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Abstract

This study develops.a‘compact analytical framework for nonlinear dynamic modeling and free vibration analysis of a
double-parallelogram flexure"mechanism. The beam constraint model is combined with an energy formulation and
Lagrange’s equations to represent geometric nonlinearities and inertial coupling between the intermediate and output
stages. The governing equations are nondimensionalized and linearized about static equilibrium configurations to
determine natural frequencies’and mode shapes. Static and modal predictions are compared with geometrically nonlinear
finite element simulations. Across three investigated equilibrium configurations, the natural-frequency errors range from
0.20% to 0.76%. Nonlinear free vibrations are then examined using the method of multiple time scales, and the resulting
backbone curves and time histories are compared with direct numerical integration of the nonlinear equations. Both modes
exhibit softening behavior, with ‘decreasing oscillation frequency as amplitude increases. The reported backbone-
frequency discrepancy between the analytical and numerical solutions is approximately 0.15%, while normalized time-
response errors range from 0.59% to 3.91%. The/framework captures the principal static and vibration characteristics
within the moderate-deflection range of ‘thesbeam constraint model and provides an analytical basis for studying
amplitude-dependent dynamics in precision flexure mechanisms.
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1. Introduction

Flexure mechanisms offer backlash-free motion without
frictional joints or lubrication, making them suitable for
precision positioning. Increasing travel ranges and
operating speeds requires dynamic models that retain
geometric nonlinearities and coupling between moving
components [1]. Double-parallelogram flexures combine
two serial modules to compensate for parasitic axial
motion and increase output travel.

The beam constraint model (BCM) represents
nonlinear beam behavior through end displacements and
an analytical strain-energy function [2]. Previous studies
have examined nonlinear parallelogram dynamics [3],
interconnected flexure modules [4], and BCM-based
microscale parallelogram dynamics [5]. This study
develops a compact nonlinear model for a double-
parallelogram mechanism by combining the BCM with
energy methods and Lagrange’s equations. Multiple-
time-scales analysis then provides amplitude-dependent
frequencies and free-vibration responses, which are
evaluated alongside finite element and direct numerical
solutions.

2. Methodology

The double-parallelogram mechanism comprises two
serially connected parallelogram  modules, each
containing two identical flexible beams (Figure 1). The
intermediate stage is connected to ground, while the
second module connects the output stage to the

intermediate stage. Stage rotations are neglected. The
transverse displacements W, and W,; denote the
intermediate-stage motion and the output-stage motion
relative'to it; the absolute output displacement is their
sum. The corresponding axial displacements are denoted
by U; and U;.

ThesBCM is used to express the elastic behavior of
eachparallelogramsmodule directly in terms of its axial
and transverse<end displacements. Its dimensionless
strain-energy function is [2]
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Here, L is the beam lengthyK is the cross-sectional
radius of gyration, and the k-coefficients describe elastic
stiffness and load-stiffening effects. This energy function
is applied separately to the ground-to-intermediate and
intermediate-to-output modules using their respective
relative displacements. Only a transverse force Fz.acts
on the output stage. With zero external axial force, the

BCM force-displacement equations provide”the axial
constraints
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The Kkinetic energy is obtained by summing the
translational energies of the two stages in the axial and




transverse directions. Because stage rotations are
neglected, the total mass of each stage can be represented
by a lumped mass. Expressing the absolute output-stage
velocities through the intermediate-stage and relative
motions and substituting Eq. (2) give the kinetic energy
entirely inyjterms of W1, W21, and their time derivatives.
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Figure 1. Double-parallelogram flexure and its
displacement coordinates.

The dimensional strain energy ‘is obtained by
summing the BCM energies of the two madules. Under
zero axial loading, substitution of the.axial constraints
eliminates the fractional contribution, and the total/strain
energy reduces to
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Here, E is Young’s modulus and | is the second
moment of area of each beam. The virtual work of the

transverse force is Fz(OW,+6W,,) , so both

independent coordinates receive a generalized force
contribution. Substitution of the kinetic energy, strain
energy, and generalized forces into Lagrange’s equations
yields the two coupled nonlinear equations of motion.
The formulation retains the geometric effects of the
constrained axial motion and the nonlinear inertial
coupling between stages.

The equations are then nondimensionalized, and the
response is separated into static equilibrium and dynamic
motion. Linearization of the dynamic equations
determines the natural frequencies and mode shapes. The
latter are used to transform the nonlinear equations into
modal coordinates, denoted here by w,,,4 ;, and decouple
their linear part.

