate results.

Improved WENO Schemes
Wave Equation
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Weights Mapping

1- Introduction

In the field of computational fluid dynamics, high-
order numerical simulation of flows with discontinuities is
a challenging arca. Weighted Essentially Non-Oscillatory
(WENO) schemes [1-3] are among the most successful
methods which are widely used. These schemes use a
weighted linear combination of several lower-order stencils
where in smooth regions, the combination of the weight forms
an optimal high-order stencil, and near discontinuities, the
smoothest stencil is selected, and other stencils are eliminated.
Because of this, a lot of researchers have investigated these
methods in more detail. In this regard, Henrik et al. [4]
found that the accuracy of the method using the weights of
the original work [2] decreases at critical points (extremum
points of the function) and the weights combination does not
form the high-order stencil at these points. They proposed
a mapping function (WENO-M) to make the weights to get
closer to their optimal values at critical points. Their work
caused other improvements to be introduced. Feng et al. [5,
6] used more stringent criteria for the design of the mapping
function (WENO-IM). Wang et al. [7] and Vevek et al. [8, 9]
introduced new mapping functions (WENO-RM and WENO-
AIM) in the form of a rational function. Another solution to
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overcome the problem of reduced accuracy at critical points
was introduced in [10, 11] (WENO-Z), in which the way of
defining weights is done differently from [5] and there is no
need to use mappings.

Since in most of these improvements, the emphasis was
on the accuracy of the method at critical points, most of the
numerical test cases involved smooth initial conditions, and
the non-oscillatory properties of the schemes were assessed
only in short time marching. In this work, we introduce a new
approach to assess the accuracy of the WENO schemes. This
approach is the performance assessment of the schemes in
long-time integration. This can determine the ability of the
method to preserve the maximum accuracy of the results, an
issue that cannot be determined in a short time. Therefore, this
approach is a very suitable criterion to examine the quality of
the designed weights. In this study, we select several methods
that are more widely used and assess their performance.

2- Methodology
The linear wave equation is
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u+f. =0, f=cu (1)

where u and f are the dependent variable and flux
function, respectively. Also, ¢ =1 is the wave speed. For
WENO schemes, the flux is discretized in the conservative
form.

fo= é (fm/z - fz"—l/z) 2

where fM/2 is the flux value at location X1 and is

approximated by a weighted combination of kth-order fluxes

S
= k-1
S = Za)rﬁﬂ/za Za)r =1 3)
r=0 r=0

The weights @, in the original work [2], after extensive
numerical experiments, are obtained from the smoothness
indicators £, as:
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where the d parameters are the optimal weights that form
a (2k —1)th-order flux and &=10" is a small parameter
that prevents division by zero.

A variety of improvements were proposed in the literature
which mostly use a mapping function to make weights to get
closer to their optimal values:

. a,
6‘(r :gr(a)r)ﬂ w}fM) :ﬁ (5)
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The following mapping functions are used in this study:

o(d +d’ -3d o+ o)
d’+w(1-2d.)

g (0)= (6)

1160

_ p+l
g(@)=d,+ —2=G) 2
(0—-d )’ A+ o(1-w) (7)
A=1, p=2
_ p+l
gr(a)):dr+ (a) dr) m+q+1
atao+--+a,, 0"
p=6, m=2, g=0 (8)
a,=d°, a,=-1d’, a,=21d’,
ay=(1-d,)" —(a, +a,+a,)
_ p+l
g (@)=d+— 07
(0—d,)" +s(a(1-w))
p=4, m=2, c=10" ©)
s=cX, _ min(f3,) ’ ngAka—l
d, max(f.)+¢,

The methods (4)-(9) are denoted by WENO-JS, WENO-M,
WENO-IM, WENO-RM and WENO-AIM, respectively.
Also, the WENO-Z scheme is used as another improvement:
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3- Results and Discussion
A periodic initial condition, containing several continuous
and discontinuous regions, inside the domain [-1,1] is

Table 1. Error for different schemes at t =1000

WENO weights method
M | M | AM | RM | Z
N =200
WENOS | 0.1534 | 0.1011 | 0.0997 | 0.1059 | 0.1613
WENO7 | 0.1569 | 0.0912 | 0.0506 | 0.0557 | 0.1979
WENO9 | 0.0551 | 0.0406 | 0.0411 | 0.0407 | 0.0824
N =400
WENOS | 0.1547 | 0.0453 | 0.0545 | 0.0507 | 0.1018
WENO7 | 0.1041 | 0.0416 | 0.0228 | 0.0262 [ 0.1397
WENO9 | 0.0181 [ 0.0165 | 0.0159 | 0.0164 | 0.0293
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considered. The problem consists of a combination of
Gaussians, a square wave, a sharply peaked triangle, and a half
ellipse arranged initially from left to right [2]. The problem
was initialized on a grid of N =200 and N =400 points. It
was run for a simulation time of 1000 which corresponds to
500 time periods. The fifth-order (WENOS), seventh-order
(WENO7), and ninth-order (WENO9) schemes are used
and the time integrations schemes are the third- and fourth-
order TVD Runge-Kutta schemes. Table 1 shows the error
for different schemes at ¢ =1000 for both grids. The results
show increasing the order of the WENO schemes, decreases
the error. Note that, since the initial condition contains a
discontinuity, we do expect to observe considerable error
reduction when we use a finer grid. Furthermore, for all
the WENO schemes with different orders of accuracy, we
observe that the WENO-AIM and WENO-RM methods have
the most accurate results.

4- Conclusions

The numerical results showed that the difference between
the methods becomes considerably visible in long time
integration. Comparing the time integration schemes showed
that there is no difference between the results of the third- and
fourth-order methods, and therefore the third-order scheme is
suitable for the simulation. Furthermore, comparing the order
of accuracy of the WENO schemes shows that increasing the
order of accuracy considerably increases the accuracy of the
results in the long-time simulation. The results also showed
that the WENO-RM and WENO-AIM methods had the most
accurate results.
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Table 1. Error norm comparison for the third- and fourth-order Runge-Kutta schemes
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Table 2. Error norm comparison for the fifth-, seventh- and ninth-order schemes
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Table 4. Error of different weights for the seventh-order scheme at ¢ =1000
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Table 6. Error for different values of & for WENO-M
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