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ABSTRACT: In this paper, the influence of a dynamic vibration absorber on controlling vibrations
in thin beams subjected to external excitation is examined. The primary objective is to compare the
effectiveness of a linear absorber against a nonlinear one in order to attain the greatest possible reduction
in beam displacement. The Timoshenko beam theory is employed to model the dynamic response of the
structure. A cubic geometric spring is introduced to generate both linear and nonlinear restoring forces,
enabling optimal spring parameters to be identified in each case so that beam deflection is minimized.
Linear viscous damping is assumed throughout the study. Unlike the Euler-Bernoulli formulation,
the adopted Timoshenko model incorporates shear deformation and rotary inertia effects. Accuracy
of the numerical results is verified through direct comparison of the two beam theories. Findings are
further validated against previously published results in the literature. Because beam amplitude may
be amplified at multiple excitation frequencies, the number of absorbers is treated as a free parameter,
and the governing equations impose no restriction on absorber count. Results obtained with both beam
models are presented graphically, and a detailed comprehensive comparison of linear versus nonlinear
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absorber performance in suppressing the dynamic response is provided herein.

1- Introduction

Mechanical systems often experience harmful vibrations
when external excitation frequencies align with natural
frequencies. Since altering the excitation frequency or
modifying the main structure is usually impractical, a
secondary system called a dynamic vibration absorber is
attached to the primary structure. By properly tuning its mass,
stiffness, and damping, the absorber significantly reduces the
main system’s vibration amplitude at the target frequency.
Due to their effectiveness and practical value, dynamic
absorbers have been the subject of extensive research. The
first practical absorber was introduced by Ormondroyd and
Hartog [1]. Brock later added viscous damping to improve
performance [2]. Subsequent studies optimised the stiffness
and damping of absorbers for various discrete systems,
including self-excited machines and vehicle suspensions
[3-8]. The idea was then extended to continuous systems.
Yang and Jacquot applied mass-spring-damper absorbers to
thin beams with constant or variable cross-sections [9,10].
Later work included beams that take rotary inertia and shear
deformation into account and nonlinear absorbers for beams
under moving loads [11-13].
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2- Methodology

The methodology begins by modeling a thick beam resting
(Figure 1) on simple supports and subjected to a concentrated
load that travels at constant speed from one end to the other.
Multiple dynamic absorbers, each consisting of a mass, a
spring and a viscous damper, may be attached at arbitrary
locations beneath the beam. Both linear springs and nonlinear
cubic springs are considered so that the performance of the
two types of absorbers can be compared.

The beam is treated with Timoshenko theory, which
accounts for rotary inertia and shear deformation, while a
parallel Euler—Bernoulli model is retained for comparison.
Kinetic and potential energies of the beam and the absorbers
are written in terms of the transverse displacement and
rotation fields. These fields are expanded as series of modal
shape functions multiplied by time-dependent generalized
coordinates. Application of Lagrange’s equations then
convert the governing partial differential equations into a
set of ordinary differential equations. The moving load is
introduced through a Dirac delta function that follows the
instantaneous position of the force, multiplied by a unit-step
window that is active only while the load remains on the
beam. The resulting system of ordinary differential equations
is nondimensionalized and solved numerically by an adaptive
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Fig. 1. Schematic view of a thick beam with constant

cross-section, simply supported at A and B, under a
moving load.
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Fig. 2. Comparison of the present results with the work
of Georgiades and Vakakis [14].

Gauss—Kronrod integrator implemented in Mathematica.
Material properties of the beam vary continuously through
the thickness according to a power-law mixture of ceramic
and metal, allowing the influence of the gradient index to
be examined. Optimization of absorber location, stiffness
and damping is performed by a systematic grid search
that evaluates the maximum transient deflection for every
combination of design variables. Convergence of the modal
series and independence of the numerical time-step are
verified before production runs.

3- Results and Discussion

Results obtained with the present formulation are
compared with published benchmark solutions to confirm
accuracy, as shown in Figure 2.

Validation against the benchmark solutions of Georgiades
and Vakakis [14] shows excellent agreement for both
displacement amplitude and decay rate, confirming the
accuracy of the present numerical scheme. Replacement of
a homogeneous aluminium beam by a zirconia—aluminium
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Fig. 3. Maximum displacement versus velocity for an
aluminum beam compared with a functionally graded
beam.
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Fig. 4. Material distribution through the thickness of
the beam.

functionally graded beam reduces the maximum deflection
over the entire speed range (see Figure 3). At a representative
high speed, the peak deflection of the graded beam is roughly
half that of the pure aluminium beam. Systematic variation of
spring stiffness identifies a clear optimum for both absorber
types: the nonlinear absorber reaches its minimum peak
deflection at a distinctly lower stiffness value than the linear
absorber, and the optimum is broader, indicating greater
robustness. Raising the material gradient index increases the
metal volume fraction, lowers the effective bending stiffness
and therefore increases the peak deflection; simultaneously
the residual stress concentration near the ceramic—metal
interface is reduced (see Figure 4).