The method of multiple time scales is subsequently
applied to the modal equations. Since the leading
nonlinear terms in the adopted formulation are cubic, the

fast and slow time scales are T,=7 and T, = &27. The
modal responses are expanded as

W, oqi =EW, (TO,T2)+53V_\/i3 (TO,TZ) (4)

mod,i

Collecting terms of equal order gives linear modal
oscillations at order € and nonlinear correction equations
at order &. The leading solutions contain complex
amplitudes that vary on the slow time scale. Substitution

into the correction equations and elimination of secular
terms vyield the amplitude and phase modulation
equations. In the undamped free-vibration model, the
slow-time amplitudes remain constant, while the phase
evolution depends on their squared values. The resulting
first-order response is
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where Q; is the nonlinear modal frequency. The initial
amplitudes a;o and phases 0; determine the response.
Initializing one mode at a time yields its backbone curve,
which describes the variation of oscillation frequency
with amplitude.

3. Results and Discussion

The reference mechanism has aluminum beams with
E=68.9GPa , L=120mm , bxh=20x1mm?
rectangular cross-section, and | =1.67 mm. Both stage
masses are 0.5 kg. The two-dimensional Abaqus model
uses quadratic B22 beam elements and rigidly coupled
stage reference points.

Figure 2 compares the analytical and finite element
static displacements of the two stages under transverse
loading. The close agreement supports the BCM-based
formulation.
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Figure 2. /Static stage displacements versus applied

transverse “ force:<analytical model and finite element

analysis (FE).

Table 1 compares the firststwo natural frequencies at
output-stage equilibrium displacements of 0, 5, and 10
mm. The errors range from 0.20% to 0.76%, and the
calculated mode shapes also agree=closely with finite
element results.

Table 1. Natural-frequency comparison at three output-
stage equilibrium displacements.

Wast  Mode Model FE Error

(mm) (H2) (H2) (%)
0 1 5.555 5.513 0:76
0 2 14.544 14.441 0.70
5 1 5.553 5.525 0.51
5 2 14.442 14.375 0.47
10 1 5.547 5.558 0.20
10 2 14.148 14.180 0.23



Figure 3 compares the multiple-time-scales backbone
curves with frequencies extracted from direct integration
of the nonlinear equations. Both modes exhibit softening:
frequency decreases as vibration amplitude increases.
Over_the investigated amplitude range, the relative
difference, between the MTS prediction and direct
numerical ‘solution remains approximately 0.15% for
both modes. The reported deviation from the linear
frequencysgrows,from 0.11% at a modal amplitude of
0.05 to 1.48% at' 0.20. This trend demonstrates why
amplitude dependence becomes relevant when high
frequency-prediction aceuracy is required.
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Figure 3. Backbone curves for (a) the first and (b) the
second mode: multiple time scales (MTS) and direct
numerical solution. Axes are dimensionless.

Time histories are compared for initial displacements
aligned with each linear mode and zero initial velocity in
Figure 4. The amplitude-normalized root-mean-square
errors for the two reported displacement responses are
3.91% and 1.60% under first-mode initialization, and
0.73% and 0.59% under second-mode initialization. The
close agreement supports the analytical prediction of
nonlinear free vibrations.
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Figure 4. Comparison of the time responses
obtained from the numerical solution with the
analytical responses predicted by the method of
multiple time scales

47 Conclusion

Combining the BCM constraints and strain energy with
Lagrange’s equations yields a compact nonlinear model
of the double-parallelogram flexure. The static and modal
predictions agree closely with finite element results, with
frequency <errors below 0.8%. Multiple-time-scales
analysis”captures softening in both modes and agrees
with“direct numerical solutions for the backbone curves
and time responses. The'formulation provides an efficient
analytical / basis for studying amplitude-dependent
dynamics and supporting the subsequent design and
control of double-parallelogram flexure mechanisms.
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Table 1. Specifications of the double-parallelogram mechanism used for the comparison between the equations
of motion and the finite elementanalysis
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Fig. 3. Static displacement of the double-parallelogram mechanism versus the applied force
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Table 2. Natural frequencies (Hz) of the double-parallelogram mechanism from equation linearization andfinite
element analysis
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Table 3. Mode shape vectors of the double-parallelogram mechanism from equation linearization and finite
element analysis
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