4- Conclusions

The results show that a functionally graded beam alone
already reduces the maximum deflection substantially
compared with a uniform aluminium beam, mainly because
of the high Young’s modulus of the zirconia-rich upper
surface. When an optimally tuned nonlinear absorber is
added, the reduction becomes even more pronounced: at
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the principal resonance speed the combination of a low-
gradient-index graded beam and the nonlinear absorber
cuts the peak deflection by more than 60 percent relative
to an untreated aluminium beam. The nonlinear absorber
dissipates approximately 87 percent of the input energy, a
figure that remains essentially independent of beam length
and demonstrates its broadband effectiveness across a wide
range of moving-load speeds. Direct comparison of the two
absorber types indicates that the nonlinear device is superior in
minimising peak amplitude, while the linear absorber retains
a slight advantage in total energy absorption. Increasing the
material power-law index raises the metal volume fraction,
lowers the effective bending stiffness and therefore increases
the maximum deflection, which in turn affects absorber
performance.
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Fig. 1. Schematic view of a thick beam with constant cross-section, simply supported at A and B, under a mov-
ing concentrated load F(x,t), along with a set of mass-spring-damper vibration absorbers placed at any posi-
tions under the beam.
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Fig. 2. Algorithm for solving the dynamic problem of a beam under a moving load with vibration absorbers,
from data input to extracting the responses.
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Fig. 3. Comparison of the present results with the
work of Georgiades and Vakakis [36].
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Table 1. Geometric dimensions, specifications, and mechanical properties of the beam components.
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Fig. 6. Comparison of the transient response without a dynamic absorber (left), with a linear dynamic absorb-
er (middle), and with a nonlinear dynamic absorber (right).
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with a nonlinear absorber system.

Sl Jodo (ymalS oyl ool cde (A JSE) amd o LialS S e b
(pssizodl JSbISS Vo iy > JSwlISS Yoo 3505) L 5 5l
Op i 3 ol Bl (6 Rtz pobo 4 1)y (pded (i & o
Yo B Ve Dot e pu) LS sl )0 (Mo pd YomVD 2500 18 lalS
Sl gl iSlis Gliles)l acels 4l ol 0 1ys5 wdad 0 & (4l 2 j20
St o 0yl 1y 45t i Seolpw &Y 36 3Lo) i
290> i & g el Vb laces g (Sliulad 45b) Gul
52U 50 55 il e B0 Copw 0 eitred WCaol Mo )d VO 4 V-

Cowl aodld )l LF’L’LJ?)" )Juoulm \/‘\au‘lﬁ‘*’“’ o )a.'> as ):.AGL.A \

VAY

2 oalpls A8 o i Job 4 s Jol olgs b diagy (ol ccns
25 Jsb ol d)3S sl sl il Sl (S alime iy
Sk Oloj (dad puf O 1 055 oo (b (S pulS)8 alS sl
e @Yok ploj @as )3 Cllug 5 et sald (55l Qi
b blogen (Bl yigle S35 0jlgen j5 QA Aty Cumdge g oo
ol @ Olpee pasuie Job o ln Y g 5 e bt ol
255 dnle (6503 by (slp 1y e syl
LS il oddainln (ol z)de 4 5l oolaiiwl 45" s o L gl

ey 0393500 plad )3 1) 5.8 ST ¢ Jgome p5 b dunlio 40 pauinegl] 9



Ve 5150 axiio AF-D Jlo ¥ o5los DA 053 ¢5usS puol Kl usigee 4yl

8 Job 51 Jdod (1 i g 3la Olasude Y Joia

Table 2. Specifications of the absorber and the beam for analyzing the effect of beam length.
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Fig. 8. Maximum displacement versus velocity for an aluminum beam compared with a functionally graded beam.
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Fig. 9. Design diagram of the optimal spring stiffness for the nonlinear absorber (left) and the linear absorber (right).

o

T T T T T T

| s Uniform Al (Reference)
=+=+=FGM (Z10,-Al), n=0.2, Eg 177.7 GPa

Resonance regron (~30 m/s)

K

e FGM (Z10,-A1), n=3.0, E .= 1028 GPa

=== FGM (Z10,-Al), n=1.0, E = 135.0 GPa| |

(=] —
oo (8]
T

(=)

Maximum beam deflection [mm]
=3

<o
S

40 60 80 100
Moving load velocity V [m/s]

120

140

200

180

160

140

120

100

Young's modulus E(z) [GPa]

60 1 L 1 A 1 I I 1 A
-1 0 1 2 3 4

Thickness coordinate z [mm]

(» w),.g 1,45 &wb (n) ook Oly Wb ‘(c;w.:b w)x.? Colius gliwly 43 dlgo &a595 dg50 Ve JSWi

Fig. 10. Material distribution through the thickness of the beam (left) and the effect of the material power index (n)
